
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



PRACTICAL MECHANICS. 



LONDOK 

PEINTKU BY SPOTTISWOODE aV D CO. 

NBW-8TB1BT gQUARB 



ELEMENTARY INTRODUCTION 



TO 



PRACTICAL MECHANICS 



ILLUSTRATED BY NUMEROUS EXAMPLES 



BEING THE 



THIRD EDITION OF •ELEMENTARY EXAMPLES IN PRACTICAL MECHANICS' 



EEV. JOHN F. TWISDEN, M.A. 

#/ 

PROFESSOR OF MATHEMATICS Df THE 
STAFF COLLEGE 




LONDON 
LONGMANS, GEEEN, AND CO. 

1868 



CONTENTS. 



PART I. 

CHAPTER I. PAGE 

Properties of Materials — ^Weight — Expansion by Heat — ^ETongation 

by Pressnre— Rupture by Strain 1 

CHAPTER n. 

Sbct. I. Efficiency of Agents — ^Modulus of Steam Engines — Water 

TVheels — ^Work of Animate Agents — Cost of Labour . . .18 

SECT.n. "Work done by a rariable Pressure — Steam Indicator — 

Work of Raising Weights 36 

CHAPTER m. 

Statement of the fundamental Principles of Statics — ^Parallelogram 
of Pressures — Principle of Moments — ^Applications, yiz. : the 
Leyer— -the Steel -Yard— Equilibrium of Walls— -Thrusts of 
Rafters 47 



CHAPTER IV. 
Proof of the fundamental Principles of Statics .... 74 

CHAPTER V. 
Centre of GraTity — Geometrical Applications 108 

CHAPTER VI. 

Limiting Angle of Resistance — ^Laws of Friction — Inclined Plane- 
Wedge — Screw— Friction on a Pivot- Endless Screw . . 127 



X CONTENTS. 

CHAPTER Vn. 

PAGE 

Equilibrium of Body resting on an Axle — ^Rigidity of Eopes — ^Pulley — 

Capstan — Carriage Wheel 153 

CHAPTER Vin. 

The Stability of "Walls— The Line of Resistance— Pressure of Water- 
Pressure of Earth , . • . ^ 169 

CHAPTER DC. 
Deflection of Beams — Rupture of Beams by Transverse Strain . .180 

CHAPTER X. 

Virtual Velocities — Work done by a Pressure — ^Machines in a State 
of Uniform Motion — Modulus of Machine — Toothed Wheels — 
Epicycloid— Form of Teeth— Equilibrium of Toothed Wheels , 198 



PART 11. 

CHAPTER I. • : 

Velocity — Motion of Falling Bodies — ^Motion produced by Pressure — 
Accumulated Work — ^Motion on a Curve — Centrifugal Force — 
Oscillation of Simple Pendulum — Centre of Oscillation . . 222 

CHAPTER U. 

Uniformly accelerated Motion — ^Composition of Velocities — Motion of 

Projectiles — ^First and Second Laws of Motion . • . . . 240 

CHAPTER in. 

Motion produced by Pressure — ^Accumulated Work-^Mass, Momen- 
tum, and Moving Force — Third Law of Motion .... 253 

CHAPTER IV. 

Constrained Motion of a Point — Centrifugal Force — Small Circular 

Oscillations — ^Longitudinal Vibrations of a Rod . . .261 

CHAPTER V. 
Moment of Inertia — .Radius of Gyration 270 






PKEFACE. 



The following Treatise is designed tx) be an Introduction 
to the science of Applied Mechanics : in this it differs 
from all the elementary works commonly in use, which 
are introductory to Rational Mechanics. How great a 
difference is caused by this circumstance will appear from 
an inspection of the Contents ; it may, however, be men- 
tioned that, at the least, one half of the present work has 
no counterpart in any Elementary Treatise that has fallen 
under the author's notice : that so great a divergence from 
the usual type should be possible seems sufficient reason for 
believing that something is wanting in the ordinary works, 
but how fer the present will supply that want is, of course, 
another question. It was originally intended to be a book 
of examples, and a supplement to others already in exist- 
ence; it was, however, foimd that by a few additions 
it could be made independent, and it was thought that 
what was gained in point of convenience by completeness, 
would more than compensate a small increase of size and 
cost. 

The work is intended to comprise two courses : the first 
is contained in Chapter I., the first section of Chapter II. 
and Chapter III. of Part I. and in Chapter I. of Part II. ; 
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the second forms the remainder of the book. The first 
course may be read by any one who understands arithmetic, 
a little algebra, practical geometry, and the rules of men- 
suration ; in many of the examples it is intended that a 
geometrical construction should take the place of calcula- 
tion: instances of the use of construction are given in 
Examples 177, 209, &c. In this course the principles of 
the science are merely stated, their formal demonstra- 
tion being reserved to the second course ; in other words, 
the order most convenient for teaching and learning has 
been followed at some sacrifice of the systematic develop- 
ment of the subjects The second course presupposes that 
the reader is acquainted with Euclid, algebra, and trigo- 
nometry, as commonly taught in schools; a very few 
examples are inserted which require some acquaintance 
with co-ordinate geometry and the differential calculus ; * 
the reason for their insertion will generally be obvious 
from the context in which they occur. Frequent use has 
been made of simple geometrical limits ; they will probably 
present but little difficulty to the reader ; some remarks 
on the subject of limits will be found in the Appendix. 

Very many examples require numerical answers ; it is 
hoped that but few of the arithmetical operations will 
prove laborious to any one who possesses a proper facility 
in manipulating numbers, and it must be remembered 
that few things are more important to a learner in the 
earlier stages of his progress than that he should be con- 
tinually referred to the numerical results that follow from 
the formulae he investigates. Hints and explanations have 

* Most of these Examples are contained in Chap. IX. Part I.; the others 
are distinguished by an asterisk. 
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been freely given in connection with the more diflBcult 
exanaples, and it is hoped they will be found suflScient to 
enable the reader to complete the solutions, though many 
of them are important mechanical theorems, and some of 
them but rarely to be met with (e.g, Ex. 134, 149, 380, 
416, 509, 540, 553, &c.). 

A list is subjoined of the principal works referred to in 
drawing up the present Treatise ; particular instances of 
obligation are acknowledged in the footnotes in the course 
of the work. A more explicit recognition of assistance is 
due to the Kev. H. Moseley, Canon of Bristol : about two 
hundred of the Examples were given by him to his classes 
at King's College, London, in the years 1840, 1, 2, 3 ; 
these he very kindly placed at the author's disposal, and 
also gave him permission to use freely his excellent treatise 
on the ' Mechanical Principles of Engineering ' — a per- 
mission of which great use has been made. 

Staff Coi^leoe : I^ov, 1867. 
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PRACTICAL MECHANICS. 



CHAPTEE I. 

ON SOME OP THE PHTSICA.L PROPERTIES OF MATERIALS. 

1. Properties of Materials. — The present chapter is in- 
tended to serve as an introduction to those that follow. It 
contains examples illustrative of the more obvious physical 
properties of the materials commonly used in construction 
and machinery. These physical properties are (1) Weight ; 
(2) Expansion or Contraction, produced by change of tem- 
perature; (3) Elongation and Compression, produced by 
Strain or Pressure ; (4) Resistance offered to Rupture by 
Strain ; (5) Resistance offered to Rupture by Compression. 

2. Weight — For estimating the weight of masses with 
sufficient accuracy it may be assumed that the weight of 
a cubic foot of water is 1000 oz. This number is easily 
remembered, and is within a very little of the truth. In 
every example contained in the following pages wherein 
the weight of masses is concerned, it will be assumed that 
the weight of a cubic foot of water is 1000 oz., unless the 
contrary is specified. As a matter of fact, a cubic foot of 
pure water at SO** F. (when its density is greatest) weighs 
998*8 oz. It may also be convenient for the reader to 
remember that a gallon contains 277*274 cubic inches, and 

B 
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that a gallon of water at the standard temperature (62° F.) 
weighs 10 lbs. 

Ex. 1. — A reservoir is intemaUy 12 ft. long, 5 ft. wide, and 3 ft. deep : 
determine the weight of the water it contains when foil, and the error pro- 
duced by considering that each cubic foot weighs 1000 oz. 

Ana, Weight, 6 tons, cwt. 50 lbs. 
Error, IS^lbs. 

Ex. 2. — A cylindrical boiler terminated by plane ends, is internally 15 ft. 
long and 4 ft. in diameter ; through the lower half pass lengthwise 50 fire 
tubes, 3 in. in external diameter : determine the volume and weight of the 
water contained in it when the surface of the water passes through the 
centres of the ends. Ans. Vol. 67*43 cubic ft. 

Weight, 1 ton, 12 cwts. qr. 6-5 lbs. 

Ex. 3. — The surfeuie of a pond measures 10 acres ; in the course of a 
period of dry weather the surface falls 1 J in. by evaporation : what is the 
weight of the water that has been withdrawn? Ans. 1620 tons, nearly. 

3. Specific Oravity. — The specific gravity of a solid or 
liquid substance is the proportion which the weight of a 
certain volume of that substance bears to the weight of 
an equal volume of water ; thus when it is stated that the 
specific gravity of cast iron is 7*2070, it means that a cubic 
foot, or a cubic inch, &c., of cast iron weighs 7*2070 times 
as much as a cubic foot, cubic inch, &c., of water ; conse- 
quently a cubic foot of cast iron will weigh 7207 oz., and 
in general, if s is the specific gravity of a substance, a cubic 
foot of it will weigh 1000 s oz., at least with sufiicient 
accuracy in almost all cases. The following table gives 
the specific gravities of some common materials : — 



Table I. 




SPECIFIC GEAVITIES. 




METALS. 




Platinum (laminated) . 22*0690 


Brass (cast) 


. 8*3968 


Pure Gold (hammered) . 19*3617 


Steel (hard) . 


. 7-8163 


Gold 22 carat (do.) . . 17-5894 


Iron (cast) 


. 7*2070 


Mercury .... 13*5681 


„ (wrought) . 


. 7-7880 


Lead (cast) . . . 11*3523 


Tin (cast) . 


. 7-2914 


Pure Silver (hammered) . 10*5107 


Zinc (cast) 


. 7-1908 


Copper (cast) . . . 8*7880 








■^r 



SPECIFIC GRAVITY. 



STONES AND EARTH. 



Marble (white Italian) 
Slate (Westmoreland) 
Granite (Aberdeen) . 
Paving Stone . 
Mill Stone 
Grindstone 



Elm . . . . 

Fir (Riga) 

Xiarch 

Mahogany (Spanish) . 



2-638 

2-791 

2-626 

2-4158 

2-4835 

2-1429 



Portland Stone . 
Coal (Newcastle) 
Brick (Red) 
Clay. . . 
Sand (River) . 
Chalk (mean) . 



WOODS (dry) 



0-688 
0-753 
0-522 
0-800 



Oak (English) 
Teak (Indian) 
Cork 



2-145 

1-2700 

2-168 

1-919 

1-886 

2-316 



0-934 
0-657 
0-2400 



1 foot length of Hempen rope weighs in lbs. 0-045 x (circ. in inches)^. 
1 „ „ Cable weighs in lbs. 0*027 x (circ. in inches)*. 
1 cubic foot of Brickwork weighs 1 12 lbs. 

Note. — The above numbers, where printed to four places of decimals, 
are taken from Dr. Young's Lectures on Natural Philosophy, vol. ii. p. 503 ; 
where printed to three places of decimals, from Mr. Moseley's Mechanics of 
Engineering, 1st ed. p. 622. A definite specific gravity is assigned to each 
substance to prevent ambiguity in working the following examples. It will 
be remarked, however, that different specimens of the same substance have 
different specific gravities: thus, of 16 specimens of cast iron the specific 
gravities have been found to vary from 7"295 to 6-963. The reader must, 
therefore, bear in mind that the numbers in the text give mean values from 
which the specific gravity of any specimen of a given substance will not 
largely vary — though the limits of variation are greater with some sub- 
stances than with others. A similar remark applies to all quantities 
determined by experiment. 

Ex. 4. — ^What is the weight of a rectangular block of marble 63 ft. long, 
and in section 12ft. square? Ans. Weight, 667 tons, 14cwts. 3qrs. 

Ex. 6.— The girth of a tree is 3 ft. at top, 3 ft. 9 in. at bottom, it is 14 ft. 
long. Determine its weight according as it is larch, oak, or mahogany. 
Also, its value at the following prices : larch, 2«. Qd. ; oak, 7«. ; mahogany, 
19«. per cubic foot rough. 

Ans. Vol. 12-74 cubic ft. 

Weight: Larch, 416 lbs. Oak, 744 lbs. Mah. 637 lbs. 
Price: „ 1/. lU. 1^^^, U. 9*. 2d. „ 12^. 25. Id. 

[The volume to be determined as the frustum of a cone.] 

E!x. 6. — ^Find the weight of a rectangular mass of oak, 12 ft. long, 4 ft. 
broad, and 2J ft. thick. What would be the weight of a mass of granite of 
the same dimensions ? Ana, Oak, 62 cwt«. 2 qrs. 5 lbs. 

Granite, 176 cwts. 3 qrs. 3J lbs. 
b2 
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Ex. 7. — ^Find the separate weights of a cast iron ball, 4 in. in radius, and 
of a copper cylinder 3 ft. long, the diameter of whose base is 1 in. Deter- 
mine also the diminution in the weight of the ball if a hole were cut through 
it which the cylinder would exactly fit, the axis of the cylinder passing 
through the centre of the sphere. Also, find the error that results from 
considering the part cut away a perfect cylinder. 

Ans, Weight of sphere, 1118*09 oz. 
„ cylinder, 143-8 oz. 

„ part cut from sphere, 26*204 oz. 

Error, 0*102 oz. 

Ex. 8. — If a 10 in. shell were of cast iron, and were 2 in. thick, what 
would be its weight supposing it complete? If the weight of a 10 in. shell 
were 86 lbs. what would be its thickness supposing it complete ? 

Ans. (1)107 lbs. (2) 1*41 in. 

Ex. 9. — A hammer consists of a rectangular mass of wrought iron, 6 in. 
long, and 3 in. by 2 in. in section ; its handle is of oak, and is a cylinder 
3 ft. 6 in. long, on a base 1 in. in radius. Determine its weight. 

Ans. 12*83 lbs. 

Ex. 10. — A pendulum consists of a cylindrical rod of steel 40 in. long, on 
a base whose diameter measures ^ in. ; to the end of this is screwed a steel 
cylinder ^ in. thick, and 1 J in. in radius, which fits accurately a hollow 
cylinder of glass, containing mercury 6 in. deep, the glass vessel weighing 
3 oz. Determine the weight of the pendulum. Ans. 360*8 oz. 

Ex. 11. — Determine the weight of a leaden cone whose height is 1 ft. and 
radius of base 6 in. ; determine also the external radius of that hollow cast 
iron sphere which is 1 in. thick, and equals the cone in weight. 

Ans. (l)185-741bs. (2) 8*02in. 

Ex. 12. — A rectangular mass of cast iron 6 ft. long, 6 in. wide, and 3 in. 
deep, has fitted square to its end a cube of the same materials whose edge 
is Ij^ ft. long; find its weight. Ans. 1858 lbs. 

Ex. 13. — It is reckoned that a foot length of iron pipe weighs 64*4 lbs. 
when the diameter of the bore is 4 in. and the thickness of the metal 1^ in. : 
what does this assume to be the specific gravity of iron ? Ans. 7*197. 

Ex. 14. — ^A cast iron column 10 ft. high and 6 in. in diameter will safely 
support a weight of 17 J tons, whether it be solid, or hollow and 1 in. thick ; 
determine: — (1) the weight of a solid column ; (2) the number of equally 
strong hollow columns that can be made out of 500 solid columns ; (3) the 
price of 500 solid columns at 10*. per cM. and of 500 hollow columns at 
lis. 3rf. per cwt.; (4) the cost of sending the 500 solid and the 500 hollow 
columns to a given place at the rate of 10«. %d. per ton, 

Ans. (1) 884*4 lbs. (2) 900. (3) 1974?. 3*. solid. 1233/. 16«. hoUow. 
(4) \m. 135. solid. W. 125. hollow. 
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Ex, 15. — Determine the weight of a hollow leaden cylinder whose length 
is 3 in., internal radius 1| in., and thickness l^in. Ans. 26*212 lbs. 

Ex. 16. — ^Determine the weight of a grindstone 4 ft. in diameter and 8 in. 
thick, fitted with a wrought iron axis of which the part within the stone is 
2 in. square, and the projecting parts each 4 in. long with a section 2 in. in 
diameter. Ans. 1135 lbs. 

Ex. 17. — ^Determine the weight of an oak door 7 ft. high, 3 ft. wide, and 
1| in. thick. Ans. 153|lbs. 

Ex. 18. — There is a fly wheel of cast iron the external radius of whose 
rim is 5 ft. and internal radius 4 in. 6 in. ; it is 4 in. thick and is connected 
with the centre by 8 spokes 4 in. wide and 1 in. thick, strengthened by a 
flange on each side lin. square (so that their section is a cross 4 in. long 
and 3 in. wide), each spoke is 4 ft. long ; the centre to which they join the 
rim has the same thickness as the rim, is solid, and (of course) 6 in. in 
radius : determine the weight of the whole. Ans. 2959 lbs. 

Ex. 19. — There are 2 rooms each 100ft. long and 30ft. wide; the one is 
floored with oak planking 1 J in. thick ; the other with deal planking (Riga 
fir) Ijin. thick. Determine the weights of the floors and their cost, the 
price of deal being 35. and oak 7s. per cubic foot. 

Ans. Deal floor weighs 17648 lbs. costs 56/. 5s. 
Oak „ 18242 lbs. „ 1091. 7s. 6d. 

Ex. 20. — A cubic foot of copper is drawn into wire ^ of an inch in dia- 
meter ; what length of wire is made ? Ans. 46936 ft. 

Ex. 21. — It is said that gold can be drawn into wire one millionth part 
of an inch thick ; what will be the length of such a wire that can be made 
from an ounce of pure gold? Ans. 1793448 miles. 

Ex. 22.— It is said that silver leaf can be made YS^^m ^^ ^^ ^^^^ thick ; 
how many ounces of silver would be required to make an acre of such silver 
leaf? Ans. 25424 oz. 

4. BricJcwork. — The measurement and determination of 
the weight of a mass of brickwork depend upon the fol- 
lowing data : — 

(1) A rod of brickwork has a surface of 1 square rod 
(or 30^ square yards) and a thickness of a brick and a 
half, i. e. of 1 ft. l^in., or it contains 306 cubic feet. 

(2) A rod of brickwork contains about 4500 bricks in 
mortar, or 5000 bricks laid dry. 

(3) A rod of brickwork requires 3^ loads (i. e. 3^ cubic 
yards) of sand and 18 bushels of stone lime. 
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(4) A brick measures 8| x 4^ x 2| inches, i. e. a quarter 
of an inch each way less than 9 x 4^ x 3 inches. 

(5) A bricklayer's hod measures 16x9x9 inches^ and 
can contain 20 bricks. Labourers, however, commonly 
put 10 or 12 bricks into it.* 

Ex. 23. — How many rods of brickwork are there in a square tower 117 ft. 
high and 28 ft. by 7 ft. at its base, externally, and 3 bricks thick? Deter- 
mine the number of bricks required to build the tower and their price at 
1/. 105. per thousand. 

Ans. (1) 62-43 rods. (2) 236,000 bricks. (3) 354/. 

Ex. 24. — A tower the base of which measures externally 9 ft. square is 
50 ft. high and 2 bricks thick ; how many bricks are required to build it, 
and how many loads of sand and bushels of lime ? Determine also the cost 
of the materials if the bricks cost 1/. 10^. per thousand, sand 6s. 4d. per 
load, and lime Is. Sd. per bushel. 

Ans. (1) 7*35 rods. (2) 33,000 bricks, 25| loads of sand, 
132i bushels of lime. (3) Cost 67/. Ss. 2d. 

Ex. 25. — How many rods of brickwork are there in a reservoir of a rect- 
angular form, the internal measurements of which are 20 ft. long, 6 ft. 
wide, and 12 ft. deep; the work being two bricks thick, viz. both walls and 
floor ; and the reservoir being open at the top? Ans. 4*43. 

Ex. 26. — Find how many rods of brickwork are there in a wall 360 ft. long, 
17ft. high, and 2 bricks thick ; and determine the cost of the material from 
the data in Ex. 24. Ans. (1) 30 rods. (2) ^75/. IDs. 

Ex. 27. — If the wall in the last example had an additional 2 ft. of foun- 
dati6n 3 bricks thick, and were supported by 20 square buttresses reaching 
to the top of the wall 2 bricks thick, on foundations 3 bricks thick, and 
measuring 2| ft. in a direction perpendicular to the face of the wall ; deter- 
mine the number of rods of brickwork in the foundations and buttresses. 

Ans. 10-2 rods. 

Ex. 28. — What would be the cost of the carriage of the bricks in the 
wall described in the last two examples at 5s. 6d. per thousand ? 

Ans. 49/. 155. 

Ex. 29. — The following are the actual dimensions of the brickwork of the 
outer shell of the chimney of St. EoUox, Glasgow. Commencing from the 
top, there are five divisions; the tops of these divisions are respectively 
435|, 350|, 210i 114J, 64|ft., above the ground; the external diameters 
at the tops of the divisions are respectively 13ft. 6 in., 16 ft. 9 in., 24 ft., 
30 ft. 6 in., 35 ft. The diameter on the ground is 40 ft. ; the thicknesses of 



* Weale's Contractor's Price Book for 1859, p. 280. 
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the dirisions are respectively 1 J, 2, 2J, 3, and 3| bricks ; below ground the 
brickwork reaches 14 ft., with a uniform external diameter of 40 ft.; the 
first 8 feet are 3 ft. thick ; in the remaining 6 feet the thickness gradually 
increases to 12 ft. thick. Determine the number of rods of brickwork con- 
tained in the chimney ; the number of thousand bricks employed, their cost 
at 1/. lU. Zd. per thousand; also, if the mortar were of sand and stone 
lime, determine the number of loads of sand and bushels of stone lime 
required, and their cost at 58. 4d. per load, and Is. Sd. per bushel, 



[The surface of each division* of the chimney may be considered as that 
of a conic frustum ; the real volume of each division will be the difference 
between the volumes of two conic finistums. A sufficiently close approxi- 
mation may be obtained by multiplying the mean surface by the thickness 
and considering the slant side equal to the height ; the volume of the part 
below ground is to be determined accurately.] 

Ans. (1) 218 rods, or 981,000 bricks. (2) Cost of bricks, 
1632^. 168. Sd. (3) 763 loads of sand, costing 
203/. 9^. id. (4) 3924 bushels of lime, costing 327/. 

5. Expansion and contraction by heat. — It is found 
that all bodies experience a small change of volume on the 
application of heat. In general, the change is one of in- 
crease,* and with sufficient accuracy may be considered to 
obey the following law within moderate ranges of tempera- 
ture. If a volume v be increased by i v for an addition 
of one degree of heat, it will be increased by 7i x fc v for an 
addition of n degrees of heat, i. e. the increase of volume 
is proportional to the increase of temperature. The same 
rule holds for the expansions in length, which a body ex- 
periences from an increase of temperature. In order to 
fix the conception of a degree of heat it will be proper to 
mention that when heat is applied to ice the water pro- 
duced by melting retains a constant temperature until the 
whole of the ice is melted. This temperature serves as one 
fixed point, and is called the freezing point. Moreover, 
boiling water in free contact with the air also keeps at a 
constant temperature (at least when the barometer stands 
at a given height). This fact, therefore, supplies a second 

* Water, near freezing point, is a conspicuous exception. 
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fixed point, and is called the boiling point, viz., when the 
barometer stands at 30 inches. These two points being 
fixed, the graduation is arbitrary. The scale of Fahrenheit's 
thermometer (which is commonly used in England) is con- 
structed by dividing the space between the freezing and 
boiling points into 180 equal parts, termed degrees, and 
by commencing the graduation 32** below freezing point, 
so that the freezing point is marked 32°, and the boiling 
point 212^ In the centigrade thermometer (commonly 
used in France) the graduation begins at the freezing 
point, and the interval between the freezing and boiling 
points is divided into 100 equal parts called degrees.* It 
is ea^y to see that if at any temperature Fahrenheit's ther- 
mometer stood at p** and the centigrade at c°, we should 
have 

F°— 3 2 ^ c° 
180 "" 100 

Ex. 30. — The density of water is greatest at 3°*9 on the centigrade scale; 
what is the same temperature called on Fahrenheit's scale ? An8. 39^*02 F. 

Ex. 31. — The standard temperature commonly referred to in English 
experiments is 60® F.; what would the same temperature be called in 
France ? Ana, 16°-65 C. 

Ex. 32. — If the centigrade thermometer stood at 6° below zero, or at 

— 5° C, what would the same temperature be marked on Fahrenheit's scale? 

Ans. 23° F. 

Ex. 33. — What degree on the centigrade scale would be equivalent to 

- A9 on Fahrenheit's scale ? Ana. - 20° C. 

The following Table gives the fractional part of the 
whole by which substances expand when heated if — 

* In Reaumur's thermometer the freezing point is marked zero, and the 

pO 32 T>o 

boiling point 80°: consequently =~. 

t From Dr. Young's Natural Philosophy, vol. ii. p. 390. 
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Table II. 
EXPANSION PRODUCED BY HEAT. 



In lengtlj : Glass Tube 
I „ Platinum 

1 „ Cast Iron 

: „ Wrought 1 

I Iron / 

I „ Steel rods 

\ „ Brass rods 

ff Lead 

I „ Copper . 

' In bulk : Mercury 

in 1 

I glass (ap- ^ 

I parent) J 



Temperature raised 
from 32<' to 212° P. 



0-00077615 

0*000866 

0-0011094 

0-001166 

0-0011447 
0-0018928 
0002867 
0-001700 



Temperature 
raised 1° P. 



0-00000431 
0-00000476 
0-00000617 

0-00000642 

0-00000636 
0-00001052 
0-00001592 
0-00000944 
0-00010415 

0^00008696 



Authority. 



Roy 
Borda 
Roy 
Borda 

Rov 
Roy 

Smeaton 
Smeaton 
Roy 

Committee of 
Royal Society 



Ex. 34. — The length of the base line of the Ordnance Survey on 
Hounslow Heath was found to be 27,404 ft. ; this was measured first by 
glass tubes, and then by steel chains ; if, in correcting the glass tubes for 
temperature a uniform error of 1° in excess had been committed, and in 
correcting the steel chain an error of 1** in defect had been committed, 
what would have been the difference between the apparent measurements ? 

Ans. 3-51 in. 

Ex. 35. — If the wrought iron rails on a railway are 10 miles long when 
at a temperature of 32° below freezing, by how much will they lengthen if 
their temperature is raised to 88° P. ? Ans. 29*83 ft. 

Ex. 36. — Ramsden's brass yard exceeded Shuckburgh's by 0-002505 of an 
inch ; what would be the difference of their temperatures when accurately 
the same length ? Ans, 6°-6 F. 

Ex. 37. — Two rods, respectively of iron and brass, ab and cd are fas- 
tened together in the 
middle ; they are accu- 
rately the same length, 
at 62° F.; to their ends 
are fastened by pivots 
tongues CAE and dbf 
which are perpendi- ^ ^ 

Cttlar to the bars, at 62° F. ; in consequence of the unequal expansion or con- 
traction of the bars the tongues will assume different positions, as shown by 
the sloping lines ; it is required to determine the length of c b, that the point e 
n»ay remain unmoved by the expansion or contraction of the bar. The length 
of A B is 10 ft. and the distance ac is 1-726 in. Ans. cb =4*426 in. 
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Ex. 38. — If the expression in length of a substance is e times the length at 
a given temperature, show that the expansion in volume will be very nearly 

3 e times the volume at that temperature. 

Ex, 39. — The volume of a mass of lead being a cubic foot at 60° F. 
what will be its volume at 0<^ F. ? and what at 88° F. ? 

Ans. At 0° F. 0-997134 cubic ft. 
At 88° F. 1*00133728 cubic ft. 
Ex. 40. — There is half a cubic inch of mercury in a thermometer at 
32° F. ; when the temperature is raised to 92® F. the mercury ascends 

4 in. ; what is the diameter of the bore of the glass tube ? 

Ans. 0*0288 in. 

6. Elongation ^produced by strain, — ^The principle on 
which this determination is made is the following : — Sup- 
pose the length of a beam or bar to be L feet, the area of 
its section to be k square inches, then if by the application 
of a strain of p lbs. its length becomes L+i, it appears 
from experiment that 

I : L :: — : b 

K 

where e is a constant number depending on the nature of 
the material, and is called the Modulus of Elasticity. 

It is found that all substances obey this law when the de- 
gree of extension does not transgress certain limits; the limits 
are different in different substances, and in many are very 
narrow. It appears also that within these limits (i. e. the 
limits of elasticity)a strain producing a certain degree of ex- 
tension will, if applied in the opposite direction so as to 
become a thrust, produce an equal degree of compression. 

It will be observed that — is the strain or thrust per 

K 

square inch on the section of the beam or bar. It is also 

■p 
plain that if were equal to e then would I be equal to i, 

SO that the modulus of elasticity is that strain per square 
inch of the section of a bar which would double its length 
if its elasticity continued perfect. It is, perhaps, unneces- 
sary to remark that scarcely any substance has limits of 
elasticity any way approaching this in extent. 



ELONGATION PRODUCED BY STRAIN. 



11 





Table HI. 
MODULI OF ELASTICITY * 




Material 


Modulus 


j Material 


Modulus 


Wrought Iron bars 
Ca8tLx>n . 
„ Brass 
Steel (hard) 
Copper wire 


29,000,000 
17,000,000 
8,930,000 
29,000,000 
17,000,000 


I 
Oak (English) . 
Larch 
Fir (Riga) 
Elm . 


1,450,000 

1,050,000 

1,330,000 

700,000 



Ex. 41. — By how much would a bar of wrought iron \ of an inch square 
and 100 ft. long lengthen under a strain of 2 tons (neglecting the weight 
of the bar)? Ans.QUT^. 

Ex. 42. — Determine the elongation of a steel bar 2 in. square and 40 ft. 
long when subjected to a strain of 40 ton^. What would have been its 
elongation had it been of cast brass? Ans. Steel 0*03 ft. Brass O'l ft. 

Ex. 43. — A bar of wrought iron 2 in. square has its ends fixed between two 
immovable blocks when the temperature is 20*^ F. ; what pressure wUl it 
exert against them if the temperature becomes 96° F. ? Ans. 25J tons. 

Ex. 44. — A wall of brickwork 2 ft thick and 12 ft. high is supported by 
columns of oak 6 inches in radius, 18 ft. high and 14 ft. apart from centre 
to centre ; determine the thrust per square inch exerted on the section of the 
columns, and the amount of their compression. 

Ans. (1) 332-7 lbs. (2) i in. nearly. 

Ex. 45. — In the last example if the wall had been of Portland stone and 
1| ft. thick, what would have been the pressure per square inch, and the 



degree of compression ? 



Ans, (1) 248-9 lbs. (2) ^ in. 



Elx. 46. — In the last example if the oak column were replaced by a 
wrought iron bar 2 inches square, what would be the degree of compression ? 
and at what temperature would the iron rod have the same length as it has 
when unpressed at 32° F. ? Ans. (1) jl^g in. (2) 69-8° F. 

Ex. 47. — ^A bar of wrought iron a square inch in section is fixed firmly 
between two immovable blocks which are 50 ft. apart ; if the temperature is 
raised 50° F. above that which the bar had when fixed, find the pressure 
produced against these blocks. Ans. 9309 lbs. 

Ex. 48. — ^In the last example, if only one of the blocks were immovable 
and the other were capable of revolving round a joint 12 ft. below the 
point at which it is met by the rod, determine the angle through which it 
will be turned by the expansion of the rod. Ans. 0°-4' 36". 

Ex. 49. — It is observed that two opposite walls of an ancient building 

* Based on Mr. Moseley*s Mech. Eng. p. 622, compared with Mr. Rankine's 
Applied Mechanics, p. 631. 
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are each Z° out of the vertical, the inclination being outward ; to bring them 
into the perpendicular, the following means are employed ; at certain inter- 
vals iron bars are placed across the building, their ends passing through the 
walls and projecting on the outside, on these ends strong plat«s or washers 
are screwed ; the rods aire then heated and expand, in this state the washers 
are screwed tightly against the outside of the walls and the rods allowed to 
cool, when they contract and draw the walls together; the process being 
continued until the walls become vertical * If we suppose the rods to be 
50 ft. long and 3 square inches in section, and to be fastened 15 ft. above 
the joint of the masonry, round which walls will be made to turn ; and if the 
range of temperature is from 60° F. to 240° F. ; determine the number of 
times the bars must be heated before the operation is complete, and the 
pressure which would tend to draw the walls together if they were entirely 
immovable. Jns. (1) 27 times. (2) 100,572 lbs. 

7. Resistance to rupture by tearing or teruidty. — Wlien 
a straiu which elongates a bar attains a certain magnitude, 
the bar will break. If we determine by experiment this 
force in lbs. per square inch, we obtain the tenacity of the 
substance. It is manifest that the strain which will tear a 
bar whose section is n square inches will be n times the 
tenacity. 

Table IV. 
TENACITIES. 



Material 


Tenacity ! 


Material 


Tenacity 


Wrought Iron 

(bars) . 
Cast Iron (average) 
Iron wire ropes . 
Cast Brass . 
Copper whre 


67,200 lbs. 
16,500 „ 
90,000 „ 
18,000 „ 
60,000 „ 


Oak (English) . 

Larch 

Fir (Riga) . 

Elm . 

Hempen ropes . 


17,300 lbs. 
10,000 „ 
12,000 „ 
13,500 „ 
5,600 „ 



Ex. 60. — ^How great a strain will a cylindrical bar of wrought iron bear 
which is I of an inch in diameter ? and by what fraction of its length would 
it elongate under this strain if the elasticity continued perfect ? 

Ans, (1) 3298 lbs. (2) 0-0023. 

Ex. 51. — How many iron wires ^ of an inch in diameter must be put 
together to sustain a strain of 3 tons. Ans. 13. 

* The walls of Armagh Cathedral were restored by this process. Daniell'^ 
Chemistry, p. 103. 
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Ex, 52. — ^What is the length of a bar of wrought iron which being sus- 
pended Tertically would break by its own weight? Ans. 19,880 ft. 

Ex. 53. — What strain will a bar of oak 1| in. square sustain ? 

Ans. 38,926 lbs. 

Ex. 64. — ^What strain will a cylindrical bar of larch \\ in. in diameter 
sustain? Ans. 17,671 lbs. 

Ex. 65. — If a rope be made of wires whose diameter is d^ show that the 

number of wires in each square inch of the section of the rope is very nearly 

2 8 

given by the formtda ^^n'M 

Ex. 56. — How many wires ^ of an inch in diameter must be put together 
to form a rope a square inch in section ? Ans. 116. 

Ex. 57. — If the number of wires ^ of an inch in diameter which must 
be put together to form a rope one square inch in section be determined by 
each of the formulae in Ex. 66, what is the difference between the 
results ? Ans. 4*8. 

Ex. 68. — Show that the number of lbs. weight in a foot length of iron 
wire is given by the formula (circ. in inches)^ x 0*244 very nearly ; the 
specific gravity of iron wire being assumed to be the same as that of 
wrought iron. 

Ex. 69. — Show that if a rope of hemp has the same strength as another 
of iron wire, the circumference of the latter is about \, and its weight about 
\ of the former. 

8. Resistance to rupture by compression, — There are 
as many as five forms which the results of crushing assume 
in different bodies. They are enumerated as follows by 
Mr. Rankine :* — 

(1) Crushing by splitting, when the substance divides 
in a direction nearly parallel to the direction of the pres- 
sure. This occurs in the case of hard homogeneous sub- 
stances of a glassy texture. 

(2) Crushing by shearing, when the substance divides 
along a plane inclined at a certain angle to the direction 
of the force, the upper part of the substance sliding upon 
the lower. This fact was ascertained, and its conditions 
investigated, by Mr. Hodgkinson. It takes place in the 
case of substances of a granular texture, such as cast iron, 

* Applied Mechanics, p. 303. See also Mr. Moseley's Mechanics of 
Engineering, pp. 649, 679. 
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and most kinds of stone and brick. To exhibit its effects 
the height of the block to be crushed must be at the least 
one and a half times its thickness. In the above cases 
the resistance to crushing is considerably greater than the 
tenacity. In the case of cast iron the resistance is more 
than six times the tenacity. 

(3) Crushing by bulging^ when the material spreads 
like compressed dough. This takes place with ductile 
substances, such as wrought iron in short blocks. In this 
case the resistance is somewhat less than the tenacity, 
being with wrought iron about ^ of the tenacity. 

(4) Crushing by drilling, which is characteristic of 
fibrous substances, and takes place when the thrust acts 
along the fibres in timbers and in bars of wrought iron that 
are too long to yield by bulging. It consists in a lateral 
yielding, and sometimes separation of the fibres. In the 
case of dry timber the resistance is about ^ of the tenacity, 
in the case of moist timber about ^th of the tenacity ; con- 
sequently moist timber is only half as strong as dry when 
subjected to a crushing force. 

(5) Crushing by crossbreahingy which is the mode of 
fracture in columns and struts where the length greatly 
exceeds the diameter. Under the breaking load they yield 
sideways, and are broken across like beams under a trans- 
verse pressure. 

Table V. 
CRUSHING PRESSURE IN LBS. PER SQUARE INCH. 



1 

Material 


Pressure 


Material 


1 
PresBure ! 


Wrought Iron . 


36,000 


Granite (average) 


8,000 ' 


Cast Iron (average) 


112,000 


Oak (English) dry 


' 9,500 


„ Brass 


10,300 


Larch diy . 


6,500 1 


Brick 


800 


Fir (Riga) dry . 


6,000 


Sandstone . 


4,000 


Ehn . . . 


10,300 , 


Limestone (gra- 






1 


nular) . 


4,000 




1 
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Ex. 60. — ^What must be the height of a column of cast iron producing 
that pressure per square inch which would crush a short column of the same 
material ? Ans. 35,806 ft. 

Ex. 61. — Compare the heights of columns of cast iron, wrought iron, 
cast brass, and larch fir, which would produce the pressure per square inch 
requisite for crushing short columns of their respective materials ? 

Ans, 1-476 : 0439 : 0116 : 1. 

9. Ultimate and proof strength and working stress. — 
It must be borne in mind that no material is in practice 
subjected to the strain or thrust which it is capable of 
supporting. This will appear very clearly from the follow- 
ing definitions :* — 

(1) The ultimate strength of a solid is the stress required 
to produce fracture in some specified way. 

(2) The proof strength is the stress required to produce 
the greatest strain in some specified way consistent with 
safety. A stress exceeding the proof strength, though it 
does not produce immediate fracture, will produce it by 
long application or frequent repetition. 

(3) The working stress is always made less than the 
proof strength in a certain ratio determined by experience. 

In the cases of wrought iron boilers, timber, brick, and 
stone, the ultimate strength is from 2 to 3 times more than 
the proof strength, and from 8 to 10 times the working 
stress. In the following examples the working stress is 
assumed to be ^th of the ultimate strength : — 

Ex. 62. — A wall of brickwork 3 ft. thick, is supported at intervals of 
10 ft. by sandstone columns 9 in. in diameter ; to what height can the wall 
be carried ? Ans. 7*6 ft. 

Ex. 63. — ^If in the last example the columns had been of brickwork 2 ft. 
thick, to what height would the work then be carried? Ans. 10*8 ft. 

Ex. 64. — To what height could the wall in Ex. 44 be carried with safety 
so far as the strength of the columns is concerned ? Ans. 34*26 ft. 

Ex. 65.— Make the same determination with regard to Ex. 46. 

Ans. 46-8 ft. 



* Rankine, Applied Mechanics, p. 273. 
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Ex. 66. — What would have been the heights in each of the last examples 
if the columns had been of brickwork ? What if of limestone ? What if 
of granite ? Ans, Brickwork, 29 ft. 39 ft. 

Limestone, 14*4 ft 19*3 ft. 
Granite, 28*9 ft. 386 ft. 
Ex. 67. — ^A wall of brickwork, 60 ft. high and 3 ft. thick is to be carried 
by columns of brick 20 ft. apa]% from centre to centre ; determine the least 
diameter consistent with safety. Make the same determination if the 
columns were of granite. Ans, 73J in, brickwork. 23| in. granite. 

1 0. Strength of cast-iron columns. — The columns in the 
preceding examples are supposed to follow the law of the 
crushing of short columns. It may be instructive to add 
the following particulars, which have reference to the 
crushing of cast-iron columns exceeding that length. The 
greatest part of our knowledge of this subject is due to ex- 
periments conducted by Mr. Hodgkinson, who thus states 
his conclusions with regard to the form of the ends of iron 
columns : — * 1st. A long circular pillar, with its ends flat, 
is about three times as strong as a pillar of the same length 
and diameter with its ends rounded in such a manner that 

the pressure would pass through the axis 2nd. If a 

pillar of the same length and diameter as the preceding 
has one end rounded and one flat, the strength will be 
twice as great as that of one with both ends rounded. 
3rd. If, therefore, three pillars be taken, differing only in 
the forms of their ends, the first having both ends rounded, 
the second having one end rounded and one flat, and 
the third both ends flat, the strength of these pillars will 
be as 1 — 2 — 3 nearly.' Mr. Hodgkinson further considers 
that the breaking weight w of a, hollow column is given in 
tons by the formula. 



tV = U X 



V 



and that of a solid column by the formula 



U36 
^ = ^X^163 
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where M and m are constants depending on the nature of 
the iron, n the external and d the internal diameters of the 
column in inches, and I the length in feet. The values of 
M and m vary considerably with different kinds of iron, but 
may be taken at 42 tons. The limits of variation in the 
values of m are 49-94 and 39-60.* 

Ex, 68. — Determine the breaking weight of a solid cast-iron column 20 
ft. high and 6 in. in diameter. Ans. 168*3 tone. 

Ex. 69. — ^Determine the breaking weight of the column in the last 
example if it were hollow and 1 in. thick. Ans, 127*6 tons. 

Ex, 70. — ^Determine the thickness of a column 20 ft. high and 7 in. in 
external diameter, which is as strong as that in Ex. 68. Ans. 0*774 in. 



* Proceedings of the Royal Society, toI. viii. p. 318. 
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CHAPTER II. 

ON wokk; ok, thb bfficibnct of agents. 

1 1. Definition of work. — An agent is said to do work 
when it causes the point of application of the pressure it 
exerts to move through a certain space ; thus a carpenter 
employed in planing wood works, since he causes the point 
of application of the pressure he exerts to move through a 
certain space, and the same is true of any agent that works 
in the sense here intended. For the sake of distinctness it 
may be observed that the union of pressure and motion is 
essential to the conception of work ; thus when the expan- 
sive force of steam lifts the piston of a steam engine it does 
work. In the boiler, though it produces an enormous 
prassure on the surface, it does no work, since the pressure 
is unaccompanied by motion. The unit by which the work 
of different agents is expressed numerically is called the 
unit of work ; according to the practice of English writers 
it is defined as follows : — 

Def. — The work done when a pressure of 1 lb. is exerted 
through a space of 1 ft. in the direction of the pressure is 
called a unit of work. 

The following important principle is deducible from this 
definition. When a pressure of p lbs. is exerted through 
a space of s ft., it does PS units of work, the pressure 
being exerted along the line in which its point of applica- 
tion is made to move. For since a unit of work is done 
when a pressure of 1 lb. is exerted through 1 ft, there 
must be 2 imits of work done when a pressure of 2 lbs. is 
exerted through 1 ft., 3 units of work when a pressure of 
3 lbs. is exerted through 1 ft., and generally p units of 
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work when a pressure of p lbs. is exerted through 1 ft. 
Again, since p units of work are done when a pressure of 
p lbs. is exerted through 1 ft., there must be 2p done 
when it is exerted through 2 ft., 3p when it is exerted 
through 3 ft, and generally PS units must be done when 
the pressure of p lbs. is exerted through s ft. 

Ex, 71. — How many units of work are expended in raising 2 cwts. through 
30 fathoms ? Ana. 40,320. 

Ex. 72. — The mean pressure on the piston of a steam engine is 16 lb&. 
per sq. in., the length of the stroke is 6 ft. ; if the area of the piston is 448 
sq. in., how many units of work are done per stroke ? Arts. 40,320. 

12. Comparison of the efficiency of agents, — If the 
above examples are compared, it will be seen that the 
work done during each stroke by the steam on the piston 
of the engine is equivalent to the work expended in raising 
2 cwts. through a height of 30 fathoms ; and whatever 
agent raises this weight must do as much work as that 
done by the steam. In these examples we have not con- 
sidered the time in which the work is done ; let us then 
suppose that the engine in Ex. 72 makes 10 strokes per 
minute ; the expansive force of the steam will then do 
403,200 units of work per minute. Now, if we suppose 
an agent, or a number of agents, to raise ^ weight of 1 
ton through 30 fathoms in one minute, they will do exactly 
2240 X 180 or 403,200 units of work per minute. It is plain 
that under these circumstances the comparison is complete 
between the efficiency of the expansive force of the steam 
and the efficiency of the other agents, and that they are reci- 
procally eqiuvalent. Hence we infer the general principle — 

The number of units of work yielded by any agent 
in a given time is the true msasure of its efficiency or 
worhmg power. 

Of course it foll6w8 from this principle that the working 
powers of two agents are in the ratio of the number of units 
of work done by them in the same time. 

c2 
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The most familiar instance of this mode of measuring tht 
power of an agent is furnished by the steam engine, whose 
efl&ciency is estimated in horse-power, as when we speak o: 
an engine of Hwenty horse-power.' From some experi- 
ments, !Mr. Watt concluded that a horse is capable a 
yielding 33,000 units of work per minute. The conclii 
sion, as far as regards the effici^cy of the animal, is no^ 
very correct ; it has, however, fixed the meaning of the tern 
horse-power when applied to a steam engine. Hence 

Def. — A steam engine works with one horse-power whe? 
it yields 33,000 uriits of work per minute. 

Of course an engine of n horse-powers yields n timej 
33,000 units of work per minute. 

Ex. 73.— The piston of a steam engine is 15 in. in diameter, in stroke ii 
21 ft. long ; it makes 40 strokes per minute ; the mean pressure of the steari 
on it is 16 lbs. per square inch ; what number of units of work is done b; 
the steam per minute, and what is the horse-power of the engine ? 

Ans. 265,072 units of work. 803 H.-P. 

Ex. 74. — A weight of 1 J tons is to be raised from a depth of 50 fathona 
in 1 minute ; determine the horse-power of the engine capable of doing th 
work? ^7W. 30^ H.-P. 

Ex. 75. — ^The resistance to the motion of a certain weight is 440 lbs., ho^ 
many units of work must be expended in making this weight move over 3 
miles in 1 hour ? What must be the horse-power of an engine that does th 
same number of units of work in the same time ? 

Ans. 69,696,000 units of work. 35i H.-P. 

13. Application of the foregoing principles. — A con 
siderable number of practical questions can be answered b; 
means of the principles already laid down, viz. such ques 
tions as the horse-hower of the engine required to do i 
certain amount of work, the time in which an engine of i 
certain power will do a certain amount of work, &c. ... 
They are all done by following the same method, viz. First 
from a consideration of the work to be done, obtain th 
number of units of work that must be expended in a certaii 
time. Next, from a consideration of the power of the agen 
obtain the number of units yielded in the same time. Ou< 



APPLICATION OP THE FOREGOING PRINCIPLES. 21 

of these expressions will contain an unknown quantity, 
but, since by the terms of the question they are equal, 
tbey will form an equation from which the unknown quan- 
tity can be readily determined. 

Ex. 76. — An engine is required to raise a weight of 13 cwts. from a depth 
of 140 fathoms in 3 minutes ; determine its horse-power. 

Liet X be the required horse-power ; then the units of work yielded in 3 
minutes will equal 33000 x a? x 3 ; also the number of units of work required 
to raise 13 cwts. from a depth of 140 fath. equals 13 x 112 x 140 x 6. And 
since these two numbers are equal we have 

33000 X 3 X x= 13 X 112 X 140 x 6. 
.-. ar= 12-36 H.-P. 

Ex. 77. — In how many minutes would an engine working at 26 horse- 
power raise a load of 12 cwts. from a depth of 160 fathoms ? 

Ans. 1-564 min. 

Ex. 78. — ^A locomotive engine draws a gross load of 60 tons at the rate of 
20 miles an hour ; the resistances are at the rate of 8 lbs. per ton ; what 
must be the horse-power of the engine ? 

[The reader must bear in mind that the work to be done is to overcome 
a resistance of 480 lbs. through 20 miles in one hour.] Ans. 256 H.-P. 

Ex. 79. — What must be the horse-power of an engine that raises 20 
cubic feet of water per minute from a depth of 200 fathoms ? 

Ans. 45^ H.-P. 

Ex. 80. — How many cubic feet of water would an engine working at 100 
horse-power raise per minute from a depth of 25 fathoms ? Ans. S52. 

Ex. 81. — How many cubic feet of water will an engine of 250 horse-power 
raise per minute from a depth of 200 fathoms ? Ans. 110 cub. ft. 

Ex. 82. — It being required to raise 100 cubic feet of water per minute 
from a depth of 495 ft., what must be the horse-power of the engine ? 

Ans. 93f H.-P. 

&. 83. — There is a mine with three shafts which are respectively 300, 
460, and 500 ft. deep : it is required to raise from the first 80, from the 
second 60, from the third 40 cubic feet of water per minute ; "^hat must 
be the horse-power of the engine ? Ans. 134^ H.-P. 

Ex. 84. — At what rate per hour will a locomotive engine of 30 horse- 
power draw a train weighing 90 tons gross, the resistances being 8 lbs. per 
ton? .<4;^. 15-625 miles. 

Blx. 86. — ^What is the gross weight of a train which an engine of 25 horse- 
power wiU draw at the rate of 25 miles an hour, resistances being 8 lbs. per 
ton ? Ans. 46*875 tons. 

Ex, 86. — A train whose gross weight is 80 tons travels at the rate of 20 
miles an hour; if the resistance is 8 lbs. per ton what is the horse-power of 
the engine ? Ans. 34^ H.-P. 
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Ex. 87. — An engine working with the same power as Uiat in the l&st 
example draws a train at the rate of 30 miles an hour; the resistances 
being 7 lbs. per ton, what is the gross weight of the train ? 

Ans. 60|^ tons. 

Ex. 88. — What must be the length of the stroke of the piston of an 
engine, the surface of which is 1500 square inches, which makes 20 strokes 
per minute, so that with a mean pressure of 12 lbs. on each square inch of 
the piston, the engine may be of 80 horse-power ? Ans. 7^ ft 

Ex. 89.-^The diameter of the piston of an engine is 80 in., the length 
of the stroke is 10 feet, it makes 11 strokes per minute, and the mean pressure 
of the steam on the piston is 12 lbs. per square inch : what is the horse- 
power ? Ans. 201-06 K-P. 

Ex. 90. — Find the horse-power of an engine that will raise in one minute 
100 cubic feet of water from a depth of 600 feet. Ans. 1 1 3^ H.-P. 

Ex. 91. — A train weighing 50 tons is to be drawn along a railway at the 
rate of 20 miles an hour ; the resistances being 8 lbs. per ton, find the horse- 
power of the engine. Ans. 21| H.-P. 

Ex. 92. — The cylinder of a steam engine has an internal diameter of 3 
feet ; the length of the stroke is 6 feet ; it makes 6 strokes per minute ; 
under what eflfective pressure per square inch would it have to work in 
order that 75 horse-power may be done on the piston ? Ans. 67*54 lbs. 

Ex. 93.— What must be the horse-power of a stationary engine that draws 
a weight of 150 tons along a horizontal road at the rate of 30 miles per 
hour ; friction being 8 lbs. per ton ? Ans. 96 H.-P. 

14. Modulus of a machine. — An agent rarely, if ever, 
does a considerable amount of useful work directly^ but 
nearly always through the intervention of a machine, by 
which the motive power of the agent is so applied as to 
overcome the resistance in the most convenient manner. 
For instance, when a steam engine raises water out of a 
shaft, the motive power is the expansive pressure of the 
steam on the piston, the resistance to be overcome is the 
weight of the water, the beam, crank, &c., of the engine 
are the means by which the motive power is applied so as 
to overcome the resistance. Now it will be remarked that 
each part of the machine ofiFers more or less resistance to 
the motion, so that a certain part of the work done by the 
motive power must be expended in overcoming these re- 
sistances, i. e. in reference to the purpose of the machine, 



MODULI OF STEAM ENGINES. 



23 



must be expended uselessly. The remainder of the Vfork 
done by the motive power will be expended usefully in 
accomplishing that purpose. 

It admits of proof in the case of a machine moving uni- 
formly, that if the number of units of work done by the 
agent is represented by u, the number expended in over- 
conaing prejudicial resistances by u^, and the number ex- 
pended usefully by u„ all in the same given time, then 

u=Uo + Ui 
It also appears that in most machines Uj bears to u a 
constant ratio, so that 

where the letter K denotes some proper fraction, depending 
on the nature of the machine ; this fraction is called the 
modulus of the machine ; the following table, taken from 
General Morin's Aide-MSmoire de M^canique Pratique^ 
gives the value of K for diflferent classes of steam engines: — 

TabimTL. 
MODULI OF STEAM ENGINES. 



Description of Machine 


Horse-Power 


Value of K 






Best working 


ordinary do. 


Watt's low-pressure engine 


4 to 8 


0-60 


0-42 




10 „ 20 


0-66 


0-47 




30 „ 100 


0-60 


0-64 


Comifth engines, working 


up to 30 


0-44 


0-36 


by expansion and con- 


30 „ 40. 


0-49 


0-39 


densation 


40 „ 50 


0-67 


0-46 




60 „ 60, 


0-62 


0-60 




60 „ 70 


0-66 


0-53 




70 „ 80 


0-82 


0-66 




80 „ 100 


0-70 ' 


0-69 


High-pressure engines, 


up to 10 


0-60 


0-40 


working without ex- 


10 „ 20 


0-66 


0-44 


pansion or condensation 


20 „ 30 


0-60 


0-48 




30 „ 40 


0-66 


0-52 




above 40 


0-70 


0-66 
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Ex. 94. — The diameter of the piston of a steam engine is 60 inches; it 
makes 1 1 strokes per minute ; the length of each stroke is 8 feet ; the mean 
pressure per square inch, 15 lbs. The modulus of the engine being 0*65, 
determine the number of cubic feet of water it will raise per hour from a 
depth of 50 fathoms. 

[The number of units of work done by steam on piston in one hour equals 
IT X 30* x8xl5xllx60; this number multiplied by 0'65 will give the 
number of units usefully spent in raising water ; hence the number of cubic 
feet of water is found.] Ans. 7763 cub. ft. 

Ex. 96. — The diameter of the piston of an engine is 80 in., the mean 
pressure of the steam is 12 lbs. per square inch, the length of the stroke is 
10 ft., the number of strokes made per minute is 11. How many cubic feet 
of water will it raise per minute from a depth of 250 fathoms, its modulus 
being 0*6. Ans. 42*46 cub. ft. 

Ex. 96. — If the engine in the last example had raised 55 cubic feet of 
water per minute from a depth of 250 fathoms, what would have been its 
modulus? ^ws. 0-7771. 

Ex. 97. — How many strokes per minute must the engine in Ex. 96 make 
in order to raise 15 cubic feet of water per minute from the given depth ? 

Ans. 4. 

Ex. 98. — ^What must be the length of the stroke of an engine whose 
modulus is 0*65, and whose other dimensions and conditions of working are 
the same as in Ex. 96, if they both do the same useful work ? 

Ans. 9*23 ft. 

Ex. 99. — The diameter of the cylinder of an engine is 80 inches, the 
piston makes per minute 8 strokes of lOj ft. under a mean pressure of 
15 lbs. per square inch ; the modulus of the engine is 0'55. How many 
cubic feet of water will it raise from a depth of 112 ft. in one minute ? 

Ans. 485*78 cub. ft. 

Ex. 100. — If in the last example the engine raised a weight of 66,433 lbs. 
through 90 ft. in one minute, what must be the mean pressure per square 
inch on the piston ? Ans. 26*37 lbs. 

Ex. 101. — ^If the diameter of the piston of the engine in Ex, 99 had been 
85 in. what addition in horse-power would that make in the useful power of 
the engine? Ans. 13*28 H.-P. 

15. Work of water-wheels. — Hitherto we have considered 
only one kind of motive power, viz. the pressure of steam. 
The same principles are applicable to machines worked by 
any other motive power, as by the muscular force of animal 
agents, the pressure of moving air, or of falling water. The 
last of these, viz. the power of falling water, is, next to 
steam, the most conspicuous example of work done on a 
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large scale by an inanimate agent. We shall therefore 
consider somewhat particularly the application of this 
power by means of water-wheels. 

It is plain that 1 lb. of water, in descending through 1 
foot, must accumulate as much work as would be required 
to raise it through 1 foot, and hence if p lbs. of water 
descend through h feet, they will accumulate vh units of 
work ; and if, moreover, we suppose this water to descend 
against an obstacle, such as the float boards of a water- 
wheel, the amount of work so accumulated will be done 
upon the wheel, and this work may then be applied to any 
useful purpose after a certain deduction has been made on 
account of prejudicial resistances. 

It must be borne in mind that the height of the fall is 
the diflference between the levels of the surface of the water 
in the reservoir and in the exit canal ; in the case of over- 
shot wheels it is supposed that the extreme circumference 
of the wheel is just in contact with the surface of the water 
in the exit canal. The height is represented by A b in the 
accompanying figures ; of which fig. 2 represents the 



Fig. 2. 




ordinary undershot wheel with plane float boards ; fig. 3 
the breast wheel, in which the water acts upon the float 
boards considerably above the level of the exit canal. Fig. 
4 represents the overshot wheel. 
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The following table exhibits the modnU of various kindi 
of water-wheels. It is founded on results given in Genera 
Morin's Aide^Mimoire. In the table h denotes the lengtl 
of the line ab in figs. 2, 3, 4, and h denotes the length oi 
BC in fig. 3: — 

Tablb VII. 
MODULI OF WATER-WHEELS. 



Deecrlption 


Modnlus 


(1) Undershot wheels with flat float boards . 


0-25 to 0-30 


(2) Breast wheels with flat float boards 

(a)when|=J . •. . . 

(b) .. 1 = f . . . . 

(0 .. 1 = 1 • ■ . . 

(d) „ l-l . . . . 

(e) „ 1 = 1 . . . . 


0-40 to 0-45 

0-42 „ 0-49 

0-47 

0-55 

0-65 „ 0-70 


(3) Breast wheels with curved float boards (Pon- 

celet's construction) 

for H greater than 6| feet 


0-60 to 0-66 


(4) Overshot wheels, when the velocity is small and 
the buckets half filled 


0-70 to 0-75 ' 
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Ex. 102. — The mean section of a stream is 6 ft. by 2 ft. ; its mean velocity 
is 35 ft. per minute; there is a fall of 13 ft. on this stream, at which is 
erected a water-wheel whose modulus is 0*65 ; determine the horse-power of 
the wheel. Ans. 6-6 H.-P. 

Ex. 103. — In how many hours would the wheel in the last example grind 
1000 quarters of wheat, it being assumed that each horse-power will grind 
1 bushel per hour ? Ans. 1428 hours. 

Ex. 104. — How many quarters of wheat will the same wheel grind in 72 
hours ? Ana. 50*4 1 quarters. 

Ex. 105. — Suppose the wheel in Ex. 102 to have replaced an Tindershot 
wheel with flat float boards, whose modulus was 0*25, determine the num: 
her of quarters of wheat each wheel will grind in 24 hours. 

^jw. (1)6-8. (2)16-8. 

Ex. 106. — How many cubic feet of water must be made to descend the 
fell per minute in Ex. 102, 3, that the wheel may grind at the rate of 3| 
quarters per hour ? Ans. 1749-5. 

Ex. 107. — Given the stream in Ex. 102, 3, what must be the height of 
the fall to grind Ij quarters per hour ; flrst, if the modulus of the wheel is 
0-40, next, if it is 0*47, and lastly, if it is 0*65 ? 

^?w. (1) 37-7 ft. (2) 32 ft. (3) 23-2 ft. 

Ex. 108. — The mean section of a stream is 8 ft. by 1 ft. ; its mean velocity 
is 40 ft. per minute ; it has a fall of 17J ft. ; it is required to raise water to 
a height of 300 ft. by means of a water-wheel whose modulus is 0*7 ;. how 
many cubic feet will it raise per minute ? Ans. 18*07 cub. ft. 

Ex. 109. — ^To what height would the wheel in the last example raise 2^ 
cubic feet of water per minute ? Ans. 1742| ft. 

Ex. 110. — ^The mean section of a stream is 1| ft. by 11 ft. : its mean 
velocity is 2i miles per hour; there is on it a fall of 6 ft. on which is erected 
a wheel whose modulus is 0*7 ; this wheel is employed to raise the hammers 
of a forge, each of which weighs 2 tons, and has a lift of 1| ft. ; how many 
lifts of a hammer will the wheel yield per minute ? Ans. 142 nearly. 

Ex. 111. — In the last example determine the mean depth of the stream if 
the wheel yields 135 lifts per minute ? Ans. 1*43 ft. 

Ex. 112. — In Ex. 110 how many cubic feet of water must descend the fall 
per minute to yield 97 lifts of the hammer per minute ? Ans. 2483 cub. ft. 

Ex. 113. — ^Determine how many quarters of com the mill in Ex. 110 
might be made to grind in six days if it were to work for 13 hours daily ? 

Ans. 281*5 quarters. 

Ex. 114. — Down a 14 ft. fall 200 cub. ft. of water descend every minute, 
and turn a wheel whose modulus is 0*6. The wheel lifts water from the 
bottom of the fall to a height of 54 ft. ; how many cubic feet will be thus 
raised per minute ? If the water were raised from the top of the faU to the 
same point, what would the number of cubic feet then be ? 

Ans. (1) 31*1 cub. ft. (2) 34*7 cub. ft. 

[Of course in the second case the number of cubic feet of water taken 
from the top of the fall being x, the number of feet that turn the wheel will 
be 200— jr.] 
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Ex. 116. — Water has to be raised from a mine 120 ft. deep, the whole of 
the water raised forms a stream with a fall of 30 ft., the machinery by 
which the water is raised is a steam-engine of 60 horse-power, and an over- 
shot wheel whose modulus is 0*716 turned by the stream; determine the 
whole number of cubic ft. raised per minute. Ans. 267*8 cub. ft. 

Ex. 116. — In the last example if the ground allowed an exit to be made 
for the water 30 ft below the mouth of the shaft (by which of course the 
fall is entirely lost, what must be the horse-power of the engine to raise per 
minute the same amount of water as before ? Ans. 46*6 H.-P. 

16. The work of living agents. — ^The eflBciency of men 
and animals is estimated in the same manner as that of the 
inanimate agents already considered, viz. by the number of 
units of work they are capable of yielding. The number 
yielded under given circumstances by any particular agent 
must of course be determined by experiment. The re- 
sults of experiment on this matter are registered in the 
tables that follow ; they are based on similar tables given 
in General Morin's Aide-MSmoire. It must be borne in 
mind that these tables give mean results when the agent 
works in the best manner. It would be very possible for 
the agents to work with greater velocities than those 
assigned, but were this done they would yield a much 
smaller daily amoimt of work — compare the work done by 
a horse walking with that done by a horse trotting. 

Table VIII. 
WORK DONE BY MEN AND ANIMALS. 



Nature of Labour 



Daily 

Dura- i No. of Unite 
tion of ' of Work 
Work in per Day 
Hours 



( 1 ) Raising weights ver- 
tically. 

A man mounting a gentle 
incline or ladder with- 
out burden, i.e. raising 
his own weight 



Labourer raisingweights 
with rope and pulley, 
the rope returning 
without load 



80 



2032000 



6-0 



563000 



No. of 

Units of 

Work 

per 

Min. 



4230 



Weight 
raised 
or Mean Feet 
Pressure per Min. 



1560 



Velocity 



146 



40 



29 



39 



Miles I 
per I 
Hour i 



0-33 



0-44 
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Table Vin. (continued). 












Daily 
Dura- 
tion of 
Work in 
Hours 


No. of Units 
of Work 
per Day 


No. of 

Units of 

Work 

per 

Min. 


Weight 

raised 

or Mean 

Pressure 


Velocity 




Nature of Labour 


Feet 
per Min. 


Miles 
Hour 




Labourer lifting weights 
by hand 


60 


631000 


1480 


44 


34 


0-38 




■ 

Labourer carrying 
weights on his, back 
up a gentle incline or 

j up a ladder and re- 
turning unladen 


60 


406000 


1130 


146 


8 


009 




Labourer wheeling ma- 
1 terials in a barrow up 
i an incline of 1 in 12 
1 and returning with the 
1 empty barrow 


100 


313000 


620 


130' 




0-046 


/ 


iLabourer lifting earth 
, with a spade to a mean 
j height of 5i feet 


100 


281000 


470) 


^ 

i « 

•^ . ^ 




'"1% 


i(2) Action on Machines. 

jLabourer walking and 
1 pushing or pulling 
1 horizontally 


8-0 


1600000 


3130 


27 


116 


1.-32' 


\ 


Labourerturningawinch 


8-0 


1250000 


2600 


18 


144 


1-64 




Labourer pulling and 
1 pushing alternately in 
i a vertical direction 


8-0 


1146000 


2390 


11 


216 


2-70 




1 Horse yoked to a cart 
and walking 


10-0 


16688000 


26160 


160 


176 


200 




Do. to a whim gin 


8-0 


8440000 


17600 


100 


175 


200 




Do. do. trotting 


4-6 


7036000 


26060 


66§ 


391 


4-44 




Ox yoked to a whim gin 
and walking 

1 


8-0 


8127000 


16930 


146 


117 


1-33 




Mule do. do. 


8-0 


6627000 


11720 


66§ 


176 


2-00 




Ass do. do. 


8-0 


2417000 


6030 


30 


168 


1-95 
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The following table gives the useful effect of men and 
animals employed in the horizontal transport of burdens. 
The second and third columns give the useful efifect, viz. 
the product of the weight in lbs, and the distance in feet 
The reader must not mistake this for the units of work 
done by the agent, the agent being employed not in raising 
the weight, but in overcoming the passive resistances, fric- 
tion, &c,, which depend on the weight indeed, but are only 
a fraction of it. 

Table IX. 

USEFUL EFFECT OF AGENTS EMPLOYED IN THE 
HORIZONTAL TEANSPORT OF BURDENS. 



Agent 


Dura- 
tion of 
Dafly 
Work 


Usefnl Effect 
DaUy 


TJeeful 
Effect 

Minute 


_ . ^ 1 Velocity 
Weicrht 

tSS^"*' Feet 1 Miles 
P^'^*,perMinJperHr. 


Man walking on a 
horizontal road with- 
out burden, i. e. 
transporting his own 
weight 


10-0 26398000 


42330 


146 


292 


3-32 


Labourer transport- 
ing materials in a 
truck on two wheels, 
returning with it 
empty for a new 
load 


100 


13026000 


21710 


220 


99 


• 
1-12 


Do. do. in a wheel- 
barrow 


10-0 


7816000 


13030 


130 


160 


1-14 


Labourer walking 
with a weight on his 
back 


70 


5470000 


13030 


90 


145 


1-64 


Labourer transport- 
ing materials on his 
back and returning 
unburdened for a 
new load 


60 


5087000 


14110 


145 


97 


110 



♦ Exclusive of the weight of the barrow, truck, cart, &c. (Poncelet. 
M^. Ind. p. 247.) 
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Table IX. (continued). 



Agent 


Dura- 
tion of 
DaUy 
Work 


Usefnl Effect 
DaUy 


TJaefol 

Blf ect per 

Minute 


Weight 


Velocity 


Trans- 
ported* 


Feet 
perMin. 


Miles 
perHr. 


Do. do. on a hand- 
barrow 


10-0 


4298000 


7160 


110 


65 


0-74 


! Horse transport- 
ing materials in a 
cart, walking, al- 
ways laden 


10-0 


200682000 


334300 


1500 


223 


2-53 


•Da do. trotting 


4-6 


90262000 


334300 


760 


44 


5-06 


Do. transporting 
materials in a cart 
I returning with 
1 the cart empty 
j for a new load 


100 


109408000 


182350 


1500 


121 


1-38 


Horse walking 
; with a weight on 
! his back 


10-0 


34385000 


57310 


270 


212 


2-41 


Do. do. trotting 


70 


32092000 


76410 


180 


424 


4-82 



Ex. 117. — How many men would be required to raise by means of 
a capstan an anchor weighing 1 ton from a depth of 30 fathoms, in 15 
minutes ? Ans. 9 nearly. 

Ex. 118. — In what time would 20 men ndse the anchor in the last 
example ? Ans. 6*4 min. 

Ex. 119. — Through how great a distance would 30 men raise the anchor 
in Ex. 117 in each minute? Ans. 42 ft. nearly. 

Ex. 120. — There is a well 150 ft. de^, a labourer raises water from it by 
a rope and pulley, how many cubic feet of water will he raise in a day ? 

Ans. 60 cub. ft. 

Ex. 121. — How many cubic feet of water would a steam engine of 10 
horse-power raise from this well in 24 hours ? How many labourers would 
he required to do the same amount of work if they raised the water by wheel- 
and-axles, and how many if they raised it by means of capstans ? How 
many horses would do the same amount of work walking in whim gins ? 
Ans. (1) 50688 cubic feet. (2) 380 labourers. 
(3) 317 labourers. (4) 56 horses. 

Ejx. 122. — In how many minutes could 20 men working on a capstan 
raise au anchor weighing 2 tons from a depth of 200 fathoms ? 

Ans. 85*88 min. 
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Ex. 123. — How many men "would in 40 minutes raise the anchor in the 
last example ? Ans. 43 men. 

Ex. 124. — Through how many fathoms could 16 men raise the anchor of 
Ex. 122 in 10 minutes? Ans. 17^ nearly. 

Ex. 126. — ^If 13 men are required to raise an anchor through 180 fathoms 
in 20 minutes, what must be the weight of that anchor ? Ans. 763^ lbs. 

Ex. 126. — A town is situated 26 miles from the mouth of a coal pit, 
from which coal is taken to the town by a level railway on which the re- 
sistance is 10 lbs. per ton ; the engine employed is of 16 horse-power and 
weighs with its tender 10 tons ; each truck weighs 3 tons and contains 7 
tons of coals ; on each journey the engine takes 6 full trucks and returns 
with 6 empty trucks ; supposing no time to be lost at the ends of the jour- 
ney, how many tons of coals will be taken to the town in 48 hours ? How 
many horses would be required to convey the same quantity of coals in the 
same time? Ans. (1) 446 tons. (2) 666 horses. 

17. Remarks on the work yielded by different agents. — 
The following remarks upon the preceding tables and 
examples are worthy of the attention of the reader : — 

(1) Every agent must be allowed to move at a certain 
rate in order to do the greatest amount of work it is cap- 
able of yielding ; thus, a horse walking does considerably 
more work than a horse trotting, as an inspection of the 
tables will show. And this is true not of animate agents 
only, but of inanimate ; thus the work yielded by the con- 
sumption of a given quantity of coal will be larger in the 
case of a slow than of a fast engine. 

(2) Also, in order that an animate agent may do its 
greatest amount of work it must not be required to exert 
more than a certain amount of pressure. This is also plain 
from an inspection of the table. 

(3) It follows from the above considerations that though 
two agents may be capable of doing the same work in tie 
same time, it may be in practice impossible or disadvan- 
tageous to substitute the one for the other. Thus an ox and 
a horse walking in a whim gin do very nearly the same 
amount of work ; but since the ox moves more slowly, and 
exerts a greater pressure than the horse, it would generally 
be disadvantageous to substitute a horse for an ox in a 
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machine requiring a slow heavy pressure. Again, in eases 
where great speed is a deaideratuniy it would generally be 
impossible by any machinery to make the slow agent per- 
form the labour of the rapid agent ; as, for instance, in 
the case of locomotion. 

1 8. On the Cost of Labour. — The chief elements in the 
cost of labour may be enumerated as follows : — 

(1) In the case of human labour, the whole cost is the 
wages paid. 

(2) In the case of a horse, the elements of expense are 
attendance, keep, and the original cost ; the last is but a 
small portion of the expense. Thus, if we suppose a horse 
to cost 201. and to continue in working order for ten 
years, and reckon the value of money at four per cent, per 
annum, the element of cost would be 2*465Z. yearly, or not 
quite Is. per week. 

(S) In the case of a steam engine, the chief elements 
are the original cost and subsequent repairs, attendance, 
and fuel. Of these elements the most important is that 
of fiiel ; and accordingly there is a special definition of the 
power of an engine with reference to the consumption of 
fuel. The definition is as follows : — 

Def. — The number of units of work yielded by an engine 
in consequence of the consumption of 1 bushel (i.e. 84 lbs.) 
of coal, is called the duty of that engine. 

The extent to which the economy of fuel may be carried 
is very remarkably illustrated by the engines employed to 
drain the mines in Cornwall. In 1815, the average duty 
of these engines was 20 naillions ; in 1843, by reason of 
successive improvements, the average duty had become 60 
millions, effecting a saving of 85,000J. per annum f" it is 

* Bourne on the Steam Engine, p. 171. It may be remarked that this 
result depends largely on the construction of the boiler ; 1 lb. of coal in 
the Cornish boiler evaporates 11 J lbs. of water, while in the waggon-shaped 
boiler 8*7 is the maximum. Faiebairn, UsefzU Information, p. 177. 
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stated also, that> in the case of one engine, the duty was 
raised to 125 millions. 

The actual cost of 1,000,000 units of work, when done 
by different agents, cannot be specified with great precision ; 
but a suflSciently accurate notion of the relative cost of 
different agents may perhaps be obtained from the annexed 
table, which has been calculated upon the following sup- 
positions : — 

(1) The wages of a labourer, 3«. a day. 

(2) Keep of a horse, 28. a day ; attendance of 6 horses, 
Ss. a day ; cost of each horse, 2d. a day. 

(3) Steam engine of 50 horse-power, at an annual cost 
of 5L per horse-power ; attendance, 12«. a day ; coal, 6d. 
a bushel.* 

Tablb X. 
COST OF LABOUR. 



Character of Agent 



Cost per Million 
Unite of Work 



(1 ) Labourer carrying weights np a ladder . 

(2) Labourer raising weights by rope and pulley 

(3) Labourer turning a winch 

(4) Labourer turning a capstan . 

(5) Horse in a whim gin trotting 

(6) Horse in a whim gin walking 

(7) Horse walking in a cart . 

(8) Steam engine, duty 20 millions 

(9) Steam engine, duty 90 millions 



88*67 pence 

63-94 „ 

28-80 „ 

24-00 „ 

4-548 „ 

3-791 „ 

2-040 „ 

0-429 „ 

01 96 „ 



* In Weale's Contractor's Price Book for 1869 the prices of various steam 
engines are estimated to be from 261. to 36/. per horse-power, boilers 
and fittings included ; as the nominal horse-power (which is determined 
by measurement) is considerably less than the working horse-power the 
estimate in the text is veri/ ample ; that estimate assumes 50/. the cost of a 
horse-power, and assumes that 10 per cent, will represent interest on capital, 
repairs, and restitution. It may interest the reader to consider the following 
statement taken from Mr. R. Stephenson's paper on Eailway Economy which 
forms an appendix to Mr. Smiles's Life of George Stephenson. In 1854 
there were in the United Kingdom 5000 locomotiTe engines costing from* 
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Ex. 127. — How many bushels of coal must be expended in a day of 24 
hours in raising 160 cubic feet of water per minute firom a depth of 100 
f&thoms ; the duty of the engine being 60 millions ? Ans. 135 bush. 

Ex. 128. — ^Determine the number of horses working in whim gins re- 
quired to do the work of the last example. Determine also the weekly 
saying effected by employing steam power, supposing the total weekly ex- 
pense of the engine to be double the price of coals consumed ; the coals 
costing lOs. a ton ; and each horse 20«. a week. 

Ans. (1) 960 horses. (2) 924^. lU. Od. weekly saving. 

Ex. 1 29. — There are three distinct levels to be pumped in a mine ; the 
first 100 fathoms deep, the second 120, the third 160 ; 30 cubic feet of water 
are to come from the first, 40 from the second, and 60 from the third per 
minute ; the duty of the engine is 70 millions. Determine its working 
horse-power and the consumption of coal per hour. 

Ans. (1) 191 H.-P. (2) 6-4 bushels. 

Ex. 130. — In the last example suppose there is another level of 160 
fathoms to be pumped, that the engine does as much Work as before for the 
other levels, and that the utmost power of the engine is 275 H.-P. Find 
the greatest number of cubic feet of water that can be raised from the fourth 
level. Ans. 46|cub.ft. 

Ex. 131. — An engine raises every minute a cubic feet of water from a 
depth of a fathoms, b cubic feet of water from a depth of b fathoms, and 
c cubic feet of water from a depth of c fathoms. The dianjeter of the 
piston of the steam engine is d in., the length of the stroke / ft., it makes n 
strokes per jninute ; also it consumes o bushels of coal in twenty-four hours, 
«id has a modulus m. Determine (1) the pressure per square inch upon 
the piston ; (2) the horse-power of the engine (as measured by pressure of 
steam on piston) ; (3) its duty. 

/«^v 540000 (Ag+B^ + eg) 
om 
Ex. 132. — ^Water is to be raised from three levels of 20, 30 and 40 
£i,thoms respectively ; 10 cubic feet of water is to be taken per minute from 
the first, 20 from the second, and 40 from the third. The engine consumes 
16 bushels of coal in a day. The diameter of the piston is 4 ft., it makes 
10 strokes of 6 ft. each per minute. The modulus of the engine is 0*65. 



2000/. to 2500/. apiece, and consiflning annually 13 million tons of coke, 
made from 20 million tons of coal. It appears moreover that if a railway 
company start with 100 new engines about 20 or 25 will need repair at the 
end of four years, and after that there wiU always be about 25 in the 
workshop. 

D 2 
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Find the pressure per square inch on the piston, the horse-power (as mea- 
sured by pressure of steam) and the duty of the engine. 

Jns, (1) 12-i{61bs. (2) (nearly) 42 H.-P. (3) 133,000,000 duty. 

£r. 133. — In Ex. 126 suppose the engine and trucks on the one hand and 
the horses and carts on the other to want renewal every ten years ; suppose 
also that each horse and cart costs 40/., that one man attends to every six 
horses and is paid 3^. a day, that each horse's keep is Is. 6d. a day, that there 
are two turnpikes on the road at each of which there is a toll of 6d. ; determine 
the cost of transporting 445 tons of coals. Next suppose the engine and 
tender to cost 1000/., each truck 120/. (15 trucks are required to prevent 
loss of time) ; that there are three drivers and three stokers each at 6s. a day ; 
that money is worth 5 per cent, and that each mile of road cost 10,000/. to 
make and 365/. a year to keep in repair ; determine in this case the cost of 
transporting 445 tons of coals. Also if coal cost 3s. a ton at the pit mouth 
what will it cost in the town according to each method of transport, neglect- 
ing profit ? 

Ans, (1) 214/. (2) 123/. (3) Us. 6d. a ton by cart. 
(4) Ss, ed. a ton by rail. 

[Interest on the cost price of engine, trucks, horses and carts can be 
neglected.] 



Section II. 

19. On the Work done by a Variable Pressure. — There 
are two important questions in the subject of work which 
we shall treat in the present section: they are (1) the 
work done by a variable pressure, when exerted through a 
certain space ; (2) the total amount of work done in rais- 
ing a number of weights through different heights. 

Fig. 5, As an introduction to the theorem which 

follows, it may be remarked, that if a constant 
pressure of p lbs. act through a space of s 
feet, and if a rectangle abcd be drawn, of 
which the base ab represents the s feet on 
scale, and the perpendicular ad represents the 
p lbs. on the same scale: then, since the 
area of abcd contains PS square imits on the 
same scale, that area will correctly represent 
the work done by p. 
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Proposition 1. 

If a variable pressure a^t through a certain space, and 
if a curve be d/rawn in such a manner that the abscissa 
an^ corresponding ordinate of any poi/nt represent re- 
spectively the spa^e through which the pressure has a^ted> 
and the magnitude of the pressure, tJien will the area of 
the curve between any two ordinates represent the work 
done hy the pressure while acting through a spa^e repre- 
sented by the difference between the extreme absdssce. 

When the pressure has acted through a space represented 
on a certain scale by an, suppose it to be represented on 
the same scale by pn ; also, fig. 6. 

when it has acted through pj^ ^ 

a space am, suppose it to be ^^^ 

represented on the scale by 
qm; let the curve PQ be 
drawn in such a manner 
that any ordinate P3N3 re- 
presents the pressure when 
it has acted through a space AN3 ; we have to prove that the 
area pnmq represents the work done by the pressure while 
acting through the space nm. 

Divide nm into any number of equal parts in Nj, Nj, N3 
. • . . draw the ordinates PjNi, p^Ng, P3N3 .... and com- 
plete the rectangles pn,, PjNj, P2N3 .... Now, we shall 
nearly represent the actual case if we suppose the pressure 
while acting successively through the short spaces nNj, 
NjNj, N5N3 .... to retain unchanged the magnitude it has 
at the beginning of those spaces respectively ; and we shall 
represent the case more nearly the smaller we make the 
spaces, i. e. the greater the number of parts into which we 
divide nm: the actual case being the limit continually 
approached as the number of parts is increased. 

But if the pressure acts uniformly through each space, 



'^ 
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it will do a number of units of work represented by the 
sum of the rectangular areas PNp PjNj, p^Nj . . . ., and this 
being true whatever be the number of the small spaces, 
the work actually done will be properly represented by the 
limit of the sum of these rectangles, L e. by the curvilinear 
area pnmq. 

Cor. — It must be borne in mind that the scale must be 
the same for lbs. and for feet ; thus, if the scale be in 
inches, pn must be as many inches long as the .pressure 
contains lbs., and nm must be as many inches long as 
the space represented contains feet ; this being so, the 
area of the curve in square inches will give the number of 
units of work. 




i 
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Ex. 134. — ^A rope / ft. long and weighing w lbs. per foot hangs by one 
end, determine the number of units of work required to wind up a ft. of the 
length. 

Fig. 7. Take ab on scale equal to /, draw AC 

.c at right angles to ab and on the same scale 

equal to w /, join bc ; in ab take any point 
^p N, draw FN parallel to ac, then 

FN : NB :: CA : AB :: 10 : 
Therefore FN=tt;NB, i.e. the ordihate pn 
represents on scale the weight of the rope 
left hanging when the extremity has been 
raised through a space an. Therefore the 
area a^c represents the number of units of 
work required to wind up the whole rope, and the area c afn the nimiber of 
units of work required to wind up a length an of the rope. Hence if u is 
the required number of units 

^ 2 

Hence also the number of units of work (Ui) required to wind up the 
whole rope is given by the formula 

Ex, 135. — A weight of 2 cwt. has to be raised from a depth of 100 
fathoms by a rope 3 in. in circumference ; determine the number of units 
of work that must be expended in raising it, and the number of minutes 
in which 4 men would do the work by means of a capstan. 

Ans. (1) 207300 units. (2) 16*5 min. 
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£ir. 136.' — How heavy will that anchor be which 13 men will raise by 
means of a capstan &om a depth of 180 &thoms in 40 min., supposing the 
cable to weigh 1126 lbs. (neglecting the buoyancy of the water)? 

Jns. 945 lbs. 

Ex. 137. — A chain each foot of which weighs 8 lbs. is suspended from 
the top of a shaft the depth of which is 50 fathoms ; determine the number 
of units of work required to wind up each successive 100 ft. of its length; 
determine also the length of the chain which will require twice as many 
units of work to wind it up. 

Jns. (1) 200000, 120000, 40000 units of work respectively. (2) 427 ft.' 

Ex, 138. — If a chain 300 ft. long and weighing 8 lbs. per foot is wound 
up in 4 min. ; how many men working on a capstan would do it ? How 
many horses walking in a whim gin ? How many steam horses ? How 
many of each agent would be required if the weight per foot of the chain 
were doubled ? And how many if the length of the chain were doubled ? 
Arts. (1) 29 men, (2) 5*1 horses. (3) 2^ horse-power. 

(4) 57 men. 10*2 horses. 6^ horse-power. 

(5) 115 men. 20*4 horses. lOyy horse-power. 
Ex. 139. — A chain is a ft. long, divide it into n parts such that the 

winding up of each may require the same number of units of work. 



^^(-v/«--%/«-l), -^(Vn-l'^Vn^2), ^^^(a/w-2- V»-3)&c. 

Ex. 140. — Coal is raised from the bottom to the mouth of a pit 150 ft. 
deep in loads of a quarter of a ton, the box containing ijt weighs 1 cwt., the 
rope by which it is raised is 3 in. in circumference ; determine the number 
of units of work spent in raising the coal, and the nimiber spent in raising 
the box and rope. Suppose the lifting engine to work with 10 horse-power, 
determine the weight of coals raised in 2 hours, supposing the ascent and 
descent of the box to take equal times. 

Jns. (1) 84000 units to raise coal. (2) 21356^ units to raise box 
and rope. (3) 47 tons. 

Ex. 141. — ^In the last example suppose machinery to be employed by 
means of which the same drum "winds up the rope of an ascending box and 
unwinds that of a descending box. Determine the number of tons raised 
in 2 hours.* Ans. 118 tons. 

[Of course the units of wori; done by the descending box and rope will 
nearly equal that expended on the ascending box and rope — the weight of 
box and rope can therefore be neglected.] 



♦ The primary object of this mode of working was, probably, to save 
time, the saving of labour being an accidental result ; though that saving 
is very conside^ble. 
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Fig. 8. 



Ex. 142. — Determine the number of tons raised under the conditions of 
Ex. 140 and 141 supposing ^ a minute is expended in filling or emptying 
the box. Ans, (1) 18J tons. (2) 39|ton8. 

Ex. 143. — If 4 cwt. of material are drawn from a depth of 80 fathoms 
by a rope 5 in. in circumference, how many units of work are expended 
in raising it, and what horse-power is necessary to raise it in 4| minutes ? 

Ans. (1) 344640 units. (2) 2-32H.-P. 

Ex. 144. — A rope 3 in. in circumference is strong enough to bear a 
working strain of 4 cwt. ; how many units of work are wasted in the last 
example by using a rope 6 in. in circumference ? Ans. 82944 units. 

Ex. 146. — A winding engine raises to the surftwse a load of 12 cwt. in 
6| minutes from a depth of 115 fathoms ; the rope employed is a fiat rope 
composed of 3 ropes each 3 in. in circumference. What is the horse-power 
of the engine ? Ans. 6-63 H.-P. 

■Er. 146.— If the engine in the last example have a cylinder 20 in. in dia- 
meter, and makes per minute 15 strokes of 2 ft. 10 in., under what mean 
pressure per square inch of steam does it work if its modulus is 0*55 ? 

Ans, 25*3 lbs. 

20. The Steam Indicator, — A very instructive appli- 
cation of Proposition 1 occurs in the steam indicator, which 
maybe suflBcientlydescribedas follows: 
AB is a small hollow cylinder contain- 
ing a powerful spring, which can be 
partly seen through the aperture ef; 
within the indicator is a small piston 
or plunger (marked in the figure by 
dotted lines)which is kept down by the 
spring, so that if it is forced up the 
compression of the spring gives the 
amoimt of the compressing force, which 
can be read ofif on the scale cd by 
means of the pointer gh, which rises 
and falls with the plunger. The end 
H of the pointer carries a pencil, the 
point of which rests against a sheet of 
paper wrapped round a cylinder kl; if 
this cylinder be stationary, and the pencil move, a vertical 
straight line will be described ; if the pencil be stationary, 
and the cylinder revolve, a horizontal straight line will be 
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described ; but if both the pencil move and the cylinder 
revolve, a curved line will be described. To obtain the 
required curve it is necessary that the cylinder kl should 
turn in contrary directions during the up and down strokes 
of the piston. This is effected by means of a clockspring 
placed within the cylinder kl. On the up stroke the string 
MN, which is fastened round the cylinder, is pulled in the 
direction mn, causing the cylinder to turn from left to right 
and winding up the spring. On the down stroke the string 
tends to slacken, the spring uncoils and turns kl back 
from right to left. 

The instrument is used in the following manner: — 
The end a being screwed into an aperture properly con- 
structed, the steam in the interior of the cylinder of the 
steam engine can be admitted into the indicator by opening 
the cock p ; at first, however, the cock p is shut, so that 
the pointer remains stationary. The end of the string mn 
is attached to some part of the engine ^ in such a manner 
that the cylinder kl makes one revolution while the piston 
of the steam engine makes a stroke ; this being done, and 
the cock kept shut, the pencil will trace on the paper a 
straight line, called the atmospheric line: on the next stroke 
the cock is opened, and now the steam pressing on the 
plunger the pencil will rise or fall according as the pressure 
of the steam is greater or less 
than that of the atmosphere, and 
will describe a curve that will 
return into itself at the end of 
a double stroke (or revolution). 
The area of the curve thus de- 
scribed will give the amount of work done by the steam 
during a single stroke. 

To explain this, suppose abcdef to be the curve given 
by the indicator (which, it may be remarked, is described 

* Generally the radius-shaft. 
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continuously in the direction ABODEFA),AGthe atmospheric 
line; draw pnq any double ordinate, then pn represents 
the excess of the steam pressure above that of the atmo- 
sphere when the ascending piston is at a certain point, 
and NQ represents the defect of the vacuum pressure below 
that of the atmosphere when the descending piston is at 
the same point. Now the eflfective pressure of the steam 
is the excess of the steam pressure above the vacuum 
pressure; but 

p N = steam pressure — atmospheric pressure, 

NQ= atmospheric pressure— vacuum pressure, 
. • . p N + N Q =5 steam pressure — vacuum pressure, 

therefore pq represents the eflFective pressure of the steam 
when the ascending piston is at the point corresponding 
to N, i. e. assuming the vacuum pressure at any point of 
one stroke to be the same at the same point of the next 
stroke. If, then, for the sake of distinctness,* we suppose 
each inch of the ordinate to denote a pressure of 1 lb. and 
each inch of the abscissa (i. e. of the atmospheric line) to 
denote a foot of the stroke, the area of the curve will give 
the number of unites of work done during a smgle stroke 
by the steam on an area equal to that of the plunger, and 
if the area of the piston of the steam engine be n times 
that of the plunger, the work done by the steam during a 
single stroke will be n times that given by the curve. 

The area of the curve may be found by Simpson's rule, 
viz. — Divide AG into any even number of equal parts, and 
draw the corresponding ordinates ; take the sum of the 
extreme ordinates, four times the sum of the even ordi- 
nates, and twice the sum of the odd ordinates (i. e. ex-- 
cepting the first and last), add them together, and multiply 
the sum by one of the parts of the abscissa; the product 
. will be three times the area of the curvcf 

* In practice the scale would be considerably less than this, 
t The curve given by the indicator is useful in other ways beside that 
mentioned in the text. Bourne on Steam Engine, p. 246. 









RQ 


.10. 












N 


^^ 












is^ 
















— 





RAISING WEIGHTS. 43 

Ex, 147. — ^Let the curve shown in the figure be that given by a stroke 
of 5 ft. ; let AB be divided into 10 equal parts, and let the ordinates 1, 2, 3, 
4, .... be drawn ; suppose them to represent 
respectively 19, 22, 22, 176, 13, 11, 9, 75, 6, 
5*5, 4 lbs. pressures per square inch. The 
radius of the piston being 20 in., determine 
the units of work done per stroke, and the 
fMon eflfective pressure per square inch on the ^■•*««'^**V'" 
piston — L e. the constant pressure that would do the same work. 

Arts, (1) 79000 units. (2) 126 lbs. 

Ex. 148. — Determine the number of units of woii and the mean pressure 
per square inch on a piston 3J feet in diameter having a stroke of 5 feet, 
if the ordinates measured at intervals corresponding to three inches of the 
stroke give the following pressures 5-03, 1257, 18*04, 20*73, 21*03, 21*11, 
21*25, 20*72, 2014, 18*63, 15*45, 13*24, 10*83, 8*53, 6*49, 4*87, 3*99, 3*74, 
3-52, 3*25, 2*75. Am, (I) 87600 units. (2) 12*65 lbs. persq. in. 

21. Work eocpended on the Elongation of Bars. — It 
is plain that if a rod be lengthened by a gradually in- 
creasing pressure, the pressure at any degree of elonga- 
tion will be proportional to that elongation ; so that if the 
abscissae represent the degree of elongation, and the ordi- 
nates the strain, the area which gives the units of work will 
be a triangle. Hence : 

Ex. 149. — There is a bar the length of which is l and section k ; it is 
gradually elongated by a length / ; if its modulus of elasticity be b, show 
that the work expended on its elongation will be given by the formula 

TJ«a KB 

2l 
Ex. 150. — The pumping apparatus of a mine is connected with the engine 
by means of a series of wrought-iron rods 200 ft. long ; the section of each 
rod is I of a square inch ; the strain is estimated at 6 tons ; how many imits 
of woriL are expended at every stroke upon the elongation of the bars ? 

Ana. 830 units. 
Ex. 151. — A bar of wrought iron 100 ft. long with a section of 2 square 
inches has its temperature raised from 32^ F. to 212** F. ; how many units 
of work has the heat done ? Ans. 3875 units. 

22. The Work expended in raising Weights through 
various Heights. — The questions arising out of this im- 
portant part of the present subject are solved by means of 
the following proposition. 
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Proposition 2. 

When any weights are raised through different heights^ 
the aggregate of the work expended is equal to the 
work that would he expended in lifting a weight equal 
to the sum of the weights through the same height as thM 
through which the centre of gravity of the weights has 
been raised. 

Let Wp Wj, W3 be the weights of each separate 

body ; conceive a horizontal plane to pass below them all ; 
let Ap Aj, A3 . . . . be the heights of these bodies above the 
plane before they are lifted, and let h be the height of their 
common centre of gravity ; then (Prop. 16) 

H(Wi + Wa + W3 )«WiAi+WaAa + W3A3 + . . . (1) 

Also, Jet ^1, ^2, A^j . . . • be the heights of these weights 
respectively, after they have been lifted, and k the height 
of their common centre of gravity ; then 

K (Wi + Wa + Wa )=WiA:f + W2^a + ^3^3 + - • • (2) 

hence, subtracting (1) from (2), we obtain 

(k-h)(wi + W2 + W3 + ...)=Wi(A:i-Ai) + W2(A:2-A2) + W3(A:3-A3)... (3) 

Now, Wp Wj, W3 . . . • are severally raised through the 
heights ij — Ap Ajg— ^2,^3-- A3 . . . . ; therefore the right band 
side of equation (3) gives the aggr^ate work expended 
in lifting them ; hence that work is equal to 

(k--h)(w,+W2 + W3 ), 

i. e. to the work that must be expended in lifting a weight 
Wi + W2 + W3 + . • . through a height K— H. (Q. E, D.) 

Cor. — In the case of the transport of bodies along any 

parallel lines, the principle enimciated in the theorem will 

hold good, since the resistances are in a constant ratio to 

the weights, 

Ex. 152. — How many units of work must be expended in raising the 
materials for building a column of brickwork 100 ft. high and 14 fb. square ; 
and in how many hours will an engine of 2. horse-power raise them ? 

Ans. (1) 109,760,000 units. (2) 2771 hours. 
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[Since the material has to be raised from the ground, the common centre 
of gravity will have to be raised from the ground to the centre of gravity of 
the column, i. e. to its middle point 50 ft. above the ground.] 

Ex. 163. — ^A shaft has to be sunk to the depth of 130 fathoms through 
chalk ; the diameter of the shaft is 10 ft. ; how many units of work must 
be expended on raising the materials ? In how long a time could this be 
done by a horse walking in a whim gin ? How many men working in a 
capstan would do it in the same time ? Determine the expense of the work 
supposing the horse to cost 3«. ^. a day, and the wages of a labourer to be 
2*. 6<?. a day. 

Ana. (1) 3457 million units. (2) 409*6 days. (3) 5*62 men. 
(4) Cost of horse 71/. 14«. Cost of men 288/. 

Ex. 154. — If the work in the last example is to be done in 24 weeks by 
a steam engine working 8 hours a day, 6 days a week, what must be the 
horse-power of the engine ? Ans. 1-521 H.-P. 

Ex. 155. — ^In Ex. 153 suppose the box in which the material is raised to 
weigh J cwt., the rope to be 3 in. in diameter, and each load to be 4 cwt. of 
chalk, also suppose the box to take as long in ascending as in descending 
and that | of a minute is lost in unhooking and hooking at the bottom of 
the shaft and the same at the top ; when the shaft is 100 ft. deep determine 
the time that elapses between the starting of one load and the starting of 
the next ; the engine working at \\ horse-power. Ans. 2*62 min. 

Ex. 156. — ^Determine the same as in the last example when the shaft is 

'^ d^P- Am. 112^^00^5^^ +0-5 min. 

5500 

Ex. 157. — Determine the whole time of raising the materials of the shaft 
in Ex. 153 under the conditions of Ex. 155. Ans. 3331 hours. 

Ex. 158. — ^Referring to Ex. 153, 155, suppose the drum of the winding 
machine to have two ropes Wound round it in contrary directions, so that it 
unwinds one rope while winding up the other, and that consequently an 
empty box descends while a full one is being raised (as in Ex. 141); deter- 
mine the time that must elapse between two consecutive lifts of 4 cwt. 
when the shaft is 100 ft. deep. Ans. M55 min. 

Ex. 159. — Obtain a determination similar to that in the last example, 
when the shaft is x ft. deep. ^^ j448^ ^.^^ ^^ 

49500 

Ex, 160. — Obtain the whole time of lifting the materials from the shaft 
under the circumstances of Ex. 158. Ans. 1246 h. 

Ex. 161. — In how long a time would a 15 horse-power engine empty a 
shaft full of water, the diameter of the shaft being 8 ft. and the depth 200 
fathoms ? K the engine has a duty of 30 millions determine the amount of 
coal consumed in emptying the shaft. 

Ans. (1) 76 hours. (2) 75*4 bushels. 
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Ex. 162. — There is a certain railway 200 miles long ; it may be asstuned 
that in the course of 10 years there will be 50,000 tons of iron railing laid 
down, and that it will be equally distributed along the line. How many 
units of work must be expended in conveying the rails (neglecting the 
weight of the trucks), if the depot is at one end of the line ? And how 
many if the depot is in the middle of the line ? The resistances being 
reckoned at 8 lbs. per ton. 

(I) 211,200 million units. (2) 105,600 million units. 

Ex. 163. — ^How many journeys of 200 miles performed by a train weighing 
50 tons does the difference of the results in the last example represent? 
Resistances 8 lbs. per ton. Ans. 250 journeys. 
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CHAPTEE IIL 

ELEMENTARY STATICS. 

23. Mechanics. — ^The science of Mechanics is that which 
treats of the motion and rest of bodies as produced by 
force. The words * as produced by force ' are added in 
order to exclude the science of pure motion or mechanism^ 
which treats of the forms of machines, and in which ma- 
chines are regarded merely as modifiers of motion. Into 
all questions which are properly mechanical the idea of 
force must enter, 

24. Force. — Force may be defined to be any cause which 
puts a body in motion, or which tends to put a body in 
motion when its eflfect is hindered by some other cause. 
On this definition the following remark is to be made: 
Suppose a given weight (say of 1 lb.) is supported by a 
string passing over a pulley and fastened at one end; 
next, suppose an equal weight to be supported by a man's 
hand ; lastly, suppose an equal weight to be supported by 
the expansive pressure of a spring. Now, here we have 
three physical agents, viz., the tension of a string, the 
muscular power of a man, and the elastic power of a spring, 
very different in many respects, fcut agreeing in their com- 
mon capacity to support a given weight. They may 
clearly be regarded as equal, whea viewed with reference 
to that capacity ; and in the case we have supposed, each 
may be correctly represented by 1 lb. In short, as in 
geometry, we regard all bodies as equal which can succes- 
sively fill the same space, without any regard to their 
physical qualities, such as weight, colour, &c., so in me- 
chanics we regard all forces as equal which will severally 
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balance by direct opposition the same weight, irrespectively 
of their physical origin. And if the question be asked, 
What, then, is a weight of one pound ? the only answer is 
that the weight in London of, or pressure produced in 
London by a certain piece of platinum kept in the Ex- 
chequer oflSce is a pound (avoirdupois). 

25. Statics and Dynamics. — It follows, from the defini- 
tion, that, in Mechanics, we can consider a force either as 
producing motion, or as concurring with others in produc- 
ing rest. Accordingly, the science of mechanics is divided 
into two distinct though closely connected branches, viz. 
statics and dynamics. Of these, statics is that science 
which determines the conditions of the equilibrium of any 
body or system of bodies under the action of given forces. 
Dynamics is that science which determines the motion, or 
the change of motion, that ensues 
^^^' ^^' ' in a body or system of bodies sub- 

jected to the action of a force 6r 
forces that are not in equilibrium. 
26. Determination of a Pres- 
sure.''^ — From what has already 
been said, it appears that the mxig- 
nitude of any pressure is assigned 
by considering the weight it would 
just support if applied directly up- 
ward ; in other words, we arrive at 
the magnitude of any pressure by 
comparing it with the most familiar and measurable of 
pressures, viz. weight. A little consideration will show 
that the effect of a pressure in any case depends not only 
on its amount but also on its point of applicationy and 

* The term ' pressure* is used throughout the following pages to denote 
any force that is estimated in lbs. — any force so measured as to suggest 
statical relations : accordingly, it is used indifferently either for a ptiU or a 
pushj as shown in fig. 11. 
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the line along which it acts. We may say, therefore, in 
general terms, that a pressure is completely determined 
when we know (1) its magnitude, (2) its point of appli- 
cation, (3) the direction of its action. A line is frequently 
said to represent a pressure ; when this is the case, it must 
be drawn from the point of application of the pressure 
along the line of its action, and must contain as many 
units of length (say inches) as the pressure contains units 
of weight (say lbs.). It is of great importance that the 
student should attend to all the conditions which must 
meet when a line correctly represents a pressure. Sup- 
pose a pressure of p lbs. (fig. II) to act on a body at 
the point a; if the pressure is a jpuUy as in the first 
figure, the line ab containing as many inches as p con- 
tains lbs. will represent the pressure ; but if the pres- 
sure is a push, AB must be measured, as in the second 
figure. 

27. Resultant and Compcytients. — If we consider any 
pressures that keep a body in equilibrium, it is plain that 
any one of them balances all the 
others: thus, if three strings be 
knotted together at A, and be pulled 
by pressures of P lbs., q lbs., and R 
lbs. respectively so adjusted as to 
balance one another, it is plainly a 
matter of indiflference whether we 
consider that P balances q and r, or that Q balances R and 
P, or that R balances p and q. Let us consider that r 
balances p and q ; now r would of course balance a pres- 
sure r' exactly equal and opposite to itself; so that if we 
substitute r' for p and q, or vice versa, p and q for r', in 
either case r is balanced, and the force r' is equivalent to 
P and Q ; under these circumstances, r' is called the resul- 
tant of p and Q ; and p and q are called the components 
of r'. Hence we may state generally, 

E 




50 PRACTICAL MECHANICS. 

Def. — That pressure which is equivalent to any system 
of pressures, is called their resultant. 

Def. — Those pressures which form a system equivalent 
to a single pressure, are called its components, 

28. Resultant of Pressures acting along the same 
Straight Line. — If the pressures act in the same direction 
the resultant must be their sum. If some act towards the 
right and some towards the left, the first set can be formed 
into a single pressure (p) acting towards the right, the 
second set can be formed into a single pressure (q) acting 
towards the left : the resultant of these two, and therefore 
of the original setof pressures, will be equal to the difference 
between p and q and will act in the direction of the greater. 
If the pressures are in equilibrium the sum of those acting 
towards the right must equal the sum of those acting to- 
wards the left. 

Ex, 164. — If three men pull on a rope to the right with pressures of 31, 
20, and 27 lbs. respectively, and are balanced by two men who pull with 
pressures of 40 and p lbs. respectively, find p. Ana, 38 lbs. 

Ex. 165. — ^In the last example find the resultant of the 5 pressures (1) 
if p = 30 lbs. ; (2) if p - 40 lbs. Ana, (1)8 lbs. acting towards the right. 

(2) 2 lbs. acting towards the left. 

Ex. 166. — There is a rope ab and men pull along it in the following 
manner : the first with a pressure of 50 lbs. towards A ; the second with 
a pressure of 37 lbs. towards b ; the third with a pressure of 35 lbs. towaids 
A ; the fourth with a pressure of 20 lbs. towards a ; the fifth with a pres- 
sure of 54 lbs. towards b ; the sixth with a pressure of 27 lbs. towards a ; 
the seventh with a pressure of 52 lbs. towards b ; the eighth with a pressure 
of 30 lbs. towards b. Determine the single pressure that must act along ab 
to balance them, and find whether it acts towards a or b. 

Ana. 41 lbs. acting towards A. 

Ex, 167. — In the last example suppose the second pressure to act towards 
A, find the resultant. Ana. 33 lbs. acting towards a. 

29. The terms Reaction^ Thrust, Strain, and Tension 
axe of frequent occurrence in Mechanics. They may be 
most readily explained with reference to the equilibrium of 
two pressures. Let ab (fig. 13) be a body urged by a 
pressure t against a fixed plane AC, and let the motion 
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which T tends to communicate to the body be prevented 
by the fixed plane ; that fixed plane must supply a pres- 
sure (k) which exactly balances t; and the body a b is 
really compressed between two pressures r and t, of which 
the former is the Reaction of the fixed 
surface, and the latter the Thrust along 
AB. A Thrust and a Eeaction compress 
or tend to compress the body on which 
they act. If, on the contrary, the body 
(ab) had been acted on by two equal 
opposite pressures T and b tending to 
produce elongation^ it is said to sustain 
a strain t. There is no essential diflfer- 
ence between a strain and a tension ; the former term is 
generally used when the body is inflexible, the latter when 
the body is flexible ; thus, we speak of the strain on a 
tie beam, and the tension of a cord. One of the pressures 
producing a strain or a tension may, of course, be a 
passive pressure like a reaction ; thus if one end of a 
string is tied to a nail fast in a post, and the other end to a 
weight of 10 lbs., the string is stretched by two forces each 
of 10 lbs., viz. the weight and the reaction of the nail, and 
the string is said to sustain a tension of 10 lbs. 

30. Resultant of two parallel Pressures acting towards 
the same parts. — Let p and q be the two pressures acting 
at the points A and b ; join ab and divide 
it in c so that 



Fig. 14. 



R 



ac:cb::q:p 
then the resultant (b') of p and Q acts 
through c in a direction parallel to P and 
Q and towards the same part, and equals 
their sum (p + q). 
If c rests on a fixed point p and Q will balance round c, 
and the fixed point will sustain a pressure r'. 

E 2 
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Ex. 168.^If \rdgfat8 of 12 lbs. and 8 lbs. are hung from a and b lespee- 
tively, the ends of a rod 5 ft. long, and if the weight of the rod is neglected, 
determine the distance from a of the point round which these pressures 
balanoe, and the pressure on that point. Jns, (1) 2 ft. (2) 20 lbs. 

Ex. 169. — Let ab be a rod 12 ft long — whose weight is neglected — 
from A a weight of 20 lbs. is hung, and an unknown weight (p) from b, it is 
found that the two balance about a point 3 ft. from a ; determine p. 

Ans, 6| lbs. 

Ex, 170. — If a weight of 16 lbs. is hung from the end a, and 12 lbs. from 
the end b of a rod (whose weight is neglected), and if they balance about a 
point c, whose distance from a is 4| ft, what is the length of the rod ? 

Ana. lOi ft. 

31, Conditions of Equilibrium of three parallel Pres- 
sures. — In the last article we saw that the pressures p and 
Q acting severally at a and b are equivalent to the pressure 
n' acting at c ; now r' will clearly be balanced by an equal 
opposite pressure r ; and therefore p and q acting at a and 
B will be balanced by the pressure r acting at c. Hence 
the following conditions must be fulfilled by three parallel 
pressures that are in equilibrium on a given body : — 

(a) Two of the pressures (p andQ) must act towards the 
same part, and the remaining pressure (r) towards the 
contrary part, the line along which the latter acts lying 
between those along which the former severally act. 

(6) The sum of the former pressures (p and q) must 
equal the latter pressure (r). 

(c) If any line be drawn cutting the directions of the 
pressures (p, q, r in A, b, c, respectively) the portion of the 
line between any two pressures is proportional to the 
remaining pressure, i.e. 

BC : ga::p : Q 
CA : ab::q : R 
AB : bc::r : p 

32. Centre of Gravity. — Since each part of a body is 
heswy, it follows that the weight of a body is distributed 
throughout it; there exists, however, in every body a 
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certain point called its centre of gravity ^ through which 
we may suppose the whole weight of the body to act, 
whenever that weight is one of the pressures to be con- 
sidered in a mechanical question. It admits of proof that 
the centre of gravity of any uniform prism or cylinder is 
the middle point of its geometrical axis : and as a uniform 
rod is merely a thin cylinder its centre of gravity will be 
at its middle point. 

Ex. 171. — Two men, a and b, carry a weight of 3 cwt. slung on a pole, 
the ends of which rest on their shoulders ; the distance of the weight from 
▲ is 6 ft., and from sis 4 fb. Find the pressure sustained by each man. 

If F is the pressure sustained by a and q that sustained by b 
p + Q«3 cwt. 
and 6 : 4 : : Q : P ^ 

therefore p = ly cwt and a = If cwt. 

Ex, 172. — There is a beam of oak 30 fb. long and 2 ft. square ; at a dis- 
tance (^ 1 ft. from one end is hung a weight of 1 ton ; how far from that 
end must the point of support be on which the beam when horizontal will 
rest, and what will be the pressure on that point ? 

Ans, (1) 11-61 fL (2) 9245 lbs. 

Ex. 173.--If a mass of granite 30 ft. long, 1 ft. high, and 3 ft. wide is 
8iipp<»i»d in a horizontal position on two points each 3 inches within the 
ends (and therefore 29 J feet apart), find the pressure on each point of sup- 
port. Ans. 7383 lbs. 

Ex. 174. — ^If in the last Ex. another mass of granite with the same section 
and half as long is laid lengthwise on the former, their ends being square 
with each other ; determine the single pressure to which their two weights 
are equivalent, and the line along which it acts, and hence the pressure on 
the two points of support. 

Ans. (1) Resultant acts 17*5 feet from one end. 

(2) Pressures on point of support respectively 9197 and 12950 lbs. 

Ex. 175.— If in the last case the upper block is shifted round through a 
right angle in such a manner that middle point of the upper block is exactly 
over a point in the axis of the lower, and the end of the lower in the same 
plane with one iace of the latter, determine the pressures on the points of 
support. Ans. 7695 lbs. and 14452 lbs. 

Ex. 176. — ^A ladder ab, 60 ft. long, weighs 120 lbs., its centre of gravity 

is 10 ft. from a ; if two men carry it so that its ends rest on their shoulders, 

determine how much of the weight each must support. If the one of them 

nearer to the end b is to support a weight of 40 lbs., where must he stand ? 

Ans. (1) 96 lbs. and 24 lbs. (2) 20 ffc. from b. 
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33. The Parallelogram of Pressures, — ^When two pres- 
sures act on a point along diflferent lines^ their resultant is 
determined by the following rule, which is called the prin- 
ciple of the parallelogram of pressures : — If two pressures 
act on a pointy and if lines be drawn representing those 
pressures, and on them as sides a parallelogram, be con- 
structedf that diagonal which passes through the point 
will represent the resultant of thepressures. The student, 
when applying this principle to any particular case, must 
bear in mind the meaning of the words s, line represents a 
pressure (Art. 26). 

Ex. 177. — If at a point a of a body two ropes ap and aq are fastened and 
are poUed in directions ap, aq at right angles to each other by pressures of 
120 and 100 lbs. respectively; determine the magnitude and direction of 
the resultant puU on the point a. (See fig. a.) 

Along* AP measure on scale ab containing 120 units of length, and 
ailong AQ measure AC containing 100 units of length; complete the rect- 
angle BC and draw the diagonal ad ; this line represents the magnitude and 
direction of the resultant. In fig. a the scale employed is 1 in. for 40 
lbs.; the results obtained by construction were the following — B = 155*8 
lbs. and pab=40^ 5'; the measurement of the angle was made with a 
common ivory protractor, so that the number of minutes was determined 
by judgment: on calculating the parts of the triangle abd, the results 
obtained were b= 156*2 lbs. and fab » 39^ 48\ It will be observed that 
when the construction is made on a smaU scale and with common instru- 
ments we can obtain by the exercise of moderate care a result that can be 
Fig. 15. trusted to within the one hundredth part of the 

quantity to be determined. The same remark 
applies to all the questions that were solved 
by the constructions from which the figures in 
the present volume were copied. If in this 
example the point a were to be ptcshed along 
the line af by a pressure of 120 lbs. the re- 
sultant would of course be determined by the 
construction shown in the annexed figure. 




* The examples in the present chapter may be worked by construction ; 
if solved by calculation, some will be found to lead to very long arithmetical 
work, e.g. Ex. 184. 




Fig. a, page 54. 
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34. Condition of Equilibrium of Three Pressures. — If 
three pressures, p, o, and 

I. J- ,. Fig. 16. 

B, whose directions are 
not parallel, act on a 
body, it is necessary and 
suflScient for equilibrium 
that any one of them (p) 
be equal and opposite to 
the resultant of the other 
two (q and k) ; the result- 
ant of QandKbeing found 
by the parallelogram of 
pressures. It is worthy 
of remark that this con- 
dition involves the con- 
dition that the directions of the three pressures pass 
through a common point. 

Ex. 178. — Three popes pa, qa, ba, are knotted together at the point a ; 
on each a man pulls; the angle paq=120°, qab=132°, and therefore 
BAP =108^ ; if the man who pulls on ap exerts a pressure of 24'6 lbs., find 
^th what pressures the other men must pull that the three may balance 
each other. 

[Produce pa to c and measure off on scale ac » 24^, this line must re- 
present the resultant of Q and b, therefore drawing bc parallel to aq and cd 
parallel to ab, the pressures Q and b will be represented by the lines ad 
and AB respectively, and can be found by measuring them on scale or by 
calculating their lengths by trigonometry.] 

Ans, Q« 31-36 lbs. b= 28*55 lbs. 

Ex. 179. — ^If in the last example the rope af were pulled with a pressure 
of 28 lbs. ; AQ with a pressure of 35 lbs. ; and ab with a pressure of 12 lbs., 
determine the angles paq, q ab, and bap. 

Ans. QAB=134«> 9'. bap==63<^ 46'. paq^ 162° 6'. 

Ex. 180.— K in Ex. 178 pa is pulled by a pressure of 28 lbs., qa by a 
pressure of 40 lbs., and the angle paq is 135°, determine the magnitude of 
the pressure along ba, when they are in equilibrium, and the angles baq, 
and BAP. Ans. qab = 135° 34' 30". 

BAP= 89° 25' 30". 
B- 28-28 lbs. 
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Ex, 181. — Let ABCD be a rectangle ; ABk 7 ft. 
long, BC is 3 ft. long ; join bf the middle points 
of AD and BC ; on B act two pressures, p and 
Q, in such directions that pbp»45^ and qef^s 
30°; the pressure p=520 lbs. ; find q (1) when 
the resultant of p and q acts through b, (2) 
when it acts through f, (3) when it acts through 
c. ^n«. (1) 421 lbs. (2) 735 lbs. 

(3) 1420 lbs. 

Ex, 182. — A boat is dragged along a stream 
50 feet wide by. men on each bank ; the length 
of each rope from its point of attachment to the 
bank is 72 ft. ; e€Mjh rope is pulled by a pressure 
of 7 cwt; the boat moTes straight down the 
middle of the stream ; determine the effective 
pressure in that direction. If, in the next place, one of the gropes is shortened 
by 10 ft., by how much must the pressure along it be diminished that the 
direction of the efiPectiye pressure on the boat may be unchanged ? What 
will now be the magnitude of the effective pressure ? 

Ana. (1) 13-13 cwt. (2) || cwt. (3) 12-08 cwt 



Fig. 18. 



^ 



35. Note. — In a large number of questions the solidity 
of the bodies concerned does not enter the question, ex- 
cept so far as it aflfects the determination of their weight ; 
it being manifest from the conditions of the question that 
all the forces act in a single plane ; in 
many such cases a complete enunciation 
would be long and troublesome to the 
reader, while an imperfect enunciation 
is without any real ambiguity ; wherever 
this happens the imperfect enunciation 
will be preferred; thus, in the next 
example all the pressures a;re supposed 
to act in a vertical plane passing through 
the centre of gravity; and the dia- 
gram ought, strictly speaking, to be 
that given above, fig. 18, in which the dark lines are 
all that are shown in the figure which accompanies the 
example. 
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*Ex, 1 83. — Let abco represent a rectangular mass of Act* 1^* 

oak 2\ ft. thick, ab and a d are respectiyely 4 ft. and 1 2 ^^ d e 
ft. long ; it is pulled at d by a horizontal pressure f, 
and is prevented from sliding bj a small obstacle at A ; 
find p when the mass of oak is on the point of turning 
round a. Ana. 1050| lbs. 

[Find o the centre of gravity of abcd, draw bw 
vertical meeting do in e, the weight will act along 
the line bw, and the resultant of p and w must pass 
through A since the body is on the point of turning 
round a ; — ^the remainder of the investigation is con- 
ducted as before.] 

'Ex. 184. — ^AB CD represents 
a block of oak 35 ft. long and 

3 ft. square; the point a is 
kept from sliding ; the mass is 
held by a rope cb 60 ft. long 
in such a position that the 
angle dak is 57°; determine 
the direction and amount of 
the pressure on the point a, 
and the tension on the string. 

[Through o the centre 
of gravity of the block draw 

GW vertical and meeting ec in f; the pressures that balance upon the block 
are the weight w, the tension t of the string and the resistance of the 
ground at the point a ; this pressure must pass through f, and then we have 
three pressures acting in known directions through f ; &c.] 

Jna. (1) Tension 8453 lbs. (2) Pressure on ground 23,900 lbs. 
making with vertical an angle of 17° 39^ 

* Ex. 185. — On every foot of the length of a wall of brickwork whose 
section is abcd a pressure acts on the upper angle c, in a direction making 
an angle of 45° with the inner side bc ; determine this pressure when the 
resultant of it and of the weight of the wall passes through the angle a at 
the bottom of the wall ; the height of the wall being 20 ft. and its thickness 

4 ft. Ans. 1584 lbs. 

Ex. 186. — If in the last example there were a bracket CB'on the inside 
of the wall, cb being in the same line with DC, the top of the wall, and the 
pressure (inclined at the same angle as before) were applied at b 2 fL 
within the waU ; what must be its magnitude if the resultant of it and of 
the weight of one foot of the length of the wall passes through the point 
A; determine also the point in which the resultant would cut ab, the base of 
the wall, if the pressure were the same as in the last example. 

^n«. (1) 1810 lbs. (2)2|in. 
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Ex. 187. — ^If AB are two points in the same horicontal line 10 ft. apart ; 
AC and BC ropes 10 ft. and 6 ft. long respectiTely tied by the point c to a 
weight w of 3 cwt. ; determine the tension on each rope. 

Ans, Tension on ac « 86*8 lbs. Tension on b c = 303*6 lbs. 

[The triangle abc is, of course, fixed in position, the weight w will act 
vertically through c and be supported by the tensions acting along the 
ropes.] 

36. Triangle of Pressures. — The reader will remark 
on reference to fig. 16, that if lines be drawn parallel to 
the directions of p, q, and k respectively, they will form a 
triangle abc similar to abc, and whose sides will therefore 
have to each other the same ratios as the pressures, each 
side being homologous to that pressure to whose direction 
it is paralleL This fact is frequently of great importance* 
Thus in Ex. 183, if AE be joined the sides of the triangle 
ABF are respectively parallel to the pressures, so that 

BF : fa:: w : p 

and since ef, fa, and w are known, p is at once found. 

Again, in Ex. 184, if AH be drawn parallel to ec, the sides 

of the triangle afh will be parallel to the pressures, so 

that 

FH : ha::w : T 

and FH : fa:: w : R 

from which T, the tension of the string, and r, the pressure 
on the ground (or the reaction of the ground to which it ' 
is equal and opposite) are at once found. 

37. Reaction of Smooth Surfaces. — Wehave already seen 
(Art. 29) that if a body is urged against a surface and there- 
by kept at rest, the surface reacts upon the body : the ques- 
tion, under what circumstances the reaction necessary for 
keeping the body at rest can be exerted ? is reserved for sub- 
sequent consideration ; but it is to be remarked that if we 
suppose the body to be perfectly smooth the reaction can 
only be exerted in the direction of the common perpen- 
dicular to the surfaces of contact. The supposition of 
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perfect smoothness is commonly very far from the truth, 
hut by making it we avoid a great deal of complexity in 
our reasoning and results. So long as both surfaces resist 
the tendency of the pressures to crush them any needful 
amount of reaction can be supplied, but, as before stated, 
only in the direction of the perpendicular, if the surfaces 
are perfectly smooth. 



Fig. 21. 




Ex, 188. — ^A body whose weight is w rests on a smooth plane ab inclined 
at a giyen angle bag to the horizon ; determine 
the pressure p which acting parallel to the plane 
wiU just support the body. 

Find G, the centre of gravity of the body, and 
through it draw a vertical line aw, cutting in 
D the direction of f; through d draw db at 
right angles to ab, then b, the reaction of the 
plane, must act along bd, and we have three pres- 
sures p, w and B in equilibrium acting in known 
directions; and since the magnitude of w is 
known, that of b and f can be found by the usual 
construction : viz. take dh to represent w, draw 
HK paraUel to dp, and kl parallel to dh, then dk 
is proportional to b and dl represents p. 

Ex. 189. — ^In the last example show that p:b:w::bc:ca: ab. 

Ex, 190.— In Ex. 188 if a were 46<=> and w were 1000 lbs., find f and b. 

Ans. 707 lbs. (each). 

Ex. 191.— In Ex. 188 if A were 80° and p were 200 lbs. what weight 
could p support ? Ans. 400 lbs. 

Ex. 192. — If a cylinder whose weight is "W rests between two planes ab 
and AC inclined at difiPerent angles to the hori- 
zon (as shown in the figure); determine the 
pressures on the planes. 

The weight w will act vertically through o, 
and will be supported by the reactions b and Bj of 
the planes ab and ac ; as these pressures must 
act at right angles to the planes respectively, 
their directions will pass through o, and their 
magnitudes can be determined as usual. The 
pressures on the planes are, of course, equal 
and opposite to sand ^i respectively. 



Fio. ^. 





60 PRACTICAL MECHANICS. 

Ex. 193. — ^In the last case if bad and cab are angles of 30° and w equals 
112 lbs., determine the pressures. Ana. 64*6 lbs. apiece. 

Ex. 194. — Explain the modification that Ex. 192 undergoes if both ab 
and AC be on the same side of the yertical line drawn throng a ; and deter- 
mine the pressures when w equals 112 lbs. and cab and bac are each 30°. 

4n8. B»112 lbs., Bi»194 lbs. 

38. Transmission of Pressure by means of a perfectly 
fieodble cord, — If a cord is stretched by two equal pressures 
p and Q, one acting at each end, the pressures will balance 
each other, and the tension of the cord is equal to either 
Fig. 28. (Art 29) ; suppose the cord to pass round a 
portion ab of a fixed surface, as shown in 
the figure, the portions ap and bq of the 
cord will be straight, while ab will take 
form of the surface (which is supposed to 
''^ be convex), and if p and Q continue in 
equilibrium they must be exactly equal, provided the sur- 
face AB is perfectly smooth and the cord perfectly flexible ; 
conditions which are supposed to hold good unless the 
contrary is specified. Hence pressure is transmitted with- 
out diminution by means of a perfectly flexible cord which 
passes over perfectly smooth surfaces. 

Ex, 196. — Let a and b be two perfectly smooth points in the same hori- 
zontal line, and let w be a weight of 100 lbs. tied at c to cords whioh pass 
over A and b, and let w be supported by weights p and q tied to the ends 
of these cords respectively, and suppose the whole to come to rest in such a 
position that bag equals 30° and aob equals 90° ; find 
Fig. 24. p and Q. 

Since the pressures p and q are transqiittedwithoat 
diminution to c, w is supported by a pressure p acting 
along CA and q along cb. Hence draw cc verticaUy 
and such that on scale it represents the vertical pres- 
sure which balances w, and complete the parallelogram 
acbCy then ca and cb represent the transmitted pres- 
sures that support w : — whence p equals 50 lbs., and Q 
"^ equals 86-6 lbs. 

Ex, 196. — In the last example show that the pressures on a and b are 
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equal to 86*6 lbs., and 167*3 lbs. and that their directions bisect the angles 
PAC and QBC respectiyely. 

39. The Princvple of Moments. — A large class of ques- 
tions has reference to the equilibrium of a body one point 
of which is fixed ; in these cases it is frequently sufficient 
to determine the relation between the pressures that tend 
to turn the body round the point, the actual amount and 
direction of the pressure on the point not being required ; 
under these circumstances the relation sought is given at 
once by a principle called the Principle of Moments. 
The definition of the moment of a pressure is as follows : 
If p represents any pressure, and A is any point, and an 
is a perpendicular let fall on p's direction, then if the num- 
ber of units of weight in p is multiplied by the number of 
units of length in an, the product is called the moment of 
the pressure p with reference to the point A. The prin- 
ciple of moments in its general form will be found in the 
next chapter ; for present purposes the following sta-tement 
will be sufficient. If any number of pressures acting in 
the samie plane keep a body in equilibrium round a fixed 
point J and if their Tnoments with reference to that point 
he taketiy the sum of the moments of those pressures 
which tend to turn the body from right to left round 
thefioced pointy will equal the sum of the moments of 
those pressures which tend to turn the body from left to 
right. 

The following case will exemplify the mode of applying 
the principle of moments. In Ex. 184, let it be required 
only to determine the tension of the rope. Construct the 
figure to scale (see fig. 6); determine G, the centre of 
gravity of the block, draw the vertical line GW, cutting ak 
in K ; draw an at right angles to cb ; if t is ihe tension of 
the rope, and w the weight of the block which can be found 
to equal 18,388 lbs. ; then the moments of T and w are 
respectively an x t and am x 18,388 ; and the principle of 
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moments assures us that these two are equal. In the con- 
struction from which fig. b was drawn, the scale employed 
was 1 inch to 10 feet ; and it was found that am equals 
8*25 ft., and an equals 18*1 ft., ; hence was obtained for t 
a value of 8381 lbs. ; the value of T as determined by cal- 
culation is 8453 lbs. 

The student is recommended, as an exercise, to work by 
this method all the previous examples in the present 
chapter, to which it can be readily applied, viz. Ex. 171, 
172, 173, 174, 175, 176, 183, 185, 186. 

40. The Lever. — This is the name given to a rod capable 
of turning round a fixed point (called the fulcrum) and 
acted on by the reaction of the fixed point and by two 
other pressures : as most machines are used for the pur- 
pose of moving bodies, one of these pressures is to be over- 
come, or opposes motion, and this is called the weight, the 
other pressure which produces the motion is called the 
power. When the lever is in equilibrium the moments of 
the power and the weight with reference to the fulcrum 
must be equal ; and, of course, those pressures will 
tend to turn the lever in different directions round the 
fulcrum. Levers are sometimes classified as belonging to 
the first, second, and third orders respectively ; those of 
the first order have the fulcrum between the power and 
the weight, as the beam of a pair of scales, or a poker when 
used to stir a fire ; levers of the second order have the 
weight between the power and the fulcrum, as a crowbar 
when used to lift a weight one end resting on the ground, 
or an oar used in rowing, in which case the water is the 
fulcrum ; levers of the third order have the power between 
the weight and the fulcrum, as the limbs of animals, e. g. 
when a man has a weight in his hand and extends his arm 
the forearm is a lever of which the elbow is the fulcrum 
and the power is the contractile force of the large muscle 



THE LEVER. 



63 



of the upper-arm acting by means of tendons fastened into 
one of the bones of the forearm — of course in such a case 
the power must be very much larger than the weight. 
Many simple instruments consist of two levers fastened 
together by, and capable of turning round, a common 
fulcrum ; these are called double levers, and are classified 
as double levers of the first, second, and third orders re- 
spectively ; a pair of scissors and of pinchers are of the 
first order, a pair of nut-crackers of the second order, and 
a pair of tongs of the third order. 



Ex. 197. — ^Let a.b be a lever 16 ft. long movable about a fulcrum d at a 
distance of 6 ft. from b, a weight of 28 lbs. is suspended from a. and from b 
a weight of 336 lbs. ; find the weight that must be hung at b (which is 7 ft. 
from d) to balance the lever. Ans. 248 lbs. 

Ex. 198. — ^Let a.b and de be levers connected by a bar dc and capable of 
turning round fulcrums b and f ; yiq. 26. 

AB and BE are respectively 5 and n f f. 

6 ft long, AC is 3 ft., and fe is 
9 in. long ; the pressure p acting a. 
at b equals 1000 lbs. and 
balanced by q acting at a 
find Q. Ans, 57i lbs. 



^^l 



Fig. 26. 



Ex. 199. — ^A crane cbd is sustained in a vertical position by the tension 
of a rope ae; its dimensions are as fol- 
lows— bc, BD, be, and a.c respectively 
19, 13^,li, and 16 ft. long, the angle 
CBD equals 108° ; a weight p of 7 cwt. 
is supported by a rope that passes over a 
pulley D and is fastened to o; deter- 
mine the tension on the rope ae, the 
weight of the crane and the dimensions 
of the pulley being neglected. 

Ans, 7-329 cwt. 




Ex. 200. — Let bcdb represent a block of Portland stone whose dimensions 
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F». 87. are 6 ft. long, 2 ft. high, and 2J ft, 

wide ; a rope fpq is attached to it^ 
which after passing over a pulley p 
is pulled Tertically downward by a 
pressure Q, which is just sufficient to 
raise the block : determine q on the 
supposition that the dimensions of 
the pulley can be neglected, haying 
given that ep equals 6 in. and ba 
and AP respectively 16 and 13 tL^ 
the point ▲ being vertically under p. 
Ans. 1942 lbs. 



Ex. 201. — In the last example determine the amount and dizecticm of 
the pressure on the ground through the point c. 

41. The Steel-yard. — If abeam ab is suspended about 
FiQ. 28. a fine axis passing through its centre 

B a y « » 4 a > i Q A of gravity (g), and on the arm bg is 
' ' * ''' M' ' I' placed a movable weight w, then if a 
I \ substance equal in weight to w is 
^ suspended from A, the beam will ba- 

lance when w is at a distance from G equal to ag; if the sub- 
stance equals twice the weight of w, the beam will balance 
when w's distance from g equals twice AG ; and so on in 
any proportion. Hence, if the beam is made heavy at the 
end A, so that G is very near that point ; the arm bg can be 
divided into equal divisions which shall indicate the weight 
of a substance suspended at a by means of the position occu- 
pied by w when it balances that substance. An instrument 
constructed on this principle is called a steel-yard, and is 
used when heavy substances have to be weighed, and 
extreme accuracy is not required ; the advantage it pos- 
sesses arises from the fact that the weights employed are 
much less heavy than the substance to be weighed. A 
very common application of the principle of the steel-yard 
can be seen in the weighing machines employed at most 
railway stations. 
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Ex, 202.— ^ow tliat the graduations of the steel-yard must be equal eren 
if the centre of gravity of the beam do not coincide with the axis ; but that 
the graduations must begin from that point at which the movable weight 
would hold the beam in a horizontal position. 

[Let F be the fulcrum, o the I^o- »»• 

centre of gravity, and w the weight b p g y o 

of the beam ; suppose that o is so 
chosen that w at o balances w at o, 
then 

FOXWbFOXW. 

Now, suppose that a mass weighing n w is hung at a, and that the beam 
is kept horizontal by w at f ; then, measuring moments round f, we have 

FP X W + FG X WaaFA X « W 

Therefore, by addition, 

OP)rWa«FAX« w 
Hence, if the mass equals w, op must equal fa ; if twiee w, op must equal 
twice FA, and so on in any proportion.] 

42. The Equilibrmm of Walls. — The question What is 
the greatest pressure which, acting in a certain specified 
manner on a given wall, will be just sufficient to overthrow 
it? can be answered by an application of the Principle of 
Moments; the general method of considering this im- 
portant question is as foUows : — 

Let ABCD represent the section of 
a wall, the base ab being on the level 
of the ground ; let it be acted on by a 
pressure p along the line pq: now, it 
is considered that a wall, to be stable, 
must be capable of standing irrespec- 
tively of the adhesion of the mortar ; * 
hence, if we suppose bd to be a conti- 
nuous mass, and simply to rest on the 

* ' Though ordinary mortar sometimes attains in the course of years a 
tenacity equal to that of limestone, yet, when fresh, its tenacity is too small 
to be relied on in practice as a means of resisting tension at the joists of the 
structure, so that a structure of masonry or brickwork, requiring, as it does 
to possess stability while the mortar is fresh, ought to be designed on the 
supposition that the joints have no appreciable tenacity.* — Bankine, Applied 
Meehamctj p. 227. 

F 
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section ab, and determine the pressure P which will be on 
the point of turning the mass round the point A, we shall 
obtain the greatest pressure that the wall can support ; the 
pressure is, of course, determined by the rule that its 
moment with reference to the point A equals the moment 
of the weight of the wall with reference to the same 
point. 



Ex, 203. — A waU of brickwork 2 ft thick and 26 ft. high sustains on the 
inner edge of its summit a certain pressure on every foot of its length ; the 
direction of this pressure is inclined to the horizon at an angle of 60° ; find 
its amount when it wiU just not overthrow the wsdL (See fig. c.) 

Draw the section of the waU abc to scale ; make the angle ban equal to 
30^, then the pressure f acts along the line fn ; draw ck perpendicular to 
PN ; through o, the centre of gravitj, draw the vertical line om, cutting cb in 
M ; the principle of moments gives us 

PXCN=WXCM 

The weight w equals 5600 lbs. ; cm equals I foot ; cn, as obtained by mea- 
surement, equals 10*8 feet ; whence f equals 518 lbs. When f is found by 
calculation it equals 520 lbs. 

Ex. 204. — ^In the last example suppose the pressure to be applied by 
means of a bracket, at a horizontal distance of 3 ft. from the inner edge of 
the summit ; determine its amount when it will just not overthrow the 
wall. 

Ans. 685 lbs. 

43. The Effect of Buttresses. — Let fig. 31 represent 

the elevation of a wall, fig. 32 its plan, and fig. 33 its 

Fig. 81. section made a- 



. long the line ab; 
if nowwe neglect 
the weight of the 
buttresses, their 
eflfect insupport- 
ing the wall will 
be understood by 
iT B K inspecting fig. 

32 ; for it is manifest that the wall would fall by being 



6^ 




C M B 



Fig. c, page 66. 
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caused to turn round the line xt ; but, if the buttresses 

were remov- fig. 32. 

ed, by being .«___«_^ 

caused to turn | | | | *' 

round the line * ^ 

xy; so that, in the former ease, the moments must be 
measured round m (fig. 33), in the latter round K : in 
other words, the introduction of buttresses diminishes 
the moment of p, and increases that of the weight of the 
wall. Their useful efifect is still farther increased by the 
fact that if the moment of the weight fiq. 33. 

of the buttress is taken into account, 
it increases the moment of the weight 
of the wall. 

It is to be observed that if en (fig. 
31)and ep be drawn at equal distances 
from AB, and at a distance from each 
other equal to the distance between 
the centres of two consecutive but- 
tresses, then we may consider that 
the total pressure on CF is supported by the weight of the 
portion of the wall between en and ef, and by the weight 
of the buttress. 

It must be remembered that the above explanation 
applies to the case in which the pressure is distributed 
liniformly along the top of the wall ; which in this case is 
supposed to be so strong as not to bulge between the but- 
tresses. In many instances, however, particularly in large 
ecclesiastical buildings, the whole, or nearly the whole, 
weight of the roof and its lateral thrust act on the but- 
tresses, and not on the portion of the wall between the 
buttresses ; in such cases the wall serves as a curtain be- 
tween the buttresses, and not as a support to the roof, and, 
of course, the moment of the lateral thrust must equal 
that of the weight of the buttress. 
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JCr. 205.— ^In the last example, if the wall were sup- 
ported bj battreeses 2 ft. thick,* to what can the 
preesnre on each foot of the length of the wall be 
increased without OYerthrowing it — ^the weight of the 
buttresses being neglected ? Ahb, 2609 lbs. 

Ex, 206. — ^In Ex. 203, suppose the wall to be sup- 
ported by counterforts reaching to the top of the wall, 
1 foot thick, 1 foot wide, and 10 feet apart from centre 
to centre, determine the pressure on each foot of the 
length of the wall that can be supported — (1) when the 
direction of the pressure is inclined at an angle of 60® 
to the horizon ; (2) when the direction is inclined at an 
angle of 30^ to the horiaon. 

Jim. (1)1145 lbs. (2) 562*8 lbs. 

Ex, 207. — ^In each ease of the last example determine 
to what the pvessure can be increased if the buttress 
assumes the form of a Gothic buttress, as indicated in 
the annexed diagram, where ao and cb are each a foot 
square, and cd and ab are respectively 20 and 10ft. high. 
Jim. (1) 1903 lbs. (2) 875 lbs. 



44. The Tkniat of Props. — Let ab represent a beam or 
prop resting on a fixed support at the end A ; and suppose 
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it to be acted on by certain pressures 
which are balanced by the reaction of 
the end A. That part of the reaction 
which acts along the axis of the beam 
AB is called the thrust of the prop, and 
is, of course, equal to the thrust pro- 
duced by the jwressures on the prop, the 
two being equal and opposite. If no pressure acts on the 
beam except at the end b, it is plain that the whole reac- 
tion from A must pass along the beam. In the following 
question, which concerns the thrust of props, it will be 
assumed that the thickness of the prop can be neglected, 
except so far as it affects its weight. 



* The thickness of a pier or buttress is measured in a direction perpen- 
dicular to the face of the wall. 
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Fig. 37. 



Ex, 208. — ^A wall of brickwork, 25 ft. high and 2 ft. thick, sustainB on 
the inner edge of its summit a pressure of 1000 lbs. on eveiy foot of its 
length, whose direction is inclined at an angle of 66° to the vertical ; it is 
supported at every 5 ft. of its length bj a 
prop 25 ft. long, resting against a point 3 ft. 
from the top ; determine the thrust on the 
^ prop. Ans, 7758 lbs. 

[If the annexed figure represent a section 
of the wall and prop, the pressures acting 
are w, the weight of the wall, p, the pres- 
sure on the summit, which are balanced by 
T, the thrust of the prop, and the reaction 
of the groimd ab : now, unless the prop is 
wedged up against the wall, it will not sup- 
ply more pressure than is jiiet sufficient to 
support the wall ; consequently the resultant 
of p, w, and T must pass through ▲, at which 
point it will be balanced by the reaction of 
the ground ; hence, by measuring m(«ients round a we can find t.] 

45. The Thrust along Rods connected by a Smooth 
Hi/age. — Let ab be a rod ca- 
pable of moving freely rouad a 
joint or hinge at A; if it were 
acted on by a pressure it would 
turn round a^ unless the pressure 
acted through a. Now, suppose 
two sudi rods, ab and AC, to be 
connected by a perfectly smooth 
joint at A, while their ends b and c rest against immovable 
obstacles, and let us suppose the rods to be geometrical 
lines and without weight ; let a weight w be hung at A, 
and let it be required to determine the pressures against 
the fixed obstacles caused by w. Now (Art. 44), the re- 
actions at B and c, which support w, must pass along ba 
and ca; hence, if we take A a to represent wand complete 
the parallelogram Aftac, the lines a 6 and Ac will represent 
the thrusts caused by w along ab and AC, and these are 
respectively equal to the reactions by which they are 
balanced (Art. 29). 
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46. The Thrust along a Rafter. — ^The case which we 
have just explained enables us to determine the thrust 
pio. S8. produced on the summit (rf a wall by 

each rafter of an isosceles roof : let ab, 
AC, represent two of the principal 
rafters of such a roof, and let the 
whole weight sustained by each rafter 
(including its own weight) be repre- 
sented by w ; this weight will act at 
the middle point of the rafter, and 
therefore can be replaced by weights equal to ^w acting 
at each end of the rafter ; so that the whole weight sus- 
tained by AB and AC may be distributed as shown in the 
figure, viz., it will be equivalent to w acting at A, ^w at b, 
and ^w at c ; then the thrusts along the rafter (t) will be 
produced by w acting at A, and can be determined as 
explained above, viz., take Ap to represent w, and com- 
plete the parallelogram Arpg, then kr and kq represent the 
thrusts in questioii : the total pressure on the wall at b will 
be found by compounding t with ^w. When the deter- 
mination of the pressure is made for the purpose of ascer- 
taining whether a certain wall will support the roof, it is 
much better not to compound the pressures t and Jw, but 
to regard the wall as acted on by those two pressures 
separately. 

Ex. 209.— There is a roof weighing 25 lbs. pep square foot, the pitch of 
which is 60° ; the distance between the side waUs is 30 ft. ; determine the 
magnitude and direction of the pressure on the foot of each rafter, the 
rafters being 5 ft. apart. (See fig <f.) 

Let ABC represent the roof ; then the weight (w) supported on each rafter 
equals 3760 lbs. ; hence, when the weight is distributed, we have w at c, 

—at A, and -^ at b ; draw cw vertical, and take en to represent 3750 lbs.; 
2 Jt 

draw DE parallel to bc [which is broken in the figure as indicated by the 

letters a, a and b, b] ; then cb represents the thrust (t) along the rafter- 

The total pressure on the wall (b) is the resultant of - and t acting at A ; 
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take AF to represent on scale 1875 lbs. and ah equal to ce ; complete the 
parallelogram fh ; then A k gives the magnitude and direction of the resultant 
B ; it was found from fig. d that b equals 3885 lbs. and the angle k A f equals 
16° ; the results given by calculation are that e equals 3903 lbs., and that 
the angle kaf equals 16° 6'. 

Ex. 210. — If in the last example the walls were 20 ft. high, 2^ ft. thick, 
and of Portland stone, would they support the roof? 
An%. The wall will stand — the excess of the moment of the weight of 5 ft. 
of its length over that of the thrust being 29620. 

Ex. 211. — If in the last example the walls be supported by buttresses 20 
ft. apart from centre to centre, 16 ft. high, 2 ft. wide and 2| ft. thick, would 
these support the wall if its thickness were reduced to IJ ft. ; and what 
would be the excess of the moment tending to support 20 ft. of the length 
of the waU over that which tends to overthow it? 

u4w3. (l)Yes. (2)221000. 

Ex. 212. — Show that the total pressure on each wall is equivalent to a 
vertical pressure w, and a horizontal pressure w x bc+4ad. (Art. 46.) 

Ex. 213. — ^In the case of an equilateral roof show that the horizontal 
pressure equals 0-29 w. 

47. The Equilibrium of a Triangular Frame. — Let 
ABC be a frame consist- fio. 39. 

ing of three rods con- 
nected by smooth joints 
at A, B, c, and let pres- 
Bureg p, q, and r act on 
these j oints respectively, 
we are to determine the 
pressures to which each 
rod will be subjected. 
First, the pressures p, 
Q, and R must be in equilibrium, i. e. their directions must 
pass through a common point o, and the relation between 
them must be given by the parallelogram of pressures, as 
indicated at o. Secondly^ since the pressures can only be 
transmitted from joint to joint along the lines joining 
them, resolve the pressure p into the two components re- 
presented byAj^i, Aj[>2 along A B and AC, and in like manner 
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Q and B into components represented by b^^ b^,, and cr,, 
CTy as shown in the figure. It is evident that the two 
pressures acting on each rod must be equal and opposite, 
i. e. Api=B9y B5,=ory cr,=Apy It will be remarked 
that the tendencies of the pressures are to crush ab and AC, 
and to stretch bg, L e. ab and ao sustain a thrust, and bc a 
strain (Art 29). Referring to Art 46 ; if the ends bc 
of the rafters are connected by a beam bc (fig. 38), called 
a tie beam, they will constitute a triangular frame like that 
we have just considered; itcanbe easily shown that the tie 
beam is subject to a strain equal to the horizontal thrust of 
each rafter, i. e. equal to w x BC-+-4 ab (Ex. 212). Under 
these circumstances the roof will act on the walls merely 
by its weighty and each wall will, of course, support half 
the whole weight of the roof. 

Ex. 214. — ^If in fig. 39 the point o £gJ1 within the triangle, shcnr that all 
the ban will be compressed or all stretched. 

Ex. 216. — ^Two rafters ab and ac are each 20 ft long, their faet are tied 
by a wronght-iron rod b c whose length is 35 ft., and a weight of 1 ton is 
suspended from a ; determine the strain it produces on the tie, the weight of 
the rafters, &c., being neglected. If the rod have a section of a quarter of 
a square inch, determine the weight that must be su^ended at a to break it 

Jni. (l) 202ilh». (2) 18,590 lbs. 

Ex. 216.— There is a roof whose pitch is 22^ SO', the rafters are 40 ft. 
long; the weight of each square foot of roofing is 18 lbs. ; determine the 
diameter of the wrought-iron tie necessary to hold the feet of the principal 
rafters with safety, supposing them 10 ft. apart Jns. 1*28 inches. 

48. Note. — The foregoing remarks as to the thrusts (m 
the rafters and the strain on the tie beam, apply to the 
cases in which l^e joints are perfectly smooth : as this is 
never the case, the thrusts, &c., may not equal the cal- 
culated amount ; but it is generally considered that reliance 
should never be placed on the resistance oflFered by a joint 
to the revolution of a rod round it It will be instructive, 
however, to consider the case in which the rods and the 
joint at A (fig. 40) are perfectly rigid. Suppose two points, 
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6 and c, to be taken near to a, and fio. 40. 

joined by a rod be ; if this rod were 

inextensible^ and if there were no 

tendency in the materials to give 

either by crushing or tearing at 6 

and c, then would 6 c act the part of 

a tie beam, and there would be no horizontal thrust on the 

wall, which, as before, would merely have to support the 

weight of the roof. 

H we suppose the rod 6 c to be replaced by a metal 
plate firmly fastened to the beams, as rio. 41. 

shown by a6cZc in fig. 41, this would 
tend to render the attachment of the 
beams rigid, the horizontal thrust 
being more or less neutralised by the 
resistance by the materials to crush- 
ing on the bolts, and to the tearing of the plate across ad. 
Hence, under all circumstances, the walls have to sustain 
the whole weight of the roof, and besides this, a horizontal 
thrust which will more nearly equal wxBC-i-4AD as the 
joint is less rigid. 
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CHAPTER IV. 

THE FUNDAMENTAL TBOEOREMS OF STATICS. 

49. Aodoms, — ^The follomng chapter contains demon- 
strations of the fundamental theorems of statics, so far as 
forces acting in one and the same plane are concerned. 
It may be well to invite the reader's attention to the order 
of proof adopted. In the first place the case of two pres- 
sures and their resultant is fully discussed, together with 
the conditions of the equilibrium of three pressures, and 
the case in which two pressures do not have a resultant 
In the next, place the results obtained for two pressures 
are extended to any number of pressures. Lastly, a pecu- 
liar property of parallel pressures — the possession of a 
* centre' — is proved. The demonstrations are of a very 
abstract character and should be thoroughly mastered. 
Applications of several of the theorems have been already 
given in Chap. III., and many more will be found in the 
succeeding chapters. The demonstrations are based on 
certain assumed elementary principles or axioms. The 
assumption of these principles is, of course, not arbitrary, 
but justified by experience of the action of forces. The 
axioms are as follow : — 

Ax. 1. The line which represents the resultant of two 
pressures acting on a point, falls within the angle made by 
the lines that represent those pressures. (See Art. 27.) 

Ax. 2. If two equal pressures act on a point, the line 
that represents their resultant bisects the angle between 
the lines that represent those pressures. 

Ax. 3. If a pressure acts upon a body it may be sup- 
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posed to act indififerently at any point in the line of its 
direction, provided that point is rigidly connected with the 
body. 

Ax. 4. It is necessary and suffi/dent for the equilibrium 
of any system of pressures, that one of them be equal and 
opposite to the resultant of all the rest. 

Ax. 5. If a system of pressures in equilibrium be imposed 
on or removed from any system of pressures it will not 
afifect the equilibrium of that system, if it be in equili- 
brium, nor its resultant, if it have a resultant. 

Proposition 3. 

The prin/dple of the parallelogram of pressures (Art. 
33) is true of the direction of the resultant of two equal 
pressv^res. 

Let the equal pressures p and q act 
on the point A along the lines A p and 
AQ ; let AB represent the pressure P, 
and AC the pressure Q, then will ab 
equal AC ; complete the parallelogram 
ABCD, and draw the diagonal A n. We 
are to show that the resultant of p and 
Q acts along the line ad. 

Since ac equals ab it equals en, therefore the angle cad 
is equal to the angle adc, but since cd is parallel to ab, the 
angle adc is equal to the angle bad, therefore the angle 
bad equals the angle cad, and the line ad bisects the angle. 
paq; but the direction of the resultant of p and q bisects 
the angle paq (Ax. 2), therefore ad is the direction of the 
resultant. Q. E. D. 

50. Remark. — The following proposition may be re- 
garded as the foundation of the science of statics ; the de- 
monstration generally seems obscure to readers who meet 
with it for the first time : this results from the somewhat 
unusual /or/n. of the proof; it may therefore be well to re- 
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mark that the demonstration consists of two parts ; in the 
first part it is shown that if the principle is true in two 
cases, viz. with regard to the pair of pressures p and p, 
and the pair p and p,, it must also hold good in a third 
case, viz. in regard to the pair of pressures P and P} +?)') 
this part of the proof is purely hypothetical, as much so as 
in the case of a demonstration by reduction to an absur- 
dity ; the second part of the proof takes up the argument, 
but as a matter of fact the proposition is true in two 
certain cases ; therefore it must be true in a third case, 
therefore in a fourth case, and so on. 

Proposition 4. 

The principle of the paraUdogra/m qfpreseures is true 
of the direction of the resultant of any two commensW' 
able pressures. 

Let the pressure P act on the point A along the liDe 
AB, and the pressures Pj and p, on the point A along the 

line AC; take ab, ac, cd, 
respectively proportional to 
p, P|, and P3, and complete 
the parallelograms bc, ed, 
then is the figure b d a paral- 
lelogram; draw the diagonals 
AE, GF and AF, and suppose 
the points c, n, b, F, to be rigidly connected with a. 

(a) The lines ab and AO represent the pressures p and 
Pj; asswme that ab is the direction of their resultant; 
then can p and Pj be replaced by their resultant acting at 
A along AE, and, since a and e are rigidly connected, by 
that resultant acting at e along ae (Ax. 3); but this re- 
sultant acting at e can be replaced by its components act- 
ing at E, viz. by Pj along be, and by p along cb ; and these 
again, since c and F are rigidly connected with e, by Pi 
acting at f along bf, and p acting at c along ce. 
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(6) Since a and c are rigidly connected, Pg may be 
supposed to act at c along cd; then ce represents the 
pressure p, and en the pressure p, ; assume that cf repre- 
sents the direction of the resultant, then by reasoning in 
the same manner as in paragraph (a) it can be shown that 
the pressures p and Pj can be transferred to y. 

(c) Thus it follows from our two as^mnptions that the 
pressures P, p„ Pj may be supposed to act indififerently on 
A or F, therefore each of these must be a point in the 
direction of their resultant, i. e. their resultant must act 
along the line AF. Now ab represents the pressure P and 
AD the pressure Pi + p, ; hence, if the proposition is true of 
the pair of pressures p and Pj, and of the pair of pressures 
P and Pj, it must also be true of the pair p and Pj +Pj. 

(d) But it appears from Prop. 3, that the proposition is 
true of equal pressures, i e. of any pair p and p, and of 
another equal pair p and p, therefore it will be true of 
the pair p and jj+p, i. e. of p and 2p ; again, since the 
proposition is true of the pair p and j9, and of the pair p 
and 2p, it must be true of the pair p and p + 2p, i. e. of 
p and Sp ; similarly it is true of p and 4p, of p and 52?, 
&c., and generally o{p and mp. 

(e) Again, since the proposition is true of the pair of 
pressures mp and p^ and the pair mp and p, it must be 
true of the pair mp and p+p^i. e. of mp and 2p; similarly 
it must be true of mp and Sp of mp and 4j9, and generally 
of mp and np. 

(/) Now, any two commensurable pressures p and q must 
have a common unit (e. g. a pound, an ounce, &c.), and 
therefore can be represented by mp and ?ip ; hence the theo- 
rem is true of any two commensurable pressures. Q. E. D. 

Exercise. — The above demonstration may be put into a slightly diffwent 
form, as follows : In the first place, suppose the pressures p, Pi, and Pj, to 
be equal ; then the reasoning in § (a) and § {b) of Prop. 4 no longer pro- 
ceeds from an assumption, but is based directly on Prop. 3 ; and the reason- 
ing in § (c) establishes the truth of the proposition in the case of the two 
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pressures p and 2p. Th« reasoning can be repeated for forces p, 2p and f, 
and the case p and 3p will be established ; and bj a repetition of the 
reasoning the cases p and 4p, p and 5p, and generally p and mv are esta- 
blished. A slight modification of the figure will then enable the reasoning 
to be extent^ to the case of np, p, and p, so that the case np and 2p wUl 
be established, then the cases nv and 3p, np and 4p, and generally np and 
ynp. The student, having first mastered Prop. 4, will find it an useful exer- 
cise to write out the proof in this form. 



Proposition 5. 

The principle of the parallelogram of pressures is true 
of the direction of the resultant of any two incommen^ 
surahle pressures. 

Fig. 44. Let p and q be the two pres- 

sures represented by the lines 
AB and AG ; complete the paral- 
lelogram ABCD, then will the 
resultant (r) of p and q act along 
the line joining A and d. For 
if not suppose r to act along any 
other line, this line must fall 
within the angle paq (Ax. 1), and therefore must cut 
either en or db ; let it cut bd in the point e. Now, by 
continually bisecting ab, a part can be found less than 
DE ; set off distances equal to this part along AC, and let 
the last of them terminate at f (it cannot terminate at c 
since ab and AC are incommensurable) ; therefore f c is less 
than this part, and therefore also less than de ; draw fg 
parallel to en, this line will cut bd, in a point a between 
D and e, join A a. Suppose af to represent a pressure q' 
and FC a pressure g, then will Q equal q' -I-? ; now q' and 
p are commensurable, therefore their resultant (r') will act 
along the line AG. But the resultant r of p and q must 
equal the resultant of p, q', and q\ i. e. of r' and q ; but r' 
acts along AG, and q along ac, and therefore (Ax. 1) their 
resultant R must act within the angle GAQ; but by the 
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supposition it acts along ab without the angle aAQ; which 
is absurd. Therefore, &c, Q. E. D. 

Proposition 6. # 

The principle of the parallelogram of pressures is true 
of the magnitude of the resultant. 

Let p and Q be the two pressures acting on the point a, 
and let them be represented 
by the straight lines ab and 
AC, complete the parallelo- 
gram ABCD, and draw the 
diagonal ad ; we have to 
prove that not only does the 
resultant (r) of p and q act 
along the line ad, but also 
that it is represented in 
magnitude by that Kne. 
Suppose r' to be the pres- <» 

sure which balances p and Q, 

it must act along da produced. Let ab represent r'; 
complete the parallelogram cb, and join af ; the resultant 
of Q and r' must act along af ; but since p balances q and 
r', it must act along fa produced ; therefore fab is one 
straight line, and is parallel to cd, so that fd is a parallelo 
gram. Hence we have fc equal to ad, but fc equals ab, 
therefore ea equals ad. But r is equal and opposite to r', 
which is represented by ab, and therefore r is represented 
in magnitude by ad. Q. E. D. 

51. Application of Trigonometry to Statics. — It is 
manifest that the sides of the triangle acd (Prop. 6) are 
proportional to the three pressures p, q, r', which are in 
equilibrium. And hence if any triangle acd be drawn 
similar to acd, its sides will be proportional to the pres- 
sures. Such a triangle will be formed by drawing lines 
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respectively parallel to the directions of the pressures, each 
pressure being an homologous term to the side parallel to 
its direction. The pressures at A act towards the same 
parts as dc, cay ad respectively, as shown by the arrow 
heads. A similar remark applies to a triangle formed by 
drawing lines at right angles to the directions of three 
pressures in equilibrium. The relations between three 
pressures in equilibrium are thus reduced to the relations 
between the sides of a triangle ; and of course all the 
trigonometrical relations between the sides and angles of 
that triangle will be analogous to relations between the 
pressures and the angles between their directions. The 
two of most importance are proved in the following pro- 
position: — 

Proposition 7. 

If three preasureSy p, q, b are in equilibrium^ and act 
upon a point a, to show that the following rela/tions 
obtain : — 

(1) p : Q :: sin qab : sin rap. 
Q : R :: sin rap : sin paq. 

(2) R*=p* + Q*H-2 PQ cos PAQ. 

PIG. 46. (1) I^«^w ^^^ ^- 

angle abc whose 

sides be, ca, ab^ are 

respectively parallel 

to the pressures 

p, Q, R. Then it is 

evident that the 

angles a, 6, c are re- 

Q * " spectively equal to 

180°-QAR, ISO^'-RAP, 180**-paq; now 

be : ca :: sin 6ac : sin cba :: sin qar : sin rap 
ca : ab •: sin cba : sin acb :: sin rap : sin paq 
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But by Arfc. 51— 

be : ca::v : Q 

ca : a6::Q : K \ ^ [ * ,. 

therefore p : q :: sin qar : sin rap '^ / / . 

and Q : r :: sin rap : sin paq. ' / ^ 

These proportions are sometimes expressed by the rule, 
' If three pressures are in equilibrium, each pressure is 
proportional to the sine of the angle contained by the 
other two.' 

(2) Employing the same figure, we have, by a well- 
known theorem in trigonometry, 

ah^ = bc^ + ca^ — 2 6e . ca cos bca. 

Now boa is the supplement of paq, so that cos paq = 
—cos bca. 

therefore a6^= bc^ + ca^ + 2bc . ca . cos paq. 

But 6c, ca, ah, are respectively proportional to the pres- 
sures P, Q, R. 

therefore R2=p2 + QaH-2 pq cos paq. Q. E. D. 

Ex. 217. — Show that when three pressures are in equilibrium no one of 
them is greater than the sum of the other two. 

Ex. 218. — ^Under what ciiH^imistances will three equal pressures acting on 
a point balance each other ? 

Ans. Angle between directions of any two equals 120**. 

Ex. 219. — ^Find the angle at which two forces of 8 lbs. must act so as to 
{HTodnce on a point a pressure of 12 lbs. An8. 82^ 49'. 

fir. 220. — Let ABcbe any triangle, d the" middle point of bc ; join ad ; if 
AB and Ao represent forces acting at a, show that their resultant will be 
represented by twice ad. 

Ex. 221. — EypJain the action of the forces by which a kite is supported 
io the air. 

Ex. 222.-^Explain the action of the forces by which a ship is made to 
sail in a direction nearly opposite to the wind. 

Ex. 223. — ^The resultant of p and Q is 12 lbs. when their directions con- 
tain an angle of 60^^, and 1 1 lbs. when they contain an ang^e of 90° ; find p 
and Q. Am. 10*79 and 213 lbs. 

G 
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Blx. 224. — There are two forces p and q ; when the lines representing 
them contain an angle 9, their resultant equals &^/p' + q' ; but when those 
lines contain an angle 90^—6, the resultant equals 3 ••?' + q' ; find 9. 

Arts. 18° 26'. 

Ex. 225. — p and q are two forces acting in directions at right angles to 
each other ; their resultant equals m (p + q) ; if 9 is the angle between the 
directions of their resultant and of p or q, show that 

f»«Bin2«=l— f»i«. 

Ex, 226. — In the last example show that the ratio of the forces p 
and Q is 

l-.m« 

between what values must m lie ? Ans. 1 and — =^ 

a/2. 

Ex. 227. — If P and p+|> are two pressures yeiy nearly equal, and if o is 
the angle between the lines representing them, then will the angle (in cir- 
cular measure) between the direction of the resultant and of T+phe yeiy 
nearly 
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Propoaitian 8. 

To determine the resultant of two pressures acti/ng in 
parallel directions and towards the same parts. 

Let p and q be the pressures acting on a body at the 
pointsA and b ; join ab ; suppose any two equal and opposite 

pressures T, Tj to act at A and b 
respectively along the line ab ; 
these pressures being in equili- 
brium will not affect the result- 
ant of p and Q (Ax. 5), therefore 
the required resultant will be 
that of T,p,Q, and Tj, i.e. of u and 
V, if u is the resultant of t and p, and v the resultant of Q 
and Ty But since u's direction lies within the angle tap 
and v's within the angle qbTj, their directions will meet 
when produced; let them be produced and meet in c; 
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then if c be rigidly connected with the body, u and v may 
be supposed to act at c ; through c draw ex parallel to 
AP or BQ ; now tt acting at c can be resolved into p, acting 
along ex, and T, acting parallel to ba, and similarly v can 
be resolved into q acting along ex, and t^ acting parallel 
to AB ; hence the required resultant will be that of T, T„ 
p, and Q acting at e ; or, since t and t, are in equilibrium, 
that of P and Q acting along ex, i.e. the resultant is a 
pressure equal to p + Q, acting along a line passing through 
X parallel to AP or bq, and acting towards the same part 
as p and Q. 

Next, to find the position of x. Since u is the resultant 
of p and T, those pressures will be proportional to the sides 
of the triangle Axc; 

therefore AX : xc : : T : p ; 

similarly e x : XB : : Q : T,, 

therefore Ax : xb : : Q : p ; 

i.e. the point x divides ab in the inverse ratio of the pres- 
sures, which is the proof of the rule already given (Art. 
30). Q. E. D. 

Cor. 1. — Hence can be immediately deduced the condi- 
tions of the equilibrium of three parallel pressures men- 
tioned in Art. 31. 

Cor. 2. — Hence, also, we can determine the resultant of 
two parallel pressures acting towards contrary parts. Thus 
suppose p acting at A and q acting at b fig. 48. 

to be the pressures, of which let Q be 
the greater ; now if r' is the pressure 
that balances P and q, it must be equal 
and opposite to their resultant r ; but 
r'4-p=q, and ab:bx::r' :p, i.e. ab4- 
BX:Bx::R'-hP:P, or ax:bx::q:p. 

Le. the resultant equals Q— p, and acts towards the 
same part as q at a point x, whose distances from A and b 

o2 
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are inversely as the pressures, and so taken that the 
greater pressure acts between the resultant and the lesser 
pressure* 

. Ex. 228. — Two parallel pressuree of II and 12 lbs. act towards contrary 
parts at a and b respectively. The line ab is 6 ft long, and is at right 
angles to the direction of the pressures, find the resultant. 

Jns. Ax» 72 ft. (fig. 4$), B«>1 lb., acting towards same part as a. 
4 
Ex. 229. — ^AB is a straight rod 12 ft. long; o a point 4 ft. firom b ; the 

rod rests on a peg at o, and is kept honsontal by a peg placed oyer it at b ; 
a weight of 20 lbs. is hung at a ; find the pressure on each peg (neglecting 
the weight of the rod). Ans. Pressure on c 60 lbs., on b 40 lbs. 

Ex. 230. — A and b are the pans of a pair of scales ; a substance placed in 
A is balanced by p lbs. in b ; when placed in b it is balanced by a lbs. in a ; 
find its true weight. ^ra«. a^fq lbs. 

Ex. 231. — A uniform heayy rod ab is divided into any two parts at the 
point X ; the middle points of ax, xb, and ba, are p, q, and b respectively-^ 
show that weight of ax : weight of xb : : aa : bp. 

Ex. 232. — ABC is an equilateral triangle, kept at rest by three parallel 
pressures p, 3p, and 2p, acting in the plane of the triangle at a, b, and c 
respectively. Determine the lines along which the pressures must act. 

Exercise. — ^Let a and b be two fixed points, let a pressure p act through 
A and a pressure q through b, also let their directions intersect in a point 
X. Now, suppose the direction of a to change in such a manner that the 
distance of x from a continually increases, and consequently the angle 
between the directions of p and q continually diminishes. It is plain that 
the directions of p and q will in the limit become parallel. It is required, 
by means of this consideration, to deduce the results of Prop. 8 from the 
previous Propositions. 

52. The Use of the Positive and Negative Signs to de- 
note the Directions of Pressures* — Since a line can be taken 
to represent a pressure, and since if + a be used to denote a 
line of a feet (or other unite), measured to the right firom 
a fixed point, then— a must be used to denote a line of 
a feet measured to the left from that point, it should seem 
that the same principle ought to be applicable to pressures, 
and that if+p denote a pressure of plbs, acting to the 
right along a given line, then— p must denote a pressure 



] 
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of p lbs. acting towards the left along that line. That the 
principle so commonly used in geometery is correctly ap- 
plied to pressures, will be evident from a little considera- 
tion. Thus, if p and Q be two jwressures acting to the 
right along a line, and r their resultant, we have 

R=P + Q (1) 

If Q act to the left and be less than P, k will act to the 
right, and we have 

R = P — Q (2) 

If, however, q be greater than p, r will act to the left, 
and we have 

BarQ-P (3) 

Here we have three equations to express a certain result ; 
but if we suppose P + q to be an algebraical sum, these 
three equations can be included in one, viz. 

R=P4-Q (4) 

It is quite plain the (4) includes (1) and (2); it also 
includes (3), since that equation can be written 

--R=P— Q 

The same principle can be applied to the moments of 
pressures. If we measure the moment of a pressure with 
reference to a certain point, we may agree to reckon it 
positive if the pressure tend to turn the body round that 
point in a direction contrary to that in which the hands of 
a watch move. If this assumption be made, then the mo- 
ment of any other pressure must be reckoned negative 
which tends to turn the body in the contrary direction 
round the point. It will be remarked that in fig. 50 the 
moments of p, q, b, with respect to o are positive ; in 
fig. 51 the moments of q and r are positive, and of p 
negative. 

53. Representation of a Moraent by an Area. — Let the 
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line AB represent a pressure P, and from a point o let fall 
a perpendicular on on ab or ab pro- 
duced ; join A, OB ; then twice the 
area of the triangle aob equals the 
product of ON and ab, i.e. the pro- 
duct of the perpendicular on p's direc- 
tion and the line that represents p ; 
hence, twice the area of the triangle aob represents the 
moment of the pressure P with respect to the point o. 

Proposition 9. 

The algebraical sum of the moments of two pressures^ 
whose directions are not parallely taken with reference to 
any point in their plane equals the 
moment of their resultant with re- 
ference to the same point. 

Let p and q be the pressures 
acting on the point A ; let ab re- 
present P, and AC represent q ; 
complete the parallelogram abdc, 
and draw the diagonal ad, then ad represents the re- 
sultant B. 

(1) Let the point o about which the moments are to be 
measured fall beyond ab, as shown in the annexed figure ; 
in this case all the moments are positive ; we have, there- 
fore, to show that 

M*R = M*P4-M*Q 

Join OA, OB, oc, OD, and draw om parallel to ac. Then 
we have 

M*B— m*p=2Aaod — 2AA0B 
=2Aabd— 2A0BD 
= BC— Bm=Am=2AA0C 

therefore m*b = m'p + m*q. 
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(2) Let the point o fell on the inside of the parallelo- 
gram BC, and within the angle par ^ra- «!• 
as shown in the annexed figure; in 
this case the moments of q and k 
with respect to o.are positive, and 
that of P negative, so that we have to 
prove that ^ 

M*R=— M*P-hM*Q , 

Make the same construction as before. 
Then we have V 

m*r+m'p=2Aaod + 2Aaob ">, 

= 2Aabd— 2A0BD : 

=BC— Bm=Am=2AJPoc=M*Q 

.-. M*R=— m'p + m'q 

It will be found that a similar proof applies to any other 
position of o. Hence, &c. Q. E, D. 

Proposition 10. 

The algebraical sum of the moments of two parallel 
pressures with reference to any point m thei/r plane is 
equal to the mom&nt of their resultant with reference to 
that point. 

Let p and q be the two pressures, and let them act 
towards the same part, k their pig. 62. 

resultant, o the point about .p .r 

which the moments are mea- 
sured ; draw a line ob at right .— 
angles to the directions of the 

pressures, and cutting them in A, b, and x respectively. 
Now, in the case selected the moments of P, Q, and b 
are all positive, hence we have to show that 

M*R = M*P + M*Q 
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But nnee bsp+q 

we have ]f^=:ox.B 

= OX.P-f-OX,Q 

=0 A.P -f- AX.P + OB.Q— BX.Q 

Again ax^ssbx.q (Prop. 8) 

therefore m*b = o a,p -f- ob.q 

= M*P-f-M*Q 

A similar proof will «q)ply to every position of o, and 
to cases in which P and q act towards contrary parts. 
Hence, &c Q. E. D. 

Ex, 288. — If the point o (Prop. 9) be taken in the direction of the re- 
sultant, show that the moments of p and a are equal and hare opposite 
signs. 

Exercise, — Prop. 3-l# ean be proTed by reasoning in the following 
manner : — First. Assume as an axiom that the resultant weight of an uni- 
form rod acts through its middle point ; and, bearing in mind the remark 
in Article 24, observe that Ex. 231 giyea an independent proof of Prop. 8. 
Secondly, Observe that it follows from Axiom 2 (Art. 49) that when a body 
is acted on by two equal pressures in the same plane, and has one point 
fixed, it wiU be at rest provided the pressures act at equal perpendicular 
distances from the point, and tend to turn the body round the point in 
opposite directions. This observation combined with 1^. 231 will establish 
Ex. 233. Thirdly, The principle of the parallelogram of pressures, so far 
as the direction of the resultant is concerned, can be easily deduced from 
Ex. 288. The student who has first mastered Prop. 8-10 will find it a 
most instructive exercise to write out proofs of the same propositione, 
adopting the. method of proof above indicated. 

54. Statical Couples. — In Cor. 2 to Prop. 8 it was 

Fig. 68. shown that if p and q are two parallel 

A p pressures acting at A and B towards 

contrary parts, then if Q is greater 

A 1 ' than P their resultant R will equal 

j^ Q — P, and will act in a parallel direc- 

tion through a point x given by the 



proportion 



ax:bx::q:p 

AB.P 



or BX = 



Q-P 
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Now, if we suppose q to be gradually diminished, but 
AB and p to remain unaltered, the magnitude of r (or 
Q— p)will continually diminish and bx will continually 
increase, and in the limit when Q becomes equal to p, the 
magnitude of the resultant is zero, and x is removed to an 
infinite distance ; in other words, two equal parallel pres- 
sures acting towards contrary parts have no resultant, and 
therefore cannot be balanced by any single pressure. Such 
a pair of pressures constitute what is called a statical 
covuple. If, in fig. 53, we suppose p and q to be equal, and 
AB to be at right angles to their directions, ab is called 
the arm of the couple, and ab x p its Tnoment. A little 
consideration will show that the sum of the moments of 
the pressures with regard to any point in the plane of the 
couple will equal ab x P ; and moreover, that if the sign 
of the sum of the moments with reference to one point is 
positive, it will be positive when taken with reference to 
a/ny point in the plane of the couple ; and if negative, 
negative ; e. g. the couple represented in the diagram has 
a n^ative moment 

Proposition 11. 
If two couples of eqTial moments and of opposite 
signs ad; in the saw/S plcme they mill balance one 
another. 

First. Let the pressures which constitute the two couples 
not act along parallel lines, th^i fig. 64. 

must the four lines by their in- .i" 

tersection form a parallelogram. 
Let ABCD be the parallelogram x. , 
thus formed, and let the pressures * 
(p, p') of the one couple act along 
AB and OB, then must the pres- 
sures (q, q') of the other couple 
act along ab and cb, since the moments of the couples 
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have contrary signs ; draw Am and An at right angles to 
CD and CB, then since the moments of the couples are 
equal 

AmxP=AnxQ 
also AnxAD=AmxAB 

since each is the area of abcd; therefore 

ADXP=ABXQ 

or p:q::ab:ad 

therefore ab and ad represent (Art. 26) the pressures P 
and Q, and therefore, joining AC, the diagonal AC repre- 
sents their resultant (r). In like manner p' and q' are 
represented by CD, and CB respectively, and therefore ci 
represents their resultant (r'). Hence, the four pressures 
p, Q, p', q', are equivalent to a pair of equal opposite pres- 
sures R and r', and therefore are in equilibrium. 

Secondly. Let the four pressures act along parallel 

Fio. w. lines ; draw a straight line cut- 

p Q ting their directions at right 

t ^ ^ I angles in A, b, c, d, respectively; 

a' — 1 ^ — T ^ and let p and Q act towards the 

I I same part, and p' and q' towards 

the contrary part, then the mo- 
ments of the couples will have contrary signs ; now R the 
resultant of p and q equals P-i-Q, let it act through the 
point X, then we have 

AXXP=CXXQ 

also since the moments of the couples are equal 

ABXP=CDXQ 

therefore bxxp=dxxq 

or bxxp'=dxxq' 

hence the resultant (r') of p' and q' acts through the 

point X, and as it equals p' + q', the four pressures p, Q, p',q', 

are equivalent to two equal pressures, R and r' acting in 
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opposite directions along the same line, and therefore are 
in equilibrium* 

Cor, 1* Hence two couples of equal moments and of 
the same sign and acting in the same plane are equivalent 
to one another, since either would be balanced by a couple 
of equal moment and of contrary sign. In other words, 
there will be no change produced in the eflfect of a couple 
by supposing it to act anywhere in its original plane, and 
by supposing its arm to be lengthened or shortened, pro- 
vided the pressures undergo a corresponding change, so 
that its moment remains unaltered in sign and magnitude. 

Cor. 2. Hence, also, if m and N are the moments of 
two couples acting in the same plane, they will be equiva- 
lent to a single couple whose moment is their algebraical 
sum M+N. For let both couples be reduced to equivalent 
couples having arms of the same length a, then if p and 
p' are the pressures of the one, and Q and q' of the other, 
we shall have ap, or ap' equal to m, and ag or aq[ equal 
to N ; now place the couples so that their fig. w. 

arms coincide, then if both moments are ^ ^ 

positive, the couples will lie as shown in 

the figure, i. e. they are equivalent to a 

pair of parallel pressures, p + Q and p' -f q' w p, 
constituting a couple whose moment is \v 
a (p + q) or M + N. If the couples have contrary signs p 
and Q will act in contrary directions. 

55. Remarh — In the previous propositions of the 
present chapter, we have completely discussed the rela- 
tions which subsist between two pressures acting in the 
same plane and their resultant ; we have now to consider 
the case of any system of pressures acting in the same 
plane. It may be remarked that in general every such 
system will have a resultant; thus, if we have three 
pressures, Pj, p,, Pj, we can find the resultant Kj of Pj and 
Pj, and then the resultant b of Kj and P3 ; the pressure r 
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will be the resultant of p„ p,' ^^^ ^s » ^^ same method 
can in general be applied to the determination of the 
resultant of any number of pressures: two particular 
cases, however^ may arise, firsty when the system is in 
equilibrium, secondly, when the system reduces to a 
couple. A little consideration will show that no other 
exception can possibly arise in the case of a system of 
pressures whose directions lie in a common plane. 

Ex, 234. — A, B, c, D are the angular points of a square taken in order. 
Forces of 5 lbs. each act respectively from ▲ to b, from b to c, and from c 
to D. find their resultant. 

Ans, Produce ab to x, so that ax is twice ab, the resultant is a 
force of 5 lbs., acting parallel to and towards the same 
part as the force along bc. 

Ex, 235.— If in the last example a force of 5 lbs. acted from d to a, to 
what would the four forces reduce ? Jns, A couple whose moment is 1 ab. 

Ex. 236. — ^If, in Ex. 234, there are four forces of 10 lbs. apiece acting 
respectively from AtoB,otoB, ctoD, and A to D, to what can the four be 
reduced ? Jns, To equilibrium. 

Ex. 237. — ^Again, suppose that a force of 10 lbs. acts from a to b, II lbs. 
from c to B, 9 lbs. from c to d, and 10 lbs. from a to d, to what will the 
four forces reduce ? 

Jns, A force of V2 lbs. acting through c parallel to and towards 
the same part as a line drawn from d to b. 

Ex, 238. — ^abo an equilateral triangle, three equal forces (p) act respec- 
tively from A to B, from A to c, and from b to c ; what is their resultant ? 
Jns, A force 2p acting parallel to and towards the same as ac 
through the middle point of fic. 
Ex, 239. — A, B, c, D are the angular points of a square taken in order ; a 
particle at a is acted on by a force of 10 lbs. along ab from a to b, by a force 
of 20 lbs. along ao from a to c, and by a force of 25 lbs. along ad from a 
to D. Find the magnitude and direction of the resultant of the forces. 

Jns, 46 lbs. acting in a direction within the right angle a, and 

making an angle of 58^ 20' with ab. 

Ex. 240. — ABC is a triangle right angled at o ; b is an angle of 30^ ; a force 

of 4 lbs. acts along ab from a to b, of 3 lbs. along cb from c to b, of 2 Iba. 

along A frx>m a to c. Determine the magnitude and direction of the resultant. 

Jns, Take d the middle point of bc, make bdb an angle of 31^ 45' 

(b and A on opposite sides of bc) the resultant is a force of 

7*6 lbs. acting from b to B. 
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Ex^ 241. — ^When four forces acting in the same plane on a point are in 
equilibrium, show that a quadrilateral figure can be drawn, the sides of 
which are related to them in the same manner that the sides of the triangle 
in Art. 51 are related to three forces in equilibrium. 

Ex. 242. — ^From the aboTo example show that the resultant of three 
pressures acting in the same plane on a point can be represented by a side 
of a quadrilateral, and state exactly how the quadrilateral must be 
drawn. 

Ex, 243. — Extend the results in Ex. 241 and 242 to any number of pres- 
sures. 

56. The ReavXtant of any Number of Pressures acting 
along the same Straight Line. — Since the resultant of two 
such pressures is their (algebraical) sum, the resultant of 
those two and a third pressure must be the (algebraical) 
sum of the three, and the same will be true of ^any num- 
ber of pressures ; hence, if any number of pressures act 
along the same straight line their resultant will equal 
their algebraical sum. If their algebraical sum is zero, 
the pressures will be in equilibrium. In all the following 
general theorems the term * sum' means * algebraical sum.' 

57. The Resultanl of any Number of Couples acting in 
the sa/me Plane. — Since the moment of the resultant of 
two such couples is the sum of the moments of the two 
couples (Prop. 11, Cor. 2), that of the resultant of those 
two and a third will be the sum of the moments of the three, 
and the same will be true of any number; hence, if any 
number of couples act in the same plane^ the moment of 
their resultant equals the sura of ihdr several moments. 
If the sum of the moments is zero^ the couples will be in 
equilibrium ; for if all the couples axe reduced to equiva- 
lent couples with equal arms, and these arms are super- 
imposed on each other, it will be plain that the moment 
of the resultant couple can only become zero by each 
pressure of the couple becoming zero; i. e. the whole 
reduces to two systems of pressures which are severally 
in equilibrium. 
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58. Eodension of the Principle of Moments to any 
Number of Pressures. — Let Pj, p,, P3, . . . . p„ be any 
system of pressures whose directions lie in the same 
plane ; let R, be the resultant of Pj and Pg, b, of Rj and 
Pj, and so on, and r the resultant of Jt^_^ and p^. Now, 
if the moments are taken with respect to any one point in 
the plane, we shall have 



m*R,=m*Pi-fm*P5 
m}B^ =: m*Ri + m*P3 



m*R = m^B^^^ + m*Pn 
therefore, by addition, 

m*R — m*Pi 4- m^Pj -f rn\ -f . . . + m*Pn 

Hence, if any pressures act in a plane^ the sum of 
their moments^ with respect to any point in that plan^e, 
will equal the moment of their resultant with respect to 
that point A little consideration will show that if the 
pressures reduce to a couple, the moment of the couple 
will equal the sum of the moments of the several pres- 
sures. 

Of course, if the point is taken in the direction of the 
resultant, its moment, and therefore the algebraical sum 
of the moments of the pressures, will equal zero. Now, 
if a body acted on by any pressures be kept at rest round 
a fixed point, the resultant must pass through that point ; 
and therefore in this case the algebraical sum of the 
moments of the pressures round that point will equal 
zero ; a statement which coincides with that already given 
(Art. 39). It is plain that in this case the pressure cannot 
be reduced to a couple ; for if they could be so reduced 
they could not be balanced by the reaction of the fixed 
point. 
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Proposition 12. 

To determine the resultant of any system of parallel 
pressures whose directions lie in the same plane. 

Let Pp Pj, P3, . . . . be the pressures ; take any point o and 
let fall from it the line OA perpendicular to the directions 
of the pressures, and cutting fig. 57. 

them in N^ N^, N3, . . . . let ^' ^ ^ 

0N,=J5p ON2=J92. ON3=2>3 

. . . . : also let k be the re- — 



sultant of the pressures, and * n2 n» 

let its direction cut the line OA in m, and let OM=r ; we 
have to find the magnitudes of r and r. Now the resultant 
of any two parallel pressures equals their sum, therefore 
the resultant of those two and a third pressure will equal 
the sum of the three, and so on for any number of pres- 
sures, therefore their resultant must equal their sum, or 

R=Pi+P3 + P3 + . . . . 
again, the moment of r round must equal the sum of the 
moments of the separate pressures, therefore 

Rr=PiPi+P2a>3 + PaP3 + 

The former equation gives r and the latter r. 

Cor. 1. Let the resultant of Pg, Pj, . . . . be r', and let 
its direction cut oA at a distance from o equal to r^ ; then 
it will be necessary and sufficient for the equilibrium of 
Pj, Pj, P3, . . . . that Pj be equal and opposite to r', i. e. that 
/ equal pp and that Pi 4- r' equal zero ; but 

R' = P3 + P3+ 

and RV=P2P2 + PaP3-h .... 

Therefore it is necessary and sufficient for the equilibrium 
of the system of pressures that 

P1 + PJ + P3+ .... =0 

and P1P1+P2P2+P3P8+ =^- 



96 PRACTICAL MBCHANICS. 

By the words * necessary and sufficient for equilibrium ' 
is meant that on the one hand if the pressures are in equi- 
librium the above equations will be satisfied, and on the 
other hand if the above equations are satisfied the pres- 
sures will be in equilibrium. 

Cor. 2. If the equations when formed lead to the follow- 
ing result, 

p,+P8-fPs + =0 

and PiPi+P^j+PaPsH-- • • .=a finite quantity, 

the system of pressures reduces to a couple. 

Ex. 244. — ^A uniform rod is 3 ft. long and weighs 2 lbs. ; weights of 1 lb., 
3 lbs., 5 lbs., and 6 lbs. are suspended on it in order at distances of 1 ft. 
apart Determine completely the resultant of the forces. 

Am, 17 lbs. acting along 5's line of action. 

Ex. 245. — ^Let a horizontal line be drawn from a point ▲ to the right, 
and let forces of 5 lbs., 12 lbs., and 19 lbs. act verticallj upwards on it, 
and of 10 lbs. and 20 lbs. act vertically downwards on it, the former at 
distances of 2 ft., 5 ft., and 14 ft., and the latter at distances of 8 ft. and 
20 ft from ▲. Determine completely their resiiltant 

Ans. 6 lbs. acting upwards through a point 24 ft. to the left of a. 

Ex. 246. — If in addition to the forces in the last example one of 6 lbs. 
acts at a distance of 10 ft. from a, determine the resultant (1) when the 
force acts vertically upwards ; (2) when it acts vertically downwards. 

Ana. (1)12 lbs. acting vertically upwards 7 ft. to the left of a. 
(2) A couple whose moment is— 204. ' ^ % - "^ ' ^ 

59. The rectanffular components of a pressure. — Let 
CO?, oy be two rectangular axes, and let P be a pressure 
acting on o along the line op ; let 
OA be the line which represents 
the pressure p, and let the angle it 
makes with the axis of x^ viz. x oa, 
equal ; now, if the parallelogram 
OBAC be completed, p will be equi- 
valent to two pressures respectively represented by OB 
and CO, and since these pressures are at right angles to 
one another, they are called the rectangular components of 
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p with respect to the axes ox and oy; again, since og= 
OA sin and ob=oa cos 0^ it is plain that the rectangular 
components of p are p cos along the axis ox and p sin 
along the axis oy. If we always measure in the same 
direction, viz. upwards from 
ox, it wiU be remarked that 
p cos ^ and p sin give 
not only the magnitudes 
of the components but also 
the directions in which they 
act: — ^thus if we suppose 
p to act towards o, the line which represents the pres- 
sure is OA, so that is not ajop, but ajoA, indicated by 
the dotted arc; and then, since lies between 180** and 
270% both p sin 5 and p cos will be negative, as they 
ought to be. 

Proposition 13. 
To determine the resultant of any system of pressures 
acting in one plane on a point : and to infer the condi-- 
lions of equilibrium of such a system of pressures. 

(a) Let Pp Pj, P3, . . . . be the pressures acting on any 
given point 0, through draw two rectangular axes x and y, 
and let tf„ tf^, 5,, ... be the angles that the lines represent- 
ing the pressures make with the axis of x. Then these 
pressures can be replaced by their rectangular components 
along the axes of x and 3/, i. e. by 

?! cos ^p Pj cos ^2, P3 cos ^3, . . . along the axis of a?, and by 
Pi sin ^1, Pj sin 5,, P3 sin ^3, . . . along the axis of y. 

Now, the former set is equivalent to a single pressure x 
acting along the axis of aj, and the latter to a single pres- 
sure T acting along the axis of ^, provided 

x=Pi cos ^i + P2 cos ^j+Ps cos ^j-f- • • • 
Y=Pi sin ^i + Pj sin ^a + Pa sin ^, + . . . . 
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Now, if R be the resultant of x and T, and ^ the angle 
which the line representing it makes with oXy we must have 

R cos ^=x (1) 

Rsin^ssT (2) 

which equations determine r and ^. It will be remarked 
the detennination is free from ambiguity, since the signs 
of X and t will give the signs of cos <f> and sin <^, and 
therefore determine the quadrant in which the line repre- 
senting R £sJls. Of coarse the magnitude of b is given by 
the equation 

R^ = X« + I* (3) 

(6) To obtain the conditions of equilibrium of Pp Pg, P3 . . . 
It must be remembered that it is necessary and sufficient 
for the equilibrium of these pressures that p, be equal and 
opposite to the resultant of p^, Pj, . . . . (Ax. 4), so that the 
rectangular components of this resultant must be— Pi sin 0^ 
And— Pj cos ^1, therefore the required conditions are 

— Pi sin ^i=P2 sin 0^ + v^ sin ^3 + . . . . 
and — Pj cos ^i=P2 cos 0^+t^ cos ff^ + . . . . 
or Pj sin ^i + Pg sin ^a+^s si^ ^3 + * • • • = ^ 

and Pj cos^i+p, ^^s tfj + PgCos ^3 + . . . .=0 

That is to say — * It is necessary and sufficient for the 
equilibrium of any system of pressures acting in one plane 
on a point, that the sums of their components along each 
of two rectangular axes be separately zero.* 

^o- 60. Ex. 247.— Let Pi, Pa, Pa be three presgures 

of 50, 30, and 100 lbs. respectirely, acting op 
the point o, as shown in the figure ; let the 
angle xop^ equal 30°, and xop, equal 60^; 
it is required to determine their resultant 
by the method of Prop. 13. 

In this case, B^ - 0, «» = 30°, and 0^ - 240^ 
therefore 
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B co»^=»50 cos 00 + 30 cos 30° + 100 cos 240® 
and B sin <^«60 sin 0<> + 30 sin 30<> + 100 sin 240° 

or BOOS ^«50 + 26-98-50 « 25-98 P»«l- 

and Bsin<^= 15 -86-60« -71*60 

hence b« 76-17 lbs. and <^=»289® 57', i. e. b acts as 
indicated in the diagram : this residt may be veri- 
fied by constrnction. 

Ex. 248. — ^Let Pi, Pa, P3 be three pressures each 
of 100 lbs., let the angle aroPg be 135°, find their 
resultant by the above method. 

.4?w. B«41-4 lbs. i^«315^ 

60. Transfer of a Pressure in a Parallel Direction. 

Let AB and cd be two parallel lines, and je> the length 
of the perpendicular on drawn from o pj^ ^ 

in AB to CD; then if a pressure P acts ^ v 
from A to B along ab, it will be equi- 
valent to an equal parallel pressure act- — 
ing along cb towards the same part, and 
a couple whose moment is pp, the sign of the couple being 
positive if ON is to the left of the direction of the pressure 
(as in the diagram), and negative if to the right. For if 
two opposite pressures p,' p," each equal to p, act along 
CD, they will be in equilibrium, and the three will be 
equal to p ; but p and p'' constitute a couple with a posi- 
tive moment Pj9, hence p is equivalent to p' and that couple. 

Hence also we can determine the resultant of a pressure 
P, acting along a line ab, and a couple fio. es. 

whose moment is m ; for let h equal pp, a ^ o »> » 
from in ab draw a perpendicular on 

equal to jp, and to the right of p's di- ^ 

rection, if the moment of the couple is 
positive ; make the arm of the couple coincide with on, then 
the couple will consist of the pressures p'and p'', each equal 
top, acting as shown in the figure, hence the pressure and 
the couple are equivalent to the three pressures p, p', and 
P," but P and p'' are in equilibrium, therefore the pressure 
P and the couple are equivalent to p'. 

h2 
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£r. 249. — If ▲, B, c, D are the comers of a sqoare taken in order, and if 
pressoree act along three of the sides, viz. p from a to b, p from a to d, and 
p from o to D, show that the three are equivalent to a single pressure p 
acting from b to c. 

Proposition 14. 

To determine the resultant of any system of pressures 
ousting in a plane. 

Take oar, oy, any two rectangular axes, and let Pp Pj, 
Py . . . • be the pressures, acting along given lines ; from o 
let fall perpendiculars pj, p^, jt>, • . , on these lines ; then 
Pi is equivalent to an equal parallel pressure acting towards 
the same part through o, and a couple whose moment is 
PjPj, the like is true of p,, p,, . . . . ; let 0^, 0^, 5^, ... be 
the angles made with the axis of x by the lines representing 
the transferred pressures. 

Now, let R be the resultant of the transferred pressures, 
and let <f> be the angle which the line representing it makes 
with the axis of x. Therefore, 

R cos ^=Pi cos ^i + Pg cos ^a + Pj cos ^3 + . ... (1) 
R sin ^=Pi sin ^i+P, sin ^a+Pg sin tfj-f. • • • (2) 

also let B?' be the moment of the resultant of the couples, 
therefore, 

Rr=Pi39i+P2Pa + P8l!>3 + . ... (3) 

The equations (1) and (2) completely determine r. Hence 
the given system of pressures is reduced to a known pres- 
sure and a couple of known moment ; by compounding 
these we obtain the required resultant. 

Cor. When equations (1) (2) and (3) are formed, if we 
obtain 

Pj cos ^i + Pa cos ^a + ^8 ^^s ^3 + . . . . = 
p, sin ^i + Pj sin ^3 + ^3 ^^^ ^3 + - • • -^^ 

^iPi + ^aPa + ^3^3 + ....= a finite quantity 
the system manifestly reduces to a couple. 
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Ex. 250. — LBC is a triangle right angled at a, its sides ab and ac are 
each 10 ft. long. The pressures Pj, Pj, P3, each of 100 
lbs., act as shown in the figure : find their resultant by 
the method of Prop. 14. 

The pressure P3 is equivalent to an equal parallel 
pressure whose direction passes through ▲, and a couple 
whose moment is 500 <\/2. Hence the three given pressures 
are equivalent to the three pressures of £z. 248, and to 
the above couple. Now the latter three pressures are equivalent to » 
acting through a parallel to cb, where b equals 100 
(-1/2 — 1), and the couple is equivalent to the two 
pressures b' and b'' each equal to b acting as shown 
in the figure where the line an is drawn at right 
angles to ab, and equals 500v^2-^100 ( a/2 — 1) or 5 
(2— >v/2) ft. in length. The required resultant is 
therefore the pressure b". 

Ex. 251.— In the last case if P3 equals 200 lbs., 
show, by the method of Prop. 14, that the resultant 
equals 100 (2- a/2) lbs. and acts parallel to b' (fig. 
65) along a line which cuts na produced at a distance of 10 (a/2 + 1) ft. 
from A. 

Ex. 252. — If ABC is a triangle, each of whose sides is 10 ft. long, and if 
a pressure p acts from a to B, an equal pressure from b to c, and another equal 
pressure from c to a, show that the three are equivalent to a couple whose 
moment is 6p a/3. 

Ex. 253. — If ABCD is a square, and if a pressure equal to 2p acts from a 
to B, an equal pressure from b to c, 3p from c to d, and an equal pressure 
from D to A, show by the method of Prop. 14 that the resultant equals p a/2, 
and acts in a direction parallel to the diagonal ca, along a line which 
cuts the diagonal bd produced in a point whose distance from d equals 
2bd. 

Ex. 254. — ^Let abc be an equilateral triangle, draw ad at right angles to 
BC, in BC produced take de equal to da, let equal pressures (p) act from a 
to B, from B to c, from c to a, and from d to a respectively ; show that their 
resultant equals p, and acts through b in a direction parallel to da. 

Ex. 255. — In the last case determine the resultant if the fourth pressure 
had acted from a to d. 

Ex. 256. — ^If three parallel pressures are in equilibrium, they consist of 
two couples of equal and opposite moments. 

Ex. 257. — ^If ABC is any triangle, and if a pressure p acts from a to b, q 
from b to c, and b from c to a ; and if p : q : b : : ab : bc : ca, show that 
the resultant of the three pressures is a couple whose moment is represented 
by twice the area of the triangle. 
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Propoiitum 16. 

To determine the conditions of equilibriv/m of a system 
of pressures acting in the same plane. 

Adopting the notation of Prop. 14, let R be the resul- 
tant of Pj, P,, Now, the necessary and sufficient 

condition of equilibrium is that P^ shall be equal and op- 
posite to R. But if we transfer Pj to the point o, and then 
resolve it along ox and oy^ we obtain a pressure P| cos 0^ 
acting along ox, 2k pressure P| sin 0^ ading along oj^, and a 
couple whose moment is Pj^^ : and in like manner by 
transferring r we shall obtain r cos ^ along ox^ r sin ^ 
along 0^, and a couple whose moment is Rr. But in order 
that P| and r may be equal and act in opposite directions . 
along the same line, we must have Pj cos 0^ equal and op- 
posite to R cos <l>, Pj sin ^1 to R sin ^, and v^p^ to Rr, i. e. 
it is necessary and sufficient for the equilibrium of the 
system that 

Pj cos ^i-hR cos ^=0 
Pj sin ^i-f-R sin ^=0 

But by Prop. 14 

R cos ^ = P2 cos ^2 + ^3 ^^ ^3 + * • • • 

R sin ^=P2 sin 0^ + ^^ sin ^3 + - • • • 

Rr =P2Pa +^33^3 + 

Hence the required conditions are 

Pj cos ^i-l-Pj cos ^2 + ^3 ^^s ^8 + - • • '^^ (1) 

Pj sin tfj -I-P2 sin ^2 + ^3 ^in 0b + * • • ' = (2) 

^iPi +i^2l>i +^sP* +..-.«0 (3) 

These three conditions are sometimes stated thus : * It is 

necessary and sufficient for the equilibrium of any system 

of pressures acting in a plane that the sum of their hori- 
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zontal components equal zero, the sum of their vertical 
components equal zero^ and the sum of their moments 
with respect to any one point equal zero.' 

61. Remark. — The determination of the resultant of 
any system of pressures acting in a plane can also be 
effected by the following process : Eesolve each pressure 
into components parallel to each of two rectangular axes, 
then the original system is replaced by two systems of 
parallel pressures, viz. One parallel to oaj, and the other 
parallel to oy. Find (by Prop. 12) the resultants k' and 
r'^ of these ^tems respectively, and then the resultant of 

"It^ajid r'' is the required resultant. The student will find 
it a us^ exercise to work Ex. 239, 240, *50, 251, 253, 
and 254 by this method ; he may also prove that when the 
pressures are in equilibrium the components parallel to ox 
generally constitute a couple, and likewise those parallel to 
Oy, and these couples have equal moments of opposite 
signs. 

62. The Cmire of Parallel Pressures. — If we conceive 
any system of Parallel Pressures, and suppose that each 
pressure acts at a particular point, then if we suppose the 
directions of the pressures to be turned round the points 
through any equal angles so that they still continue 
parallel, it will be found that there is a certain fixed point 
through which their resultant will always pass, whatever be 
the common magnitude of the angles ; the fixed point in 
the direction of the resultant is called the centre of that 
system of parallel pressures. If the parallel pressures 
are the weights of the parts of a heavy body, or of the 
members of a system of heavy bodies, the centre of those 
parallel pressures is the centre of gravity of the body or 
system of bodies. 

If the parallel pressures act through points which lie in 
a straight line, their centre can be found thus : Let Pp p^. 
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p, . . • • be the pressures acting at Nj, n^ n, . • • • • in the 
line oa?^and let their directions make an angle with that 
line ; also let 0Ni=a5i, 0N,=a5,, ON,=a?,, . . . . ; from o let 
fall a perpendicular op cutting the directions of the pres- 
sures in M„ M^ M3 . . . and let 0Mi=jt>i, om,=2>3,om3=2)5, 

. and let its direction 
cut ox in N and op in m, also let om 
=p,andoN="i! Then (Prop. 12) pK 
orp(Pi + P,+P3 + ...)=^l>i + P,p,+ 

P3P3+ But p=a; sin ^,p,= 

0?, sin tf, p, =a:j sin tf, . • . , Therefore 
by substitution we obtain, after di- 



, . Let B be the resultant of p,, p^ p,, , 



Fio. 66. 




viding out sin 6 

^(Pi + P2 + P3+. 



.)=Pia;,+Pj^a + P3«^3+ 



0) 



Now this value of x is altogether independent of ^, and 
therefore will be the same whatever value may have ; 
hence the direction of the residtant will always pass 
through N, when the directions are turned through any 
equal angles round Nj, Nj, N3 • . . . and continue parallel. 
The above equation therefore both proves the existence of 
a centre of parallel pressures, and serves to determine it, 



in the case considered. If p,, 



are the weights of 



a number of heavy points arranged along a line, the above 
equation (1) serves to determine their centre of gravity. 



Proposition 16. 

To determine the centre of any system of paraMel 
pressures acting in one plane. 

(1) Consider the case of two parallel pressures, p^ p,; 
let them act at the points Qj, q^, the co-ordinates of 
which are 0Ni=a;j, NiQi=3/„ 0Ng=aj2, NjQjS^j. Divide 
Qi Q, in K, so that 

Q.K : KQ-::?, : p, 
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the resultant 



, of P, and Pj will 



then 

B 

equal Pi +P2» aiid its 
direction will pass 
through k; let the 
co-ordinates of K be 
OM=aJi and KM=:y^ ; 
through Qj and k 
draw lines parallel 
to oa?, then by Eucl. 
(2 — ^VI.) we have 
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QiK : KQj :: Qj m : m n :: x^—x^ : x^—x^ 



therefore 
therefore 

or «'l(Pl+P2) = Pl ^1+^2^2 

Again, since QjK : KQ^iiKm : Qjfc, we shall obtain, by 
reasoning in a precisely similar manner, that 

7i(Pi + P2)=Pi2/i+P2y2 

The position of k will not be affected if the directions 
of p, and Pg be turned round Qj and q^ through equal 
angles so as to remain parallel; consequently k is the 
centre of Pj and Pj and its position is determined by x^ 
and yy 

(2) Suppose there are three pressures, p„ Pg, Pg. First, 
find Rj the resultant of p^ and Pg, acting at the point a?, j/p 
this, from the preceding paragraph, we do by the equa- 
tions 

_ Ri = Pi + P2 (1) 

^(Pi + ^2)=Pi^i+P2^2 (2). 

and 2/i(p, + P2)=p,2/i + ^22/2 (3) 
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Secondly^ find r the resultant of R| and p„ acting at the 
point X y, for which we have the equations 

B = BijfP3=Pi+Pj + Pa 

_ a:(Ri+P,)=:Ria:i + P3«, 
or »(Pi + p, + P3) = (Pj + v^)x, + p^, (4) 

and ^ y(»i + Ps)=Bi2/i+P^s 

or y(P,+P2 + ^3)=(i*i + P2)ai + P82/t (5) 

Hence, adding together (2) and (4), and also (3) and 
(5), we obtain 

^(p, + P,-fP3)=Pia;i + P2aJ2 + Paa;s (6) 

y(Pi + p, + p,)=Pjyi + P2y2+P3y3 (7) 

The same proof can evidently be extended to four, five, 
or any number of pressures. Q. E, D. 

Cor. 1 . — ^If the points of application of the pressures had 
been situated in space of three dimensions, and referred to 
three co-ordinate planes, a precisely similar proof would 
have given us 

^(Pi + P2 + Ps + . . .)=Pi^i + P2^2H ^3^8 + - • • 

y(P,+P2+P3 + . . .) = Pit/i+P,y, + P32/3+. . . 
0(Pl + Pj + P8+. . •) = Pl^l+V8 + V8+- • • 

It will be remarked that precisely the same values of Xy 
3/, Zy would be obtained in whatever order the pressures 
had been taken, consequently a system of parallel pressures 
has only one centre. It of course follows from this that 
a body or system of bodies cannot have more than one 
centre of gravity. 

Car, 2. — If the case should arise in which 

Pi + P2 + Pa + =0 

but T^X^+T^^ + T^X^-i-. . . = A 

and ^iVi-^^^i^^^^-^' . .=B 

where one at least of a and b has some determinate finite 
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value, the system reduces to a couple ; and in this case 
there is no centre of parallel pressures in finite space. If 
the pressures are the weights of parts of a body they act 
towards the same part, and therefore their sum can never 
be zero, so that every body and system of bodies must 
have one, and only one centre of gravity, which can be 
determined by the above equations. 
N.B. — For examples on this Proposition see Art. 69. 
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CHAPTER V. 

OF THB CENTBE OF GRAVITY. 

63. Definition of the Centre of Gravity. — It has been 
already remarked that the weight of a body is an instance 
of a distributed pressure^ and that it can be treated as a 
single pressure by supposing it to be collected at a certain 
point, called its centre of gravity. The formal definition 
of the centre of gravity is as follows : The centre of gravity 
of a body or system of bodies is that 'point at which 
we may suppose the weight of the whole to OA^i without 
changing its statical effect. That, as a matter of fact, 
every body has a centre of gravity, is shown in the corol- 
lary to Proposition 16. In determining the centre of 
gravity of any figure, it is assumed that a heavy line is 
made up of heavy points, a heavy plane of heavy parallel 
lines, and a solid of heavy parallel planes. It is also assimied 
that every figure is of uniform density, unless the contrary 
is specified. 

Ex, 268. — Determine the centre of gravity of a Tiniform straight line ab. 

The line ab may be conceived to be made up of a number of eqnaUy 
heavy points distributed unifonnly along it (like beads on a wire) ; now if 
we take the two extreme points, the resultant of their weights wiU pass 
through the middle point of ab, and in like manner that of each successive 
pair ; consequently the weight of the whole will act through the middle 
point of AB, which is therefore the centre of gravity of the whole, or of the 
heavy line a b. 

64. Method of deterrifvming the Centre of Gravity of 
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a Plane Area. — Let abcd be the plane area; we may 
conceive it to be made up of a set of ^®- ^• 

parallel heavy lines, such as bd, ef . . . 
drawn in any direction. If we can find 
a set of parallel lines all bisected by 
a single line AC, the centre of gravity 
of each line must be in AC, and there- 
fore that of the whole figure must be in 
AC. If, moreover, we can determine a 
second line bisecting another set of 
parallel lines, we know that the centre 
of gravity must also be in this second line, and must there- 
fore be at its point of intersection with AC. This method 
enables us to determine the centre of gra- 
vity of many simple figures : it also sug- 
gests a practical means of determining the 
centre of gravity of any plane area whatever. 
Suppose the figure to be cut out carefully 
to the required shape in cardboard or tin ; 
suppose it to be suspended by a fine thread 
firom any point b ; now the pressures in 
equilibrium are the tension of the stringand 
the weight of the body; they must therefore 
act along the same line, so that the required 
centre of gravity must be in the prolongation 
BC of ab; this prolongation can easily be 
marked by suspending a plumb-line from A. 
Again, suspend the body by a fine thread de 
fastened to any other point £^ and draw the 
prolongation of this line, viz. ef ; the centre 
of gravity must be in bf, and therefore at a, the point of 
intersection of ef and 3C. 





Ex, 259. — Show that the centre of gravity of the area of a circle is at its 
centre. 
Since any diameter bisects aU lines in the circle drawn perpendicularly to 
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it, the eentie of giaTitj mutt be in amy diameter, and therefore at the 
centre of the circle. 

Ex. 260. — Show that the centre of gravity of an ellipse mnst be at its 
centre. 

Ex. 261. — Deteimine the centre of gravity of a triangle. 

Yjq^ 70. Let ABC be any triangle, bisect bc in n and join a d ; 

A draw any line kl parallel to bo catting ad in h ; then 
by similar triangles we have 
kX/\l kh:ha::bd:da 

HA : hl::da: DC 
^Jy^'/\ .'. («K »qnali) xh : hi. : : bd : dc 

But BD is equal to dc, therefore kh is equal to hl, or 

_^_^_^ KL is bisected by ad; and the same being true of any 

^ y> ^ line drawn parallel to bc, the centre of gravity of the 

triangle must be in ad. Again, if ac be bisected in b and be be drawn, the 
centre of gravity will be in bb, and therefore must be at o^ the point of in- 
tersection of ad and bb. 

It can be easily proved that on — |ad. For join bd, then because ae^^ec, 
and BD=:DC we have 

AB : bc: :bd : DC, 

and therefore EDis parallel to ab; hence the triangle dbo is similar to 

ABO and BDC to abc ; 

therefore do : db : : oa : ab 

and DE : Dc:: ab : BC 

therefore (ex SBquali) do : dc : : oa : bc 

But dc=Jbc.*.do«sJoa«»Jda. 

Ex. 262. — Show that the centre of gravity of a parallelogram is at the 
intersection of the diagonals. 

65. Q&atre of Gravity of Solids. — ^The above method 
can easily be extended to the case of solids ; we may sup- 
pose them to be made up of heavy parallel planes : if we 
can show that the centres of gravity of these all lie along 
a line, we know that the centre of gravity of the solid 
must be in that line, and if two such lines can be found, 
the centre of gravity of the solid must be at their point of 
intersection. 

Ex. 263.— Show that the centre of gravity of a sphere is at its centre. 

Ex. 264. — Show that the centre of gravity of a cylinder is at the middle 
point of its axis. 

[It may be regarded as evident that the same rule will hold good of any 
prism.] 
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Ex. 265. — Show that the centre of gravity of a parallelopiped is at the 
IKHnt of intersection of its diagonals. 

66. CeTitre of Gravity of a Figure consisting of Two or 
more Simple Figures. — Let Wj and w^ ^^ ^^ 

be the weights of the simple figures and 
Gp Gj their centres of gravity, join Gj 
Gy divide it in g in such a manner that 

GjG : gGjT: Wj : Wj 
Then is G the required centre of 
gravity. 

If there were a third body weighing W3 whose centre 
of gravity is G3, we can find the common centre of gravity 
of the three by joining GG3 and dividing it into parts 
inversely proportional toWj + Wg and W3;.and of course 
we could continue the same construction to a fourth or a 
fifth weight, &c. 

Ex. 266. — Two spheres whose radii are respectively 4 and 6 in. touch one 
another ; determine the distance of the centre of gravity from the centre of 
the smaller sphere when the former is of copper and the latter of cast iron. 

Jns. 5*54 in. 

Ex. 267. — A cast-iron sphere whose radius is 4 in. is fastened to a copper 
cylinder 3 ft. long, whose section is 1 in. in diameter ; the prolongation of 
the axis of the cylinder passes through the centre of the sphere. Find the 
distance between the centre of the sphere and the centre of gravity of the 
whole. Ans. 2'507 in. 

Ex. 268. — ^Determine by construction the centre of gravity of the bodies 
shown in fig. c, where ab is a beam 20 ft. long, and its section 1 ft. square ; 
c and D the centres of two cylinders 1 ft. thick, the radii of whose bases 
are respectively 6 ft. and 4 ft. ; they are of the same material as the beam, 
and rest with their centres of gravity vertically over the axis of the beam, at 
distances of 6 in. from ▲ and b respectively. 

Construct the figure to scale ; this is done in fig. «, to the scale of 1 in. 
for 6 ft. — -join cd, then the weights of the cylinders being in the proportion 
of 9 to 4, divide cd into parts dGj and OjC respectively proportional to 9 
and 4 ; this will give the centre of gravity of the two cylinders. The con- 
struction may be made as follows, by Eucl. bk. VI. — Take dh any line 
containing 13 equal parts (in the figure each part is Jth of an inch) and 
measure off dk containing. 9 of them, join hc and draw kGi parallel to hc ; 
then CGi : OiB : :hk : kd i.e. : : 4 : 9. Find B the centre of gravity of the 
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beam, join xo^ ; now the united weight of the cylinders is to the weight of 
the beiun very nearly in the ratio 163 : 20, hence, divide bOi in g so that 
so : ooi : : 163 : 20, and the point o is the centre of gravity required. 

Ex. 269. — At points 120° apart on the edge of a round table weights of 
84 lbs. and 112 lbs. are respectively hung. Find where a weight of 224 lbs. 
should be placed so as to bring the centre of gravity of the tluree weights to 
the middle of the table. 

Ex. 270. — A disc of cast iron 12 in. in radius and 2 in. thick rests on a 
disc of lead 24 in. in radius and 3 in. thick ; the circumference of the upper 
disc passes through the centre of the lower ; determine by construction the 
centre of gravity of the whole. 

Ex. 271. — If any quadrilateral be drawn on paper, show that its centre of 
gravity can be found by construction without the use of a scale. 

67. The Centre of Oravity of Points lying in a Straight 

Line, — The method above explained of finding the centre 

Fig. 72. of gravity of a collection of two or more 

oi G Q^ bodies can be applied to all cases ; how- 

j I r ever, if there are only two bodies, or if 

i ♦ \ the centres of gravity of three or more 

bodies lie in a line, it is commonly more 

convenient to determine its distance from some fixed point 

in that line. Let Oj, G^ be the centres of gravity of the 

two bodies whose weights are Wj and w, respectively; 

then the distance go of the centre of gravity of w, and 

Wj from is determined by the equation 

OG (Wi +W2) = 0Gi X Wi + OGj X W, 

The method of treating three or more weights is exactly 
the same. It is also plain that if we know OG and og^ 
the same equation will give us oGj. . 

Ex. 272. — How far from the one end of the handle is the centre of gravity 
of the^ammer described in Ex. 9 situated, if we suppose the other end to fit 
square with the face of the hammer ? 

Pig. 78. [If the amiezed figure represent the ham- 

r-i mer, we have 0A=42 in. ab,= 2 in., so that if 

" ' Gi G B U ^ ®i ^® ^® centre of gravity of the handle and 

^ c^ that of the head, we have 0Gi = 21 in. og, 
= 41 in. Also the weight of the handle is 4*4:6 lbs. and of lie head 8*87 
lbs. Hence og x 12'83 - 21 x 4-46 + 41 x 8-37 

/. 0G«34-3 inches] 
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Ex. 273. — How far from the end of the handle is the position of the 
eentre of gravity of the hammer described in Ex. 12 ? Ana. 72^ in. 

Ex. 274. — ^Let ab be the diameter of a circular disc of cast iron 12 in. in 
radius ; out of the disc is cut a circular hole (whose fig. 74. 

centre is in ab) 4 in. in radius ; the shortest distance 
between the circumferences is one inch ; find the dis- 
tance of G, the centre of gravity of the remainder, 
from A. Ans. 11| in. 

Ex. 275. — If in the last Example the hole were filled 
up with lead, determine the distance of the centre of gravity of the body 
firom A. Ans. 12*42 in. 

Ex. 276. — The gnomon abc is cut out of a parallelogram ac; determine 
the distance of its centre of gravity from b ; having Fig. 76. 

given that de and db are respectively 20 and 16 ft. 
in length. Ans. 6786 ft. 

Ex. 277. — ^If AB is the axis of a cross made up of 
six squares each being 3 in. on the side ; find the 
distance of the centre of gravity from a. 

Ans. 6J in. 

Ex. 278. — A rod capable of turning round a fixed point is kept in equili- 
brium by two weights suspended by strings of given length from the 
respective ends. Show that the centre of gravity of the weights is fixed 
whatever angle the rod makes with the horizon. 

Ex. 279. — ^Weights of 7, 7, and 6 lbs. respectively are placed at the 
angular points of a triangle ; find their centre of gravity relatively to that 
of the triangle. 

Ex. 280. — Out of an isosceles triangle cut a square having two angles on 
the base and one on each of the equal sides. Find the centre of gravity of 
the remainder. 

Ex. 281. — A piece of wire of uniform thickness is bent so as to form 
thr^ sides of a triangle ; show that the centre of gravity is the centre of 
the circle inscribed in the triangle formed by joining the middle points of 
the original triangle. 

68. Remark. — The following examples of the determi- 
nation of centres of gravity are similar to those contained 
in the former article, but involve somewhat greater geo- 
. metrical difficulties ; in many cases it will be well if the 
reader bear in mind, that when bodies are of the same 
substance their weights are proportional to their volumes, 
so that it frequently happens we may reason upon their 
volumes instead of their weights. 
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Ex, 282. — To find the wntte of giaTity of a triangnlar pyiamid. 
Let ABCD be the pyramid; bisect bd in h, join ah and hc ; take fh^Jah 
and hs«}hc ; draw fo and ab, then these lines being in the same pliuie, 
vis. ACH, will intersect, let them do so in o; this point will be the required 

centre of gravity, and bo will equal 
Jth part of AB. For draw any plane 
bed parallel to bcd catting the plane 
ACH in he, the line ab in e, and ah in 
k ; then k is the middle point of bd; 
and it is evident by similar triangles 
that 

he : a^::hb : ah 
and A^ : ^c : : AH : HC 
/. (ex seq.) A« : ^c : : hb : hc 
but hb=:|hc /.A«:=)Ac, and e is the 
centre of gravity of the triangle bed; 
and the same being trae of every 
other parallel section, the centre of gravity of the pyramid must be in ab; 
in the same manner it can be proved that the centre of gravity of the 
pyramid must be in cf; therefore it must be at o the point of intersec- 
tion of AB and CF. Next, to show that bo^Jab. Join fb; then since 
hes^bc and hf->|-fa, we have he : bc :: hf : fa, and therefore fb is 
paraUel to ac ; hence the triangles obf and o ac are similar, and we have 

OB : oa::bf : ac::bh : CH 

but BHs|cH .*. OB=|aA= Jab. Hence the centre of gravity of a triangular 
pyramid is found by the rule : Draw the line joining the centre of gravity 
of the base and the vertex of the pyramid, divide it into four equal parts ; 
the first point of section above the base is the centre of gravity. 

Ex. 283. — If the middle points of any two edges of a triangular pyramid 
which do not intersect are joined by a straight line, the middle point of 
that line is the centre of gravity of the pyramid. 

Ex, 284. — Show that the centre of gravity of any pyramid or cone is 
found by the same rule as the centre of gravity of a triangular pyramid. 

Ex, 285. — If out of any cone a similar cone is cut, so that their axes are 
in the same line and their bases in the same plane ; show that the height of 

the centre of gravity of the remainder above the base equals J . ^ '^^^ 

where h is the height of the original cone, and h' the height of that which is 
cut away. 

Ex, 286. — If out of any right cylinder is cut a cone of the same base and 
height ; show that the centre of gravity of the remainder is f of the height 
above the base. 
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Ex. 287.— Find the centre of gravity of a trapezoid in terms of the 
lengths of the two parallel sides, and of the line joining their middle 
points. 

Let ABCD be the trapezoid, of which ab and cd are the parallel sides ; 
produce ad and bc to meet in e; 
bisect AB in r, join bp cutting dc in ^ ^®' ^^« 

H, which is its middle point. Take 
fGis^Ife, hOs^Jhe; then Oi is the 
centre of gravity of the whole trian- 
gle ABE and Ga of the part cde; 
therefore o, the centre of gravity of 
the remainder, will lie in fb. Now, 
we have given AB=a, dc= J, and b' 
FH«*A, and are to find FO=:dr. 

Since the weights are in the same proportion as the areas of the triangles 
ABB and ODE, we have 

FGj XABE = FOX ABCD + FGsXCBB 

l^ow, fOi»Jfe and FOaaA-f-|HE=:A + | (fb— A)=-^ +|fb 

3 

/, X X ABCD»|fE X ABB — (— +|fb) X CDB 

3 
But by similar triangles (Eucl. 19 — ^VI.) 

ABE : cde:: a* : ft* 
/. ABCD : CDE : : a*— ft* : ft? - ^ 

.'. X (a*-ft«) =|fb X a« - (^ f^FB) by 

»jFBx(a«-^^j^ft« ^ /- 
Again, by similar triangles / ^'V /-^ 

FB : hb::ab : de::« : V ^ y,> ^j 



FB : FE— HB : : a : a -^ %, 7 > ' ^ t ^^^ 

X {a^^b^)^lka (a + ft)-|Aft« ^x ^/^-» j ^ O 



-^ ■•'-/•//^.'^- ' 



xi(a« + aft-2ft») ^f 

A(a + 2ft)(a-ft) ^ ..' 



^h a+2ft 
"3*a+ft 



Ex. 288. — Show that the centre of gravity of the firustum of a pyramid 
is situated in the line joining the centres of gravity of the ends and at a 

distance from the lower end, given by the formula x»-- . ^ t^^. "*", — 

4 a^ + ttft + ft^i 

X 2 
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where a and h are any pair of homologous sides of the ends, and A is the 
length of the line joining the centres of gravity of the ends. 

PiQ, 79, Ex. 289. — If a segment of a sphere is described bj the 

revolntion of abc round bo ; show that the centre of gravity 
of the 8ur£eu^ of the segment is in the middle point of bc. 

[It can be easily proved that if bo is divided into any 
number of equal parts, and planes are drawn perpendicularly 
through the points of section, they will divide the surface of 
the segment into equal zones — the weight of each can be 
collected in bc ; and as these weights will be uniformly dis- 
tributed along BC, the required centre of gravity will be in its middle 
point] 

Ex, 290. — Show that the centre of gravity of the spherical sector formed 
by the revolution of the sector abo (fig. 78) round so is at a distance 
from o=JoB— |-BC or f(oB + oc). 

[It must be remembered that the spherical sector may be conceived to be 
made up of an indefinitely great number of pyramids whose bases form the 
spherical surface, and having a common vertex o ; the weights of each of 
these can be collected at its centre of gravity, distanced |ob from o, and 
the question is reduced to a case of the last Ex.] 

Ex. 291. — ^Determine the position of the centre of gravity of the volume 
of the spherical segment formed by the revolution of abc round bo. And 
when ABC is a quadrant, show that the centre of gravity of the hemisphere 
generated by its revolution is at a distance of fths of the radius from, the 
centre of the sphere. 

69. Applications of the Formulce of Prop. 16. — ^When 
a body consiste of parts, and we know the weights of the 
several parts, and the co-ordinates of their centres of 
gravity ; the co-ordinates of the centre of gravity of the 
body will be found by means of the formulae of Prop. 16. 

Ex. 292. — A,B,c,D are the angular points taken in order of a square (one 
of whose sides is a) and e the intersection of its diagonals ; weights of 3, 
8, 7, 6, and 10 lbs. are placed at these points respectively. Find their 
centre of gravity. 

Ans. If AB and ad are the axes of x and y, 34 x=20 a, 34 y == 18 a. 

Ex, 293. — Weights of 1, 2, 3, 4, 5, and 6 lbs. ar$ placed respectively at the 
angular points of a regular hexagon (one of Whose sides is a) taken in 
order. Find their centre of gravity. 

Ans. If the lines joining the points at which 1 and 2 and 1 and 5 
are placed be the axis of x and y, 14 57=5 a, 14y=9a -v/3. 

Ex. 294. — ABC is an isosceles triangle right angled at c; paralld pres- 
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gnres of 4, 6, and 8 lbs. act at a, b, and c respectively. Find their centre 
when the two former act towards the same part and the latter towards the 
contrary part. Likewise when the third pressure is 10 lb8._ __ 

Ans, (1) If CA and cb are the axis x and y, x—2 a, y—3 a. 
(2) Centre at an infinite distance, forces reducing to a 
couple. 
Ex. 295.— A, B, c, D are the angular points taken in order of a square, one 
of whose sides is a ; parallel forces of 5, 9, 7, ftnd 3 lbs. act at the angular 
points respectively. Find their centre — (1) supposing 5 and 9 to act 
towards the same part, and 7 and 3 towards the contrary part ; (2) sup- 
posing 5 and 7 to act towards the same part, and 9 and 3 to act towards 
the contrary part. 

Jns. (1) If AB and ad are the axes of x and y then 2 x^a, 
2 y= -6 a. (2) Centre at an infinite distance, forces re- 
ducing to a couple. 
Ex. 296. — ^Forces of 6 lbs. apiece act in parallel directions and towards 
the same part through the angular points of a square, and a force of 20 lbs. 
acts through the intersection of the diagonals in a parallel direction towards 
the contrary part. Find the centre. 

Ana. Centre indeterminate, forces being in equilibrium. 

Ex, 297. — Find the co-ordinates of the centre of gravity of the trapezoid 
ABCD, having given ob = 7 ft. oc = 19 ft. ab = 12 ft. j^^^ 79^ 

Dc= 18 ft. ; the angles at b and c being right angles. r> 

[If AN is drawn parallel to b<3 dividing the figure 
into a triangle and a square, the co-ordinates of the 
centre of gravity of each can be easily found, and 
if X and y are the required co-ordinates, it will ap- 
pear that they are determined by the equations 
180x^=13x144 + 15x36 
180 y« 6x144+14x36] 

^«.x=l3|y=.7f. 

Ex. 298. — Let abcd represent the section of 
a ditch: the breadth ad is 20 ft. and the depth n 
8 ft.; the slope of ab is 1 in 1 and of dc is 2 in \y^ 
1 ; determine the horizontal distance from a of ^ 
the centre of gravity of the section. 

Jns. 10? ft. c B 

Ex. 299. — ^If in the last Example the breadth ad is a feet, the depth of 
the ditch h feet, and if ab has a slope of m in 1 and dc of w in 1, show that 
if X be the horizontal distance of the centre of gravity of the section from 
A ; then x will be found by the formula 

^l 2'^m'^nU 2^2 n 6 W w^^ 




Fig. 80. 
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Ex, 300. — If A BCD r^»reMnt8 the section of a wall of which bc is yeitical 
and equal to A, AB^a and DC^b ; then if to is the weight of a cubic foot of 
the material, the moment of 1 foot of the length of the wall rpund ▲ and b 
lespectively are given by the fbrmule 

tDA(2a«-i-2a5-y) 
6 

andM.!?iifl±f*l*l) 
6 

Ex, 301.— The engine-room of a steam vessel is 30 feet long, 20 feet 
wide, and 15 feet high ; at 10 feet from one side, 6 feet from one end, and 
6 feet from the floor, is situated the centre of gravity of the boiler, the 
weight of which is 2 tons ; at 4 feet from the same side, 1 1 feet from the 
same end, and 7 feet from the floor, is the centre of gravity of the beam of 
the engine, which weighs ^ a ton ; at 9 feet from the side, 7 feet from, the 
end, and 3 feet from the floor, is the centre of gravity of the furnace, which 
weighs 1^ ton ; at 5 feet from the side, 11 feet from the end, and 10 feet 
from the floor, is the centre of gravity of the cylinder, which weighs 1 ton ; 
where is the centre of gravity of the whole ? 

Ans. 8*1 ft. from the side, 7'8 ft. from the end, 5*6 ft. from the floor. 

70. On Stable and Unstable EquiliHum. — Bearing in 
mind that when forces are in equilibrium any one of them 
is equal and opposite to the resultant of all the rest^ it is 
plain that when a heavy body is supported by any forces 
their resultant must act vertically upward through the 
centre of gravity. Suppose, then, that a body is supported 
at one point, the reaction of the fixed point and the weight 
of the body are in equilibrium, therefore the direction of 
the reaction must pass vertically through the centre of 
gravity, consequently the conditions of equilibrium are 
fulfilled when the line joining the centre of gi-avity and 
the fixed point is vertical, or, which comes to the same 
thing, when the centre of gravity is vertically under or 
vertically over the fixed point. 

Practically speaking, there is the greatest possible dif- 
ference between these two cases, for a body could scarcely 
be made to rest in the latter position, and could be dis- 
placed from it by the smallest possible force and caused to 
take up the former position. In fact the former case — centre 
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of gravity under the point of support — ^is said to be a 
position of stable equilibrium, while the latter — centre of 
gravity above the point of support — is said to be one of 
unstable equilibrium. The distinction between atahle and 
unstable equilibrium is thus stated : Suppose a body to be 
in equilibrium under the action of given forces, and suppose 
it to be slightly displaced, if the forces tend to bring the 
body back again to the original position, that position was 
one of stable equilibrium, but if they tend to make it move 
farther from its original position, that position was one of 
unstable equilibrium. If the student will draw a figure 
of a body suspended from a point he will see at once that 
the two positions of equilibrium are stable and unstable 
according to the terms of the definition. 

It is obvious that there may be an intermediate case in 
which, after the body has been displaced, the forces have 
no tendency to move it either backward or forward. In 
this case the body is said to have been in a position of 
neutral equilibrium. If, in the example already taken, 
the point supported had been the centre of gravity the 
equilibrium would have been neutral. A sphere of uniform 
density on a horizontal plane is in a position of neutral 
equilibrium ; if it be loaded at the top of a vertical dia- 
meter its position becomes one of unstable equilibrium. 

Ex. 302. — ^A hemisphere (whose radius is r) and a cone (the radius of 
whose base is r and height h) of equal and uniform density are fastened 
together so that their bases coincide. They are placed on a horizontal 
plane, and are in equilibrium resting on the lowest point of the hemisphere ; 
show that the equilibrium is stable^ neutral, or unstable, according as 

r^/Z >^ OT <h. 

Our limits will not allow us to develope this subject 
fully, but one other point must not be passed over. A 
body may be in stable equilibrium in two or more positions, 
but the degree of stability in the two cases may be very 
different : — 
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Thus, referring to fig. 18 and supposing the force p not 
to act, if the body were placed on one of its edges upon a 
horizontal plane and with either diagonal (joining AG and 
bd) vertical it would be in a position of unstable equiK- . 
brium ; but if it is placed with ab or AD on a horizontal 
plane the equilibrium is then stable ; but manifestly far 
more stable in the latter case than in the former ; indeed, 
if AD were many times (e. g. a hundred times) greater than 
AB the degree of stability in the former case would be so 
small that practically the body would not retain its posi- 
tion without support 

71. Oeometrical applications of the properties of the 
Centre of Gravity. — The most important of these are 
proved in Prop. 17, 18, 19; but before considering them 
one class of applications may be noticed. Suppose it can 
be proved by any means that the centre of gravity of a 
figure or collection of points lies in two or more lines, then, 
as there can be only one centre of gravity, it will follow 
that those lines must pass through a common point, e. g, 
in any triangle the lines joining each angle with the middle 
point of the opposite sides must pass through one point. 
This admits of independent geometrical proof; it also 
follows at once from the fact that the centre of gravity of 
the triangle is in each of the lines. 

Ex. 303. — Draw any quadrilateral, show that the lines joining the bi- 
sections of opposite sides mutuaUy bisect each other. 

[Suppose equal weights to be placed at each angle of the quadrilateral, 
and find their centre of gravity.] 

Ex. 304. — In any triangular pyramid the three lines, joining the middle 
points of each pair of edges which do not meet, pass through a point. 

Ex. 305. — ^If ABC is any triangle, and points x,t,z are taken on the 
sides BC, CA, AB respectively, in such a manner that 

BX . CT . AZ ■= XC . TA . ZB, 

the lines ax, bt, and cz will pass through a common point. 
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Proposition 17. 

If a surface be described by the revolution of a plane 
curve round an axis fixed in its plane, its area is found 
by multiplying the length of the fig. si. 

curve into the length of the path 
described by its centre of gravity. 

Let AB be the curve, cd the axis 
of revolution ; a the centre of gra- 
vity of the curve ; draw gm at right 
angles to c n ; we have to show that 
the'area of the surface described by 
the revolution of ab round cd is 
found by multiplying the length 
of AB into the length of the path 
described by G, L e. into 27r gm. 

In AB place any number of equal chords, viz. ap, pPj, 
PiPj, &c. Take Q, Q^ Q^, . . . their middle points, and draw 
QN, Q,Ni, Q3N2, ... at right angles to en; also find g' the 
centre of gravity of the chords, and draw g'm' at right angles 
to CD ; now when the curve revolves round cd, the chords 
will describe frustums of cones, the surfaces of which, by a 
well-known rule of mensuration, will be respectively 2*^ 
X AP X QN, 27r X PPi X QiNj, 27r x PiPj x QgNj, &c., and there- 
fore the sum of the surfaces of these frustums will equal 

27r (ap X QN + PPi X QiNi + PjPj X QjNj + . . .) 

But by a property oif the centre of gravity (Prop. 16) we 
have 

G'm'(AP + PPi + PiP3 + ) =APXQN + PPiXQiNi + PiP2X 

QgNj-f . . . 

Therefore the sum of the surfaces of the conic frustums 
will equal 

2v g'm' X the sum of the chords ap, pPi, PjPj .... 

Now this being true, however great the number of chords. 
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will be tarue in the limit ; but the surface of the solid of 
revolution is the limit of the sum of the surfaces of the 
conic frustums ; the length of the curve is the limit of the 
sum of the chords ; and since g' must ultimately coincide 
with o, the limit of o'm' is OM. Therefore, area of surface 
described =2irOM x length of curve ab. Q. E. D. 

Cor. — ^It is manifest that the above proof includes the 
case of the figure described by the revolution of an area 
bounded by straight lines. It is also obvious that the same 
rule applies to any portion of the area contained between 
two given positions of the revolving curve. 

Proposition 18. 
If a plane curve revolve about an aayis fixed in its 
planey the volume of the solid described is found by 
multiplying the area of the carve by the length of the 
path of its centre of gravity. 

Let ABCD be the plane curve ; the lines AC and bd are 
perpendicular to CD, the axis about which it revolves ; find 
O its centre of gravity, and draw 
OM at right angles to CD : we have 
to show that the volume of the 
solid described by the revolution 
of ABCD equals the length of g's 
path multiplied by the area of 

ABCD. 

Divide CD into any number of 
equal parts in Np N,, n,, . . • . and 
from these points draw ordinates 
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to meet the curve in Pj, p, 
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and complete the rectangles ANp 
p^Nj, PjNj, ..'..; when the figure 
revolves round cd, these rectangles 
will describe cylinders, and their united volumes will equal 

IT (AC* X CNi +PxNi* X NiNj + PjNj* X N,N, + . . . .) 
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Let a' be the centre of gravity of these rectangles, draw 
g'm' at right angles to on ; now, the centre of gravity of 
ANj is at a distance from cd equal to ^AC, that of PjNj 
is at a distance from en equal to ^PiN,, and similarly of 
the others. Hence by Prop. 16 g'm'x sum of rectangular 
areas, equals 

|AC X AC X CNj + ^PiN^ X PiNi X N^N^ + iPjNj X PjNj X NjNj + ••• 

and therefore 

27rG'M' X sum of rectangular areas equals ttAC^ x cNj 

+ 7rPiNi2 X NiN^ + TTPjNj' X NgNj-h .... 

that is, equals the sum of the above-mentioned cylinders, 
and this, being true whatever be the number of parts into 
which CD is divided, will be true in the limit ; now, the 
volume of the solid of revolution is the limit of the sum of 
the cylinders ; the curvilinear area is the limit of the sum 
of the rectangles ; and since g' must ultimately coincide 
with G, the limit of g'm' is gm. Hence the volume of the 
solid of revolution is found by multiplying the area of the 
curve by the length of the path described by its centre of 
gravity. 

Cor. — The remarks contained in the corollary to the last 
are applicable, mutatis mutandiSy to the present Propo- 
sition. 

Proposition 19. 

If a right prism or cylinder be cut by any plane, the 
volume of the frustum is found by multiplying the area 
of the base into the length of a line drcuwn perpendicularly 
to the base through its centre of gravity, and terminated 
by the cutting plane. 

Let ABCD be the frustum of the right prism or cylinder, 
standing on the base abe, whose centre of gravity is g ; 
through G draw gq at right angles to the plane of the base 
ABB and terminated by the cutting plane dcf; we have to 



124 



FRACnCAL MECHANICS. 





\ 


V 

Q \ 


\ 


It I 

8 


"J /" 



show that the Tolume of the frostum is found by multi- 
pj^ gj plying the areaofAEB into 

the length of GQ. Suppose 
the plane of the paper to 
be perpendicular to the 
planes of the ends, and to 
cut them in abb^cd; if 
the planes of the two ends 
are produced, they will in- 
tersect in a line KK' per- 
pendicular to the plane 
of the paper ; hence ab'd 
is the angle of inclination 
of the cutting plane to 
the base ; we will denote this angle by 6. Draw gm at 
right angles to kk' and join qm. 

Suppose the base abb to be divided into a large number 
of small rectangular areas (such as nsrt) then ultimately 
the sum of these rectangles will equal the area of the base. 
On the rectangles describe rectangular parallelopipeds such 
as paNR, then ultimately the sum of their volumes will 
equal the volume of the frustum. Let nsrt be denoted 
by j^i and nh by j^j then the volume of paNR is 

2)i2/i tan e 
since pn plainly equals NHxtan^. Adopting a similar 
notation for the other parallelopipeds the sum of their 
volumes will equal 

(Pi2/i +f>«2/2 +y32/8 + ) *an tf 

and this by Prop. 16 equals 

(jPi+y8+l>3 + )y tantf 

Now in the limit 

jPi_+i^s+l>8 + =abb 

and ^ tan 0=aM tan 0=aQ 

Therefore the volume of the frustum equals abb X QO. 
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Cor.— It is evident that if the prism or cylinder is cut 
by another plane inclined at any angle to the base, the 
Tolume contained between the cutting planes equals the 
area of the perpendicular section multiplied into the part 
contained between the planes of a line drawn through the 
centre of gravity of the perpendicular section at right 
angles to its plane. 

Ex, 306. — Show that Propositions 17 and 18 are true in the case when 
the curve is a closed curve and revolves round an axis wholly without it. 

Ex. 307. — In Proposition 19 show that q is the centre of gravity 

of DCF. 

Ex. 308. — An equilateral triangle revolves round its base, whose length 
is a ; find the area and volume of the figure described. 

Jns. (1) IT aWZ. (2) ^/ 

Ex. 309. — An equilateral triangle revolves round an axis parallel to the 
base, the vertex of the triangle being between the axis and the base ; the 
base is 6 in. long and the distance from the vertex to the axis is 9 in. ; 
determine the volimie of the ring described. Ans. 1220*7 cub. in. 

Ex. 310. — ^Determine the volume of a ring formed like that in the last 
Example having given that each side of the triangle is 6 in. and the external 
diameter of the ring 3 ft. Ans. 1593*4 cub. in, 

Ex. 311. — The section of a ring is a trapezoid, its height is 3 in. and its 
parallel sides are respectively 7 in. and 3 in. long, they are parallel to the 
axis, the shorter being the nearer to the axis and at a distance of 11 in.; 
find the volume of the ring. Ans. 1196*9 cub. in. 

Ex. 312. — In the last Example if the longer side of the trapezoid had 
been the nearer to the axis, the external diameter of the ring being the 
same in both cases, what would have been the volume ? 

Ans. 1159*2 cub. in. 
Ex. 313. — ^Determine the volume and surface of a ring with a circular 
section whose internal diameter is 12 in. and thickness 3 in. 

Ans. (1) 333*1 cab. in. (2) 444*1 sq. in. 
Ex. 314. — ^Detennine the volume and surface of a ring whose section is 
. a regular hexagon, whose circumscribing circle has a radius a, and whose 
centre is at a distance b from the axis of revolution. 

Ans. (1) 3ir6a2v^3. (2) I2irah. 

Ex. 315. — ^Find the centre of gravity of the arc of a semicircle. 

Ans. Distance from centre™ 
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£r. 816. — Find the eentn of gravily of the area of a semidrcld. 

Ans, Distance from centre «} 



diam. 



Ex, 317.— A cylindrical shaft is cnt off obliquely at an angle of 45® to 
the axis, its radius is 6 in. and its extreme height is 2 ft 6 in. ; find its 
solid contents. Ans, 1-5708 cub. ft. 

Ex. 318. — A cylindrical shaft is cnt obliquely at an angle of 60® to the 
axis, the radius of the base is 10 in., the extreme height of the shaft 3 ft. ; 
find its Tolume. Ans. 9497 cub. in. 

Ex, 319. — A right prism stands on a triangular base the angles of which 
areA,B,c,the angles of the other end being d,c,f ; the sides ab, ac, are each 
15 ft long, BC is 18 ft. long; the edges ab, bb, cf are each 30 ft. long ; 
through the edge bc passes a plane making an angle of 60® with the base ; 
determine the Tolumes of the parts into which the prism is divided. Also 
if the prism were cut by a plane parallel to the former and cutting ▲ d at a 
distance of 24 ft. above a, find the volumes of the two parts. 

Am, (1) 748-3 and 2491-7 cub. ft (2) 1095*6 and 2144*4 cub, ft 

Ex. 320..— Show that if any triangular prism be cnt by a plane so that 
the edges perpendicular to the base are respectively a, b, c, and the area of 
the base a, then the volume of the frustum will be J a (a + A + c). 

Ex, 321. — Let abed represent the plan andABCDthe 
section of a portion of a ditch ; ad « 20 ft ; depth of ditch 
8 ft ; slope of ab is 2 in 1, and that of nc is 1 in 1 ; ab 
and ed are respectively 20 and 40 ft. long. Find the 
volume ; and determine the error that would be committed 
if we had found the volume by multiplying the area of the 
section by half the sum of a 6 and dc. 

Ana, (1) 3264 cub. ft. (2) Error 96 cub. ft 
[Compare Ex. 224.] 
Ex, 322. — ^Let abcd be the plan of square redoubt, eadi 
side of which is 150 ft., the comers of the ditcn are qua- 
drants of circles whose centres are respectively a, b, c^ d. 
So that the ditch has a uniform width of 24 ft, its depth 
is 9 ft., the inside slope is 3 in 1 and the outside 1 in 1. 
Find the volume of the ditch. Ans, 108057 cub. ft 

Ex. 323. — If the ditch in the last Example were surrounded with a glacis 
3 ft. high whose outside slope is 1 in 10 and inside slope 1 in 1 ; find its 
volume. Ans, 40897 cub. ft 
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'', OAUKOUXiA '' 

CHAPTER VI. "* 

FKICTION OF 
PLANE SURFACBS — INCLINED PLANE, WEDGE, SCREW. 

Section I. 

72. Reaction of Surfaces. — It nearly always happens 
that amongst the pressures which keep a body at rest is the 
reaction of one or more sur- 
faces ; to explain the nature 
of this reaction let us con- 
sider a particular case ; sup- 
pose a mass m to rest on a 
table AB, and suppose it to ^ » 

weigh 1000 lbs. ; that weight must be supported by the 
table, which must therefore exert upwards a pressure of 
1000 lbs. in a direction opposite to the direction of the 
weight. If we consider the case particularly we shall see 
that this reaction is an instance of a distributed pressure, 
for the under surface of cd will be in contact with the table 
at many points, and at each point there will be a reaction ; 
what are the magnitudes of the reactions respectively at the 
points we do not commonly know; they must, however, be 
such that their resultant shall act vertically upward through 
the centre of gravity of m and shall equal 1000 lbs. And, 
in general, if a body is at rest when pressed against a 
surface the various points of that surface must supply 
reactions whose resultant is equal and opposite to the 
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resultant of the pressures by which that body is urged 
against the surface; this resultant reaction is called the 
reaction of the aurface. 

73. The Limiting Angle of Resistance. — The question 
now arises — Under what circumstances is the plane capable 
of supplying the reaction necessary to produce equilibrium? 
This will be the case if the plane do not break, and if it 
keep the body from sliding ; it is with the latter condition 
we are here concerned. Let us revert to the example dis- 
cussed in the last article, and let 
us suppose a rope to be fastened 
to the point K by means of 
which the body is pulled hori- 
zontally by a pressure p ; we 
know that if P have a certain 
magnitude it will just make the 
body slide, but if it be less than 
that certain magnitude the body 
will continue at rest ; suppose 
that a pressure of 190 lbs. will 
just not make the body slide ; produce pk to meet the ver- 
tical through the centre of gravity in l, let le represent p 
(190) and lf represent w (1000), complete the parallelo- 
gram and draw the diagonal lh, this must be the direction 
of the resultant pressure K, and its direction makes with a 
perpendicular to ab an angle of 10"* 45' ; now, if the pres- 
sure p is less than 190 lbs. the resultant pressure will fall 
within the angle rlw ; but if it be greater than 190 lbs. it 
will fall without the angle rlw; in the former case the 
surface ab can supply a reaction which prevents motion, in 
the latter it cannot ; and thus in the case we have supposed 
the surface ab can supply a reaction in any required direc- 
tion which makes an angle less than 10*" 45' with the nor- 
mal, i. e. the perpendicular, to the surface ; and when the 
body is in the state bordering on motion, the direction of 
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the reaction will make an angle equal to 10*" 45' with the 
normal. 

Now it appears from experiment that if the surface ab 
were of cast iron, and the mass m of wrought iron, a pres- 
sure of 190 lbs. would be required just not to produce 
motion in the case above discussed ; and it also appears 
from experiment that within very considerable limits, the 
same proportions are preserved, irrespectively of the extent 
of the surface pressed and the amount of the pressure ; so 
that we may state as a fact of experience, that when 
wrought iron rests on cast iron the former will exert a 
reaction in any direction required to produce equilibrium 
that does not make with the normal an angle greater than 
10° 45', and when motion is about to ensue, the direction 
of theteaction will make an angle with the normal equal 
to 10° 45'; this angle is therefore called the limiting angle 
of resistance in the case of cast iron upon wrought. It 
further appears from experiment, that in the case of any 
two surfaces whatever, there is a limiting angle of resistance 
proper to those surfaces, and depending on their physical 
character ; for instance, in the case of wrought iron on oak, 
the angle is 31"* 50', and similarly in other cases. Values 
of this angle in several cases are given in Table XI. 

Hence if a body is urged agaiTist a fixed surface by 
any pressure or pressures, the direction of the reaction of 
that surface can never make with the -normal an angle 
greater than a certain angle* That angle is called the 
limiting angle of resistance ; its ma^gnitude is fixed by 
the physical nature of the surfaces of contact. 

If the resultant of the pressures which urge the body 
against the fixed plane be found, the body will continue 
at rest, provided the direction of the resultant makes 
with the normal an angle less than the limiting angle 
of resistance; for imder these circumstances the re- 

K 
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action can act in a direction opposite to the resultant 
and balance it. If the resultant make with the normal 
an angle equal to the limiting angle of resistance the 
body will still be in equilibrium, but will now be in the 
state bordering on motion^ for if Ihe angle between the 
resultant and normal be increased by ever so small an 
amount, the reaction can no longer act in a direction oppo- 
site to the resultant, and therefore can no longer balance 
it. Under all circumstances the reaction will oppose the 
motion of the body. In the following pages ^ will be used 
to denote the limiting angle of resistance. 

Ex, 324. — If a mass whose weight is w rests on a horizontal plane ab, 
Pjq g^ and is pulled by a pressure p whose direction 

(o p) makes an angle a with the horizon, deter- 
mine p when it is on the point of making the 
body slide. 

Find o the centre of graTity and draw gw a 
vertical line; produce PC to cut ow in d : then 
since the body is held at rest by p, w, and the 
reaction of the plane (b) the direction of b must 
pass through d, also since the body is on the 
point of sliding from b to ▲, the direction of b 
must make with b w an angle b d w equal to ^. Then we hare w d b = 180® 
— ^, BDP=90— o + ^, and pd w=90 + a, therefore (Prop. 7) p : w : B::siB 
<l> : cos (o-^) : cos a. 

Ex, 326. — ^In the last Example determine p and b if the mass m, weighing 
750 lbs., is of wrought iron, on oak, and the direction *of p inclined to the 
horizon at an angle of 16°, Ans, p=413*3 lbs. b=s766'9 lbs. 

Ex. 326. — ^What would be the required pressure p in the last case if its 
direction were horizontal ? Ans. p=465 lbs. 

Ex. 327. — Show that when a body rests on a horizontal plane the smallest 
pressure that will bring it into the state bordering on motion will act in a 
direction inclined to the horizon at an angle equal to the limiting angle of 
resistance. 

74. Conditions under which a body acted on by cer~ 
tain pressures will neither be overthrown nor slide, — Let 
a mass ab rest on a horizontal plane cd, and let the pressures 
concerned be its weight acting ifertically along the line BW 
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and a pressure p acting along the line pe : find r the result- 
ant of these pressures ; in order that the body may be at rest 
it is necessary that R be balanced 
by a reaction equal and opposite 
to it ; this cannot happen if the 
direction of r cuts en outside 
the base; hence the condition 
that the body be not overthrown 
is that the direction of the re- 
sultant pressure fall within the 
base ; if this condition be ful- 
filled, the body will slide or 
not, according as the direction of r makes with the 
normal to the point where it cuts the surface, an angle 
greater or less than the limiting angle of resistance. The 
question may be asked, if A b be pulled along the line 
PE by a continually increasing pressure, will it slide before 
it topples, or vice versa ? This is readily answered by 
joining ab ; then if abw be less than the limiting angle of 
resistance, the body will topple before it slides, since 
r's direction will fall without the base before its direction 
makes with the perpendicular an angle greater than the 
limiting angle of resistance; if, however, aew be greater 
than the limiting angle of resistance, the body will slide 
before it topples. In the intermediate case, when aew 
equals the limiting angle of resistance, the body will be on 
the point of toppling and sliding for the same value of p. 
It obviously follows from the above reasoning that when 
a body stands on a horizontal plane a vertical line drawn 
through its centre of gravity must cut the plane within its 
base. If the body rest upon points its base is the polygon 
formed by joining the points in succession. It is to be 
observed, however, that if any points would fall inside the 
polygon formed by. joining the rest they are not to be 
reckoned. 
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Ex, 328. — ^A rectangular mass of oak the l>ase of which is 2 ft. square 
and height 7 ft rests endwise on a floor of oak, a rope is fEkstened to it at a 
certain height above the floor and is pulled by a certain pressure in a direc- 
tion inclined at an angle of 20^ to the horizon ; it is found to be on the 
point both of top]^ling and sliding ; find the height of the point of attach- 
ment from the floor and the magnitude of the pressure. '^. 

^^ ^ijw. (1) 2-68 ft. (2)648-flbs. 

[It is manifest, referring to fig. 88, that k will be found by making the 
angle baw equal to the complement of the limiting angle of resistance, 
when the circumstances are those mentioned in the question.] 

Ex, 829. — ^A cylinder of copper the radius of whose base is 2 in. and 
height 3| in. rests on a horizontal oak table, it is pulled by a horizontal 
pressure whose direction coincides with a radius of the upper end ; find the 
pressure that will just make the body move, and determine whether the 
motion will be one of sliding or of toppling. 

'}» -4iw.(l) The body will topple. (2) 8 lbs. 

Ex. 330. — ^Work the last Example supposing the cylinder to be of oak, 
the fibres being parallel to the axis of the cylinder. 

Ans, (1) The body will slide. (2) 10-2 oz. 

Ex, 331. — ^A round table stands on four legs, one at each angle of the 
inscribed square. It weighs 120 lbs.; find the least weight which hung 
from its edge would overthrow it. Ans. 290 lbs. 

Ex, 332. — ^A rectangular box is overthrown by turning round a horizon- 
tal edge ; given the lengths of the edges ; determine the height through 
which its centre of gravity must be raised. 

75. Friction arid the laws of Friction* — ^Let ab be a 

table ; M a mass which, in consequence of the action of 

FiQ. s». certain pressures, is on 

the point of sliding in 

the direction ba; then 

the reaction b' will be • 

equal to their resultant, 

and its direction will be 

nclined to the perpen- 

dicular to ab at an angle 

" ^ equal to the limiting 
angle of resistance ; let cr' be the direction of this re- 
action ; draw cd perpendicular to ab, then the angle dob' 
is equal to ^ ; take CB to represent b', and complete the 




J 



. LAWS OP FRICTION. 133 

rectangle hk; we may replace r' by two components r and 
F, of which R acts along CD and f along ab ; these compo- 
nents are represented by ch and CK respectively; now it 

is evident that tan A = — i.e. tan 6= - 
^ CH ^ R 

.•.F=R tan if> 

The tangential reaction F is commonly called the Fric- 
tioUy and tan <f> (which is generally denoted by the letter 
ft) is called the coefficient of friction ; so that when a body 
resting on a plane is in the state bordering on motion, the 
friction equals the normal reaction multiplied by the co- 
efficient of friction ; it will be remarked' that unless the 
body is in the state bordering on motion the whole of the 
friction is not called into play, but only so much of it as 
is sufficient to produce equilibrium. 

If in any particular case we are required to determine 
the relation between the pressures which keep a body in 
the state bordering on motion, and amongst these pres- 
sures is the reaction of a rough surface, we may treat this 
reaction in either of two ways : — First, we may consider 
the reaction (r^) to be a single pressure making an angle 
j> with the normal ; or, secondly, we may replace that re- 
action by two pressures, viz., a reaction R acting along the 
normal, and a friction /^r acting along the tangent ; the 
former way of looking at the question is generally more 
convenient when the body is acted upon by only three 
pressures, the latter when it is acted on by more than 
three pressures, and when, consequently, it is necessary 
to have recourse to the general equations of equilibrium. 

In order to complete our remarks on this subject, it is 
to be observed that when the body actually slides, its 
motion is opposed by a constant friction which is properly 
represented by ia times the normal reaction ; it appears, 
however, that the numerical value of fi for the same sub- 
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stances is different in the cases of motion and of rest. 
The difference is most conspicuous in the case of soft 
substances (e. g. various kinds of wood) that have been 
some time in contact ; wherever a difference exists the 
value of II for substances at rest is larger than the value 
for the same substances in motion. 

The chief general results that have been elicited by ex- 
periments on the friction of surfaces^ are called the laws 
of fridiony and may be thus stated : — 

(1) Friction is proportional to the normal pressure. 

(2) It is independent of the extent of the surfaces in 

contact. 

(3) In the case of motion^ it is independent of the 

velocity. 

(4) If imguents are interposed between the surfaces of 

contact^ the fiiction depends mainly on the 
nature and quantity of the unguent. 

It must be added that these laws depend entirely on 
experimental evidence, and that the first of them ceases 
to be true when the pressure per square inch .becomes 
very great. The accurate determination of the values of 
/A, the coefficient of friction for different substances, is 
due to General Morin, on whose authority the results rest 
that are registered in the following table.* 

* The establishment of the laws of firiction appears to be due to 
Coulomb, whose Memoir of Friction was published in a.d. 1785 ; a yeiy fnU 
abstract of the paper is giren in Dr. Youngf s Natural Philosophy, yol. ii. 
p. 170 (Ist ed.). The properties of the limiting angle of resistance and 
its importance in the statement of mechanical formulae were first pointed 
out by Mr. Moseley. General Morin's Tables are very extensive : they 
have been several times printed. A sufficient account of ^the experiments 
on which they are based, together with the Tables themselves, will be found 
in his work, Notions Fondamentales de Micanique. To enable the reader 
to form some conception of the limits within which the laws of friction hold 
good, the following (somewhat favourable) instance may be adduced. The 
coefficient of friction is given in the tables as 0*54 in the case of oak resting 
in the state bordering on motion on oak with the fibres perpendicular to 
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Table XI. 
COEFFICIENTS OF FRICTION 

AND LIMITING ANGLES OF BESISTANCE OF SUBSTANCES BETWEEN WHICH 
NO UNGUENTS ABB INTERPOSED. 



Substance 



Dispoeition of 
Fibres 



State bardering on 
motion 



fi or 
tajnf> 



SixKf, 



State of Motion 



/n or 
tan^ 



Sin<|> 



Oak on Oak . 



Oak on Elm 
Elm on Oak . 

»» • • 

Wrought Iron on 

Oak ... . 
Cast Iron on Oak 
Copper on Oak . 
Wrought Iron on 

Cast 

Cast Iron on Cast 
Oak on Calcareous 

OoUte* .... 
Wrought Iron do. 
Brick do. ... 
Calcareous Oolite 

on do 



Parallel 
Perpendicular 
Endwise 
•Parallel 
Parallel 
Perpendicidar 

Parallel 
Parallel 
ParaUel 



Endwise 



31°60' 
28^20' 
23020^ 
20^50' 
34^40' 
29H0' 

3105O' 

3300' 

31«>50' 

10^45' 
905' 

32°10' 
26°10' 
33°50' 

36<>30' 



0-62 
0-54 
0-43 
0-38 
0-69 
0-57 

0-62 
0-65 
0-62 

0-19 
0-16 

0-63 
0-49 
0-67 

0-74 



0-53 
0-47 
0-40 
0-35 
0-57 
0-50 

0-53 
0-55 
0-53 

0-19 
0-16 

0-53 
0-44 
0-56 

0-59 



25°40' 
18°45' 
10°45' 

23°20' 
24°! 6' 

3I05O' 

31^50' 

10^10' 
8^30' 

20°50' 
32040^ 



0-48 
0-34 
0-19 

0-43 
0-46 

0-62 

0-62 

018 
0-15 

0-38 
0-69 

0-64 



0-43 
0-32 
0-19 

0-40 
0-41 

0-53 

0-53 

0-18 
015 

0-35 
0-57 

0-54 



each other. The experimental results from which this value was deduced 
are as follow : — 



Surface of CJontact 


Normal Pressure 


Pressure on point 
of causing Motion 


Coef . Friction ft. 


0-947 ft. 


121 lbs. 

283 „ 

495 „ 

1995 „ 

2525 „ 


67 lbs. 

151 „ 

252,, 

1171 » 

1287 „ 


0-55 
0-53 
0-51 
0-58 
0-51 


0-043 ft. 


389,, 

403 „ 

1461 „ 


204 „ 
213 „ 
855,, 


0-52 
0-53 
0-52 



* The stone employed in M. Morin's experiments seems to have been a 
soft oolitic stone from the quarries at Jaumont near Metz ; the nearest 
English equivalent is perhaps Portland stone. 
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It is to be obeerred that in the above Table the numerical Talues of 
M were ascertained by experiment ; the yaluee of ^ and sin ^ have been 
obtained by calculation. General Morin's Tables give the values of ft cor- 
responding to various unguents ; of these, the following comprehensive re- 
sults will be sufficient for our purposes : any two of the following substances, 
oak, elm, cast iron» wrought iron, bronze, pressed against each other, tallow 
being employed as an unguent, have for the coefficient of friction /a-»0*10, 
and therefore ^^d^ 40' and sin ^--O'lO. The same substances when in 
motion, and the unguent is either tallow, hog^s laid, soft gom, or any similar 
substance, have the coefficient of friction equal to 0*07, and therefore 
t=4^ and sin ^-007. 

76. The Inclined Plane. — The principles which r^u- 
late the equilibrium of a body resting on a plane inclined 
to the horizon are the same as those which regulate the 
equilibrium of a body resting on a horizontal plane — a 
case which has been already considered; — the applica- 
tions of the former case are, however, very numerous and 
very important, it will therefore be discussed at some 
length. It is scarcely necessary to observe that the in- 
clined plane is commonly reckoned amongst the * Mecha- 
nical Powers.' 

Ex, 333. — ^A mass whose weight is w rests on a plane ▲ b, (fig. /) inclined 
at an angle a to the horizon ao ; it is acted on by a pressure p in a direc* 
tion (n p) making an angle fi with ab : determine the relation between 
the pressures p and w when p is on the point of maldng the body slide up 
the plane. 

Take o the centre of gravity of the body, and through it draw the vertical 
line o w, cutting pn in d, both lines being produced if necessary. Now, the 
only pressures acting on the body are its weight w along D w, the pressure 
p along DP, and the reaction (b) of the plane ab ; b's direction must pass* 
through D, and must be inclined to a perpendicular to ab at an angle equal 
to ^, the limiting angle of resistance ; draw dm at right angles to ab, and 
make mde equal to ^ ; then b will act along the line ed. (The line b d is 
drawn as in the figure, since the reaction b tends to oppose the sliding of 
the body.) Hence we have 

p : w: : sin wdb : sin bdp : : sin wdb : sin bdp 
But WDE=« + ^, and EDP«90 + /3— ^ 

Therefore p : w : : sin (a + ^) : cos (iS — ^) 

In the same manner it can be shown that 

w : B : : cos (/3 — ^) : cos (a + jS) 
If the question is solved by the general equations of equilibrium (Prop. 16), 







Fig. /i page 136. 
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we may call b' the normal reaction, acting at a point whose distance from 
ic is X ; the friction will be ii b', acting from b to a ; also we may represent 
D M by ^. Than, if we resolve the pressures along and at right angles to 
A B, and measure moments round d, we shall obtain 

w sin a + fiB'— pcos iS-O (1) 

— WC0SO+ B' + PsiniB — (2) 

XBf — fipBf^O (3) 

Equations (1) and (2), when solved, give relations between p and w, and 
between w and b', equivalent to those already obtained ; equation (3) shows 
that b' will act through the point e. 

With numerical data, a solution can be obtained by construction, as 
indicated in the diagram, by the parallelogram h k, in which, if d h repre- 
sents the given weight, d k will represent the required pressure, and dl the 
reaction. 

Ex. 334. — If d be greater than ^, show that when the body is on the 
point of sliding down the plane 

p : w : : sin (o-^) : cos (fi + ^p) 
w : B : : cos (iB + ^) : cos (o -i- JB) 

Ex, 335. — Show that if a < ^ the body will remain at rest without 
support. 

Ex. 836. — ^A mass of wrought iron weighing 500 lbs. rests on a plane of 
oak inclined at an angle of 20° to the horizon, a pressure p acts upon it so 
as just not to pull it up the plane in a direction inclined to the plane at an 
angle of 12<> ; find p. Ans. 4179 lbs. 

[In fig. f is shown the construction by which this example was solved, the 
scale being 1 in. to 200 lbs. ; the result obtained by the construction was 
416 lbs., the correct answer being 417*9 lbs.] 

Ex. 337. — In the last Example suppose p to act along pd as a pushing 
force ; find its magnitude that it may just not push the body down the 
plane. Ans. 1421 lbs. 

Ex. 338.— 'Referring to Examples 336 and 337 : first, if p had been a 
pressure of 200 lbs. acting up the plane ; next, if p had been a pressure of 
100 lbs. acting down the plane ; and, lastiy, if there were no pressure p ; 
find the magnitude and direction of the reaction of the plane. 

Ans, (1) 428-7 lbs. PDB-81° 18'. (2) 669'4 lbs. pdb = 130O42'. 
(3) 600 lbs. acting vertically upward. 

Ex. 339. — Show that the direction of the smallest pressure which will 
make a body slide either up or down an inclined plane makes an angle ^ 
with the plane. 

Ex. 340. — What is the least pressure that will draw a cubic foot of cast 
iron down a plane of oak inclined to the horizon at an angle of 14^? 

Ans. 146-7 lbs. 
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Ex, 341. — ^In the last Example what would have been the least pressnre 
necessary to support the mass had the plane been of cast iron ? 

Jns. 38*6 lbs. 

Ex, 342.— What would be the horizontal pressure that would just push 
the body up the inclined plane in the last case ? Ans, 192 lbs. 

Ex, 343. — If the body represented in fig. /is a cylinder the radius of 
whose base is r and height 2 k, and if p acts at a point n so chosen that for 
the same value of p the body is on the point of turning round x when it is 
also on the point of sliding up the plane, show that 

_(r cos tt -I- A sin g) cos (jB— ^) 
cos iS sin (a + 0) 
and transform the expression into one adapted for logarithmic calculation. 

Ex, 344. — A rectangular mass of cast iron rests on an inclined plane of 
oak ; it is on the point both of sliding down and of overturning ; its base is 
2 it square, what is its height ? Jns, 3-08 ft. 

Ex, 345. — ^In the last Example what pressure acting parallel to the in- 
clined plane would be just sufficient to draw the mass of iron up it ? Could 
this pressure be applied at any point of the body so far above the plane as 
to overturn the body before making it slide up the plane ? 

Jns. (1) 6100 lbs. (2) It will overtu^m the body if applied at a 
point more than 1*54 ft. above the plane. 

Ex. 346. — ^If 2 A is the vertical angle of a cone standing on a plane whose 
inclination to the horizon is ^ (the limiting angle of resistance), show that 
4 tan A^tan ip, if the cone is such as to be on the point both of toppling 
and sliding. 

Ex. 347. — The earliest experiments on friction were made in the follow- 
ing manner: The substances were formed into rectangular blocks — shaped 
like bricks— and were placed on planes of various substances ; the planes 
were then gradually raised, and the angles noted at which sliding com- 
menced ; it was found that for the same substances this angle was the same 
whatever the weight of the block, and whether it rested on a broad or 
narrow face ; what conclusions could be inferred from these facta as to the 
nature of friction ? 

Ex, 348. — Given an incline of 1 in n (i.e., 1 ft. vertical to » ft. horizontal), 
and that a body weighing w lbs. rests upon it ; given also that the friction 
is 1 lb. in m : show Uiat the pressure which, acting parallel to the plane, 
will be on the point of making the body move up the plane very nearly 

equals w ( — + — ). 
» m 

Ex. 349. — Let CA and cb be two planes inclined downward from c on 
opposite sides of the vertical through c, and let ab be horizontal; let 

I 
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a weight Wi be placed on ca, and a weight w^ on cb, and let them be 
connected by a line smooth cord passing over c : if Wi is on the point of 
sliding down c a, and thereby dragging Wj, up c b, show that 
Wi sin (^ - a) « Wa sin (^ + b) 

77. Many questions arise out of cases in which a body 

rests on two planes inclined at a certain angle to each 

other ; in most of them it is convenient to have recourse 

to the geiferal equations of equilibrium (Prop. 15) ; a few, 

such examples ate here added. 

Ex, 350. — ^AB represents a ladder, one end of 
which rests on the ground at a, and the other 
against a vertical wall at b ; its length is a, the 
distance from its foot to its centre of gravity (a g) 
is 6, its weight is w : determine the angle b a c, or 
9, at which it will just slide. 

The point A must just be sliding outward, and b 
downward ; hence the pressures will act as shown 
in the figure, and, taking the horizontal and vertical 
components, and measuring moments round a, we 
have the following equations : — 

B + ^V— w =0 

/iB— b' ' =0 

as' sin 9-k-aii'^ cos 0~-byf cos d=0 
Hence (1 +^') b«w, (1 + M/t') b'=^w 

and im tan 9=6— (a— 6) /i/i' 

The ladder will stand in every possible position if 

bll-^fifif) <afifi' 
It may be remarked that, though any point may be chosen from which to 
measure moments, it is generally advantageous to choose a point through 
which the directions of one or more of the unknown pressures pass — e.g., in 
the- above question a or b should be chosen. 

Ex, 351. — ^In the last Example, if the ladder is placed in a known posi- 
tion, determine at what distance (x) from a a w^ght Wi must be placed 
that the ladder may be on the point of sliding (fi=fi'atan ^) 

Jn». x.a (1 + '!L) sm»sm(A + ») _ Jw 

Wj cos A W^ 

Ex, 362. — In Ex. 350, suppose c to be an obtuse angle ( «180°— 7), and 
suppose fi==fi''i fiiid $, and find the condition of the ladder resting in all 
positions. 

An,. (1) Mten«=l- ("-*) (!+>"> iin 7 
a (sin y-^fi cos 7) 




(2) a/A cos 7> 



{6(1 



+ fji*)'~afi* S. sin 7 
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78. The Wedge. — In the above examples the inclined 
plane, though reckoned as one of the mechanical powers, 
can hardly be regarded as a machine; in many cases, how- 
ever, the inclined plane is itself movable, and is employed 
to separate bodies that are urged together by great pres- 
sures, in this case it is correctly spoken of as a machine, 
^The simplest instance of this use of the inclined plane is 
the wedge, which is, in fact, nothing but a movable in- 
clined plane. 

Ex. 353. — To determine the relation between the resistance and the 
' pressure which is on the point of urging forward an isosceles wedge. 

Fig. 91. Let ABC be the wedge, w the pressure 

acting along the axis o c, e and f the points 
of contact of the sides of the wedge with the 
obstacle ; draw $m and/F at right angles to 
AO and BC respectively; make the angles 
0BB and/F B each equal to ^ (the limiting 
angle of resistance between the sides of the 
wedge and the obstacle): then, since the 
wedge is on the point of moving forward, 
the mutual action between the surfaces of 
contact at ■ and f will act along these lines, 
and the wedge is kept at rest by w and re- 
actions b' and b', equal and opposite to b and 
b; the directions of these three pressures 
must pass through a common point o ; therefore 

b' : w : : sin c o B : sin BO B ' 
Now, if Aco equals o, we have cob equal to 90— (^ + o), and bob equal to 
180-2 (^ + «); therefore 

w=3 2B'sin(o+^) (1) 

Now, suppose that t, the tendency of the obstacles to collapse, acts along 
TB, and let te« equal i ; then the resolved part of b along bt must equal 
T, the remaining part of b being transmitted to the ground. Hence 

BCOS (i + 4>) =T (2) 

Therefore, remembering that b and b' are equal, 

w COS (t + ^) C.2T sin (o + ^) 




The angle i 
neglected. 



is commonly unknown and very small ; it is therefore generally 



Ex. 354. — ^If w is the pressure required to keep the wedge from starting, 
show that 

w COS (t-p) =2t sin (a— ^) 
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Ex. 355. — Show that if w is the pressure that has forced a wedge into a 
giyen position and Wj the pressure required to extract it, then (i = 0) 

sm (^ + a) 
Ex. 356. — ^An iron wedge whose vertical angle is 13° is driven into a 
mass of oak by a pressure of I cwt. : — what force will be necessary to 
extract it ? Ans. 77*27 lbs. 

Ex. Z57. — Show that the wedge will start if the pressure be withdrawn, 
provided the angle of the wedge be greater than 2^, 

Ex. 368. — ^An iron wedge whose angle is 7° is driven into a mass of oak, 
find what fraction of the driving pressure is consumed by friction. 

Jns, If V is the pressure on the smooth wedge which exercises 

the same normal pressure on the block as that produced by 

w on the rough wedge, then V = 0*09 w. 

Ex. 359. — In Ex. 353, if ab c is not isosceles, and if the limiting angles 

of resistance at b and f are ^ and ^j^, and if b is the pressure caused by w 

at B, show that 

E sin (c + 4> + ipj) = w sin (b — ^i) 

Ex. 360. — ^In the annexed figure, d c is a horizontal table, h k a fixed 
obstacle, abcd, abef two 
movable inclined planes, 
having a surface of contact 
ab, inclined at an angle a 
to the horizon ; the former 
is urged forward by a pres- 
sure p, the latter downward 
by a pressure w ; ^, ^i, ^a 
are the limiting angles of 
resistance at ab, kx, and 
D c respectively : show that 
when the horizontal pres- 
sure p is about to overcome 
the vertical pressure w 

p cos <t>2 cos (a + ^ + ^i) =w cos tPi sin (a + ^ + ^a) 

[The diagram shows how the various reactions act. The student must 
bear in mind that the upper plane is in equilibrium under the action of w. 
El, and b' ; ^ the lower plane under the 
action of p, b, and Ba, and of these b equals 
b'. He will find it a useful exercise to 
determine independently the relation be- 
tween p and w, when ek and dc are 
smooth.] 

Ex. 361. — In the annexed figure, let 
abkh be fixed, od a horizontal plate cap- 
able of moving up and down between the 
guides B and f : if the inclination of a b to 
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CD is «, and all the snrfiicea are smooth except ab, show that when the 
horizontal preesue p is about to oreicome the yeitical pressure q 
p«Qtan (A-t-^) 
Ex. 862. — In the last Enmple, if all the snrfiMes are rough, show that 

pcoe(o+f)co8(fi + ^.) aQcosf, 8in(«+4> + fi) 
Ex, 368. — In the last Example, if q^ i* ^^ pressure that will just force 
p out, show that 
Q sin {a+4 + fi) cos («— ♦) cos (^i— fa)**^! sin («— ^-^i) cos (o + 4>) 
«>8(*i-^4t). 
What is the smallest slope of A b at which it will he possible for this to 
happen? 

79. The Form of the Helix or the Thread of the Screw. 

— Let ABC be a right- 
angled triaDgle^ and defg 
a cylinder, the circumfe- 
rence of whose base is 
equal to the base of the 
triangle Ac; if we sup- 
pose this triangle to be 
wrapped round the cylin- 
der so that A and c come 
together, as indicated by 
the small letters ac6, the 

„-j.-^ hypothenuse ab will take 

o v^lk>^ "^ the form of a curve called 

the helix, i. e. the curve to which the thread of a screw 
would be reduced if it became merely a line. 

Ex, 364. — ^If the distance between two turns of a thread of a screw (or 
its pitch) is h and the radius of the cylinder is r, show that the length of n 
turns of the thread is n V4^r^ + h\ 

Ex. 365. — Show that if h is the pitch and r the radius of the cylinder, 
then if B is the angle of inclination of the thread of the screw we shall have 

tane=-*- 
2irr 

Ex. 366. — The length of a screw is Ijft. in which space the screw makes 
36 turns, the radius of the cylinder is l^in. ; determine the angle of incli- 
nation of the thread and its length. Jns. (!) 3^ 2' 12". (2) 339*7 in. 

80. The Form of a Screw with a Square Thread. — In 
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the last Article we considered the form of the geometrical 
curve called the helix. If we suppose that instead of the 
triangle agb we have a solid, such that<, when fio. 95. 
it surrounds the cylinder, its upper face 
projects at right angles to the cylinder at 
every point, as shown in the annexed figure ; 
this upper surface will have the form of 
the upper surface of the square-threaded 
screw; if now the lower part of this pro- 
jection be cut away, so as to leave a protect- 
ing piece of uniform thickness, we shall 
obtain a screw with a square thread, as shown in fig. 96,* 
a section of which made by a plane passing through the 
axis of the cylinder is shown in fig. 97. The student will 
remark that the thread of a screw, though a very common 
object, has a very remarkable form ; for instance, the curve 
aa' (fig. 96), which when prolonged passes through the 
points a, ap a^ (fig. 97) is a helix, as also is the curve 
hV (fig. 96), which when prolonged will pass through the 




Fia. 96. 



Fig. 97. 





1% 



P 



points 6, 6j, 6^, (fig. 97). Now imagine a cylinder to be 
described whose axis coincides with that of the screw, and 
whose surface cuts the thread between a and 6 (fig. 96), 

* When there is a considerable distance between two consecutive turns 
of the thread, as is the case with the screw represented in the figure, it is 
usual to have a second intermediate thread running round the cylinder. 
This is done for the purpose of- distributing the pressure exerted between 
the thread and its companion over a larger area, and thereby decreasing the 
risk of breaking the thread. 
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the curve of section wiU be a helix, as indicated by the 
dotted line ; the triangles whose hypothenuses form these 
helices will all have the same height, viz. aa^ or 66, (fig. 
97), but their bases wiU be the circumferences of their 
respective cylinders. 

Ex. 367. — If h is the height between two turns of the thread of a screw 
(or its pitch), r and r^^ the radii of the external and internal cylinders, 
and and 0^, the angles of inclination of the external and internal helices, 
show that 

and show that the formula gives a correct result when r^ «=0. 

Ex. 36S.— If the thread of the screw in Ex. 366 were cut half bh inch 
deep, determine the difference between the lengths of the interior and eX' 
terior helices, and the inclination of the mean helix. 

Ans. (1) 112-8 in. (2) 3® 38'. 

Ex. 369. — The external and internal radii of the thread of a square- 
threaded screw are r and r^ ; its thickness (measured parallel to the axis) 
is a ; show that the volume of one turn of the thread is w (r'—rj^) a, 

Ex. 370. — ^A wrought-iron screw is 1 ft long, and 1^ in. in radius, th« 
thread makes 3 turns in 2 in., its thickness is | in., its depth ^ in., find its 
weight, and the weight of the part cut away when the screw was made. 

Ans. (1) 2761 oz. (2) 1062 oz. 

81. The Screw Press, — The most familiar application 
Fig. 98. of the screw occurs 

in the case of the 
screw-press, and as 
it is very desirable 
that the student 
should get a clear 
conception of the 
mode of action of 
the forces in the 
case of the screw, 
he will do well to 



examme a screw- 
press ; its most 
familiar form is 
represented in the 
annexed figure, and 
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can be sufficiently described as follows : pfff is a strong 
frame ; at A in the middle of the cross piece is a hollow 
nut, on whose interior surface is cut a groove, called the 
companion screw, which the thread of the screw bc exactly 
fits ; the end c of the screw is fixed to the piece de in such a 
manner that the screw is free to turn, while the piece de 
can only move in a vertical direction in consequence of the 
guides FF, and ff; it moves downward when the screw 
is turned by the handle gh in one direction, and upward 
when the screw is turned in the opposite direction ; in the 
former case a pressure is exerted on the mass M which it is 
the purpose of the machine to compress. The action of 
the forces in this case will be understood by considering 
the annexed figure, in which ^iq. 99. 

A AAA represents a section of 
the nut, BC of the screw, ff 
the guides, de the movable 
piece, TT the thread of the 
screw, XX the groove of the 
companion; the pressure p 
is equivalent to the pressure 
at the end of the arm which 
tends to turn the screw ; Q is 
the reaction against de which 
balances p ; the frictions 
called into play in this case 
are the following: (1) be- 
tween the thread and the 
groove, (2) between the end 
of the screw and the piece 
DE, (3) between the guides 
FF and the sides of the piece 
DE ; (4) between the cylindrical surfaces of b and A. It 
is not easy to obtain the relation between p and q in the 
state bordering on motion when all the frictions are taken 




146 PRACTICAL MECHANICS. 

into account;* the frictions marked (3) and (4) are, 
however, small, and in the following pages will be 
neglected. 

Er, 371. — Show that in the case of the screw press the relation between 
p and Q is given by the formula 

PtfvQrtan (« + *) 

where a is the length of the arm on which p acts, r the radius of the screw, 
« the angle of inclination of the thread, and f the limiting angle of reost- 
ance between the thread and groove ; all other frictions being neglected. 

If (referring to fig. 93) CD is a horizontal table, movable in a vertical 
direction between guides bf; and if abhk is a fixed inclined plane, aod 
A ROD a movable inclined plane, then, if a is the inclination of ab, and if 
all the suifiices are smooth except ab, 

p=Q tan(a + ^) 

If A B c D is wrapped round a cylinder, and a b h k round a hollow cylinder, 
we obtain the same arrangement of pieces that exists in a screw working 
against a fixed nut ; but q acts along the axis of the cylinder, and p acte, 
not tangentially to the cylinder, but at the end of an arm a. 

Suppose the pressure q to cause pressures g^, j's' ?3* • • • • ^ difierent 
points ot the thread of the screw, and suppose px, ^i,, ^3, .... to be the 
pressures which acting horieontally in directions touching the surface of the 
cylinder at those points would be on the point of overcoming (j^^, ^3, ^3, . . . . 
respectively, then the relation between pi and qi must be the same as that 
between p and q given above. Hence 

Pi^qitAn(a + ip) 

similarly ^2 * S'a *^a^ (« + ^) 

^8-g3tan(o + 4>) 

and therefore pi +^2 +ps + . • ^tei +S'2 + S'a + . . . ) tan (0 + ^) 

'Sow Pit p^y ^3» . . . have the same tendency as p to turn the screw round its 

axis, and therefore the principle of moments gives us 



Ta^Pi r+p^ r+psr + . . 



* If 2b equals d e, f> the radius* of the end of the screw, fi, fi\ n" the co- 
efficients of Mction between screw and nut, screw and d b, and guides and 
D B respectively, and the remaining notation the same as that employed in 
Ex. 371» the following, it is believed, will be found to be the correct fi»rmula 
for the relation between p and q : — 

p(a- Mrcos(2a^^) \ hg /, tan (« ^ ^) ^ |;.> ) 

V -v/l+/i«cos'^acos(a + ^)/ ft + fjuVV V ^/ sr-r y 

It evidently differs but little from the formula of Ex. 380. 
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also since the pressures q^, ^2, ^3, ... are all parallel to q's direction we 
have 

therefore ra^qr tan (a+ ^) 

Ex. 372. — Show, hy a method similar to that employed in the last 
example, that when all the frictions are neglected 

pa=Qr tan a 

and that p : q : : the pitch of the screw : the circumference of the circle 
described by the point at which p acts. 

iSr. 373. — There is a screw with a square thread the radius of which is 
1 in., the pitch is Jin., the nut is of cast iron and the screw of wrought iron, 
their surfaces are well greased; determine the pressure that would be produced 
on the substance in the press if we neglect all the frictions but that between 
the thread and the groove, when the screw is turned by a pressure of 150 lbs. 
acting at a distance of 3 ft. from the axis of the screw. 

Ans, 35,275 lbs. 

Ex. 374. — ^In the last Example determine q if the screw is not greased. 

Ans, 22,007 lbs. 

Ex. 376. — ^Find the number of turns per foot which the thread of a per- 
fectly smooth screw will make whose power is the same as that of the screw 
described in Ex. 373. Ans, 12^ nearly. 

Ex. 376. — If in any screw reckoned perfectly smo6th a pressure p were 
required to compress a substance with a pressure q, and if p' were the addi- 
tional pressure required in consequence of the friction between the thread 
and the grooye, show that 

r^sa-J^ very nearly. 

sin 2a '' "^ 

where a is the angle of inclination of the thread of the screw, and ft the 
coefficient of friction — ^neither being large. 

Ex. 377. — ^If the screw described in Ex. 373 has to exert a pressure q, 
find both from first principles and from the formula in the last Example the 

Talue of — . Ans. (1) 1-886. (2) 1-880. 

■£x. 378. — ^The diameter of the screw of a vice is 1 in. and the thread 
makes 4 turns to the inch, the whole is of cast iron and the screw is well 
greased ; the handle by which it is turned is 6 in. long and is urged by a 
pressure of 100 lbs. ; the jaws of the vice hold an ungreased piece of 
wrought iron ; find the pressure requisite to extract it. Ans. 2630 lbs. 

82. Friction on the End of the Screw. — Let abc be a 
cylinder or pivot, the end of which is urged against a rough 
plane by a pressure Q acting along its axis oc, the cylinder 

L2 
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FlO. 100. 




is supposed to be on the point of turning round the axis^ 

and is opposed by the friction, 
it is required to determine the 
moment of the frictions with 
respect to the axis oc. 

It may be assumed that the 
inequalities of the surfaces will 
wear away, and that the pres- 
sure will be equally dis- 
tributed ; consequently if p is 
-^ the radius of the pivot (say 

in inches), — will be the pressure per square inch, 

and consequently ^--\ will be the friction per square inch ; 

hence if we consider a small ring enclosed between two 
circles, whose radii op and op are respectively r and 
r -h Sr, its area will ultimately equal 27rrSr, and the pres- 
sure on it will equal J^rSr. Now the friction at every 

point of this ring acts in a direction perpendiculaur to the 
radius at that point, and hence the sum of the moments 
of the frictions on this ring with respect to the axis will 

ultimately equal -J^Sr^Sr ; the same will be true of any 

other ring, and therefore we shall obtain the required 
moment if we divide the area into a great number of 
rings, and ascertain the limit of the sum of the moments 
of the frictions on each ring ; this can be done as follows : 
Take DB = p and at right angles to it draw ef = p, 

perpendicularly to botii draw eh = — ^, complete the 

P 
rectangle efgh, and complete the pyramid defqe; take 
Dp = r and pj9=8r, and through p and j^ draw planes 
parallel to the base inclosiug the lamina pes, then it is 
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plain by similar triangles that PS=r and pr= -^r, con- 

H 

sequently the volume of the lamina is ultimately equal to 



Pig. 101. 




O. 



F p 



-J^^r^Br^ i. e. the moment of the friction on the ring is 
P 
correctly represented by the volume of the lamina, and 

the same being true of any other lamina, we dball have 

the moment of the whole correctly represented by the 

volume of the pyramid,* i.e. the moment equals ^pxpx 

-f^ or moment of friction =fpQ/i. 
P 

Ex. 379. — If the screw rests on a hollow pivot whose iDternal and 
external radii are respectively ^ and p, show that the moment of the fric- 
tion ronnd the axis of the screw is given by the formula 



f. 



P^-f>i" 



.Q/A 



and show firom this formula that when p^ is very nearly equal to p the 
Motion is very nearly equal to pa/c. 

Ex, 380 — In the screw wh^i the friction on the end as weU as the fric- 
tion on the thread is taken into account then 

Pas !!^ tan (0 + 9) +1 . ^Qfi 
a a 

where p is the radius of the end on which the screw rests. 



♦ The student who understands the Integral Calculus will perceive that 
the above construction is equivalent to integrating the expression — 5- r'^dr 
between the limits of r»0 and 7*— f>. 
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[Keferring to Ex. 371 the equation deduced from the principle of moments 
will become 

Ex, 881. — ^It 18 required to compress a substance with a force of 
10,000 lbs. ; the screw with which this is done has a diameter of 3 in., and 
its thread makes 1 turn to the inch ; the arm of the lever is 2 ft. long ; 
determine the pressure p that would be required — (1) if all frictions were 
neglected ; (2) if the friction between the thread and groove were taken into 
account; (3) taking also into account the friction on the end of the screw 
which is 1 in. in radius ; the surfaces being iron on iron well greased. 

J3U, (1) 66-3 lbs. (2) 129-6 lbs. (3) 167-5 lbs. 

Ex, 882. — An iron screw 4 in. in diameter communicates motion to a nut, 
the f<»ce is applied at the extremity of a lever 1 ft long ; the inclination of 
the thread of the screw is 6^ ; determine the relation between the pressure 
applied and the weight raised by the nut, taking into account the frictions 
between ihe thread and groove, and the end of the screw whose diameter is 
3 in. — the surfaces are cast iron — (1) when well greased, (2) when ungreased. 

Ans, (!) p-0-0427 Q. (2) p=0-0583 q. 

Ex. 383. — If the angle of the screw were 12°, the diameter of the screw 
and of its end 4 in., and the lever by which it is turned 2 ft. long, the sur- 
faces being of cast iron and imgreased, what weight will a pressure of 1 cwt. 
overcome? Jns, 2730 lbs. 

Ex. 384. — Determine the pressure required in Ex. 381 if the surfaces are 
of ungreased oak. Ans, 488 lbs. 

[The fibres may be reckoned to rest endwise between the thread and 
the groove as weU as between the end and the movable piece.] 

Ex. 386.— Given q the pressure to be produced by the screw, r the radius 
of the mean thread, b the length of the arm, h the pitch, ft the coefficient 
of friction between the thread and the groove, if the friction between the 
thread and the groove is the only one taken into account, show that the 
pressure to be applied at the end of the arm is given by the formula * 

r h + 2irfAr 
B ' 2irr— A^ 

83. The Endless Screw. — It is not very unusual to make 
a screw work with a toothed wheel ; the arrangement of 
the pieces when this is done will be sufficiently understood 
by an inspection of the annexed diagram ; the screw ab may 

* This is the formula given in General Morin*s .^jde-Mhrnaire^ p. 30&. 
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be mounted in a frame, and turned by a winch; .the 
teeth of the wheel (c) work with kq. 102. 

the worm of the screw, on turn- 
ing which the wheel is caused to 
revolve ; as the screw has no for- 
ward motion, it will never go out 

of action with the wheel, and is, on 

A r 
that account, termed an endless 

screw. The reader will find in Mr. Willis's Principles of 

Mechanism * a discussion of the form that must be given 

to the teeth in order to secure equable working. When 

the machine is employed, it commonly happens that the 

screw drives the wheel ; sometimes, however, the screw is 

driven by the wheel, as in the case of the fly of a musical 

box. In the former case it is easily shown that if p is the 

pressure at the end of the arm which turns the screw, and 

Q the pressure exerted by the screw on the wheel in a 

direction parallel to the axis, then the relation between p 

and Q is the same as that determined in Ex. 371. 

Ex. 386. — If a pressure p acting on the thread of a screw in a direction 
parallel to its axis is on the point of driving a pressure q acting along a 
tangent to its base, show that 

Q=p tan (o— ^) 
where a is the inclination of the thread of the screw at the working point, 
and ^ the limiting angle of resistance between the driving and driven 
surfaces. 

Ex. 387. — If the action of an endless screw is reciprocal, i. e. if it will act 
whether wheel or worm is driver, show that the inclination of the thread of 
the screw must be greater than (p and less than its complement. 

Ex. 388. — ^An endless screw consists of a cylinder of cast iron the radius 
of whose base is 3 in. ; the thread makes one turn in 4 in. ; what is the 
greatest extent to which the thread can project if the tooth by which it is 
driven is of cast iron and is ungreased ? Ana. 0*98 in. 

Ex. 389.— In the last Example, if the depth of the thread be 1 in. what is 
the least pitch with which the machine can work if the surfaces are greased ? 

Ans. 2-513 in. 

* Page 160. 
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84. F)%ctian of Guides. — One or two instances of the 
pio. los. friction of Guides have been given 

abeady (Ex. 360-3); the following 
case will still further illustrate the 
subject: — bf is a beam constrained 
to move in a vertical direction by the 
four guides A^BjOyD; a projection an at 
right angles to sf works with a tooth or 
cam, K, revolving on a wheel : by the 
action of the cam the beam is lifted 
and then allowed to fall by its own 
weight, thereby serving as a ham- 
^'mer. In the fundamental case the 
pressures act as in the figure: and 
we treat the beam as a straight line, 
the guides as points, and represent 
AC by a, GH by 6, hc by x.* 

Ex. 390.— In the above case show that 

p N a— 26fi— («— 2«)fifi' \ «aw 

Ex. 391. — In the above case -if n'x>b show that the pressures will not 
act exactly as shown in the figure, and that 




* For a fuller discussion of this case, see Traite de Micaniqtte appliq. aux 
Machines, par J. V.Poncelet, vol. i. p. 234-238. 
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CHAPTER VII. 

of the equilibsium of bodies resting on an axle, and 
of the rigiditt of hopes} wheel and axle^ pullet. 

Section L 

85. Fundamental Condition of Equilibrium in the 
state bordering on motion^ of a body capable of revolving 
round an axle. — All the pressures acting on the body can 
Fig. 104. be reduced to a single resultant^ to which, 

when the body is at rest, the reaction of 
the bearing must be equal and opposite; 
let the annexed figure represent the axle 
resting on its bearing ; let r be the re- 
sultant of the pressures acting on the body, 
and let its direction cut the circumference 
of the bearing at the point p ; take o the 
centre of the bearing and join op ; this 
line is the normal to the point of contact ; 
the body will therefore be in the state bordering on motion 
when the angle opr equals the limiting angle of resist- 
ance, the motion being about to ensue in the direction 
indicated by the arrow head. This consideration enables 
us to give a very simple construction, which will apply to 
all cases in which the pressures act on the body in parallel 
directions. Take o the centre of the bearing fig. 105, 
draw a line AO parallel to the directions of the pressures ; 
if the body is about to' move in the direction indicated by 
the arrow head, make the angle aop equal to the limiting 
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angle of resistance, then a line bp parallel to OA must be 
the direction of the resultant pressure, since this is the only 
p». 106. '"^® drawn parallel to da which will cut 

the circumference in a point p such that 
the angle opr equals the limiting angle 
of resistance ; hence if we measure mo- 
ments round p, we shall obtain the 
required relation between the pressures, 
the sum of those moments being equal to 
zero by Art 58. Of course if the motion 
is about to ensue in a contrary direction, 
the angle aop must fall on the other 
side of OA. It will be remarked that 
the radii of the axle and its bearing are 
sensibly equal, so that though in the diagram they are repre- 
sented as diflferent that diflference never enters the question. 
86. Friction of Axles. — When the body is in the state 
bordering on motion, the values of the coeflScient of friction 
are the same as those given in the last chapter; the 
same is also true in cases of motion where no imguent is 
interposed ; in nearly all cases of motion, however, an axle 
is kept well greased, both to prevent wear and to diminish 
the resistance ; the unguent may be supplied at intervals, 
as in the case of a common cart wheel, or continuously as 
in the case of the wheel of a railway carriage ; as might be 
expected, a continuous supply of unguent is found to be 
the most eflfective means of diminishing the resistance ; the 
following table gives the values of the coeflScients of friction, 
and the limiting angle of resistance for the axles and bear- 
ings most commonly used ; the coeflScients of friction are 
taken from the experimental determinations of Greneral 
Morin,* from which the limiting angle of resistance has 

* Notions FondamentaleSy p. 309. To avoid ambiguity, the means of some 
of Gen. Morin's results have been taken ; thus, instead of 0*07 to 08, the 
above table gives 0'076. 
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been calculated — those cases have been selected in which 
the unguent is most effective in diminishing friction. 

Table XII. 
FRICTION OF AXLES MOVING ON THEIR BEARINGS. 



Axle 
and 


Ungnents 


Benewed at intenrals 


Benewed 
continaoiiBly 










Bearings 




X . ** . . 


« 


^ten^ 


« 






tan^orsin^ 


or sin ^ 


Cast Iron on 


Oil of olives, tallow, 


0-076 (mean) 


4^20' 


0054 


3° 6- 


Cast Iron 


hog's lard, soft gom 










Wrought lion 


Do. 


0*076 (mean) 


4«>20' 


0064 


3° 6' 


on Cast 












Wrought Iron 


Oil of olives, tallow. 


0-076 (mean) 


40 20' 


0054 


30 6' 


on Brass 


hog's lard 










Wrought Iron 


Oil, or hog's lard 


Oil 


6°20' 






on Lagnum- 












vitae 












Brass on Brass 


Do. 


0*096 (mean) 


6^30' 






Brass on Cast 


Oil or tallow 


. . . . 


, , 


0*0485 


2047' 


Iron 








(mean) 





Ex. 392. — ^Let ab (fig. ^) he a heam movahle ahout a wronght-iron axle 
which rests on a cast-iron bearing, and whose axis passes at right angles 
through the axis of the heam ;* the centre c of the axle is 12 in. from a, and 
30 in. from the centre of gravity of the heatu and axle, the radius of 
the axle being 3 in. ; the weight of the whole (i.e. of the heam and axle) is 
400 lbs. : find the weight which, when hung at a, will just cause the end a 
to descend* 

Draw the figure to scale ; draw through c the vertical line cd, and make 
the angle dcq equal to the limiting angle of resistance (10^ 45^) ; draw the 



* Of course there are in reality two bearings situated symmetrically with 
reference to the length of the beam, each of which supports half the united 
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pWBsnres p and w ; the plan of the machine being shown in the accompanying 
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reitacal line qb cottiiig ab inn; then this being the direction of the reaction 
the principle of moments giree ns 

PXAfl»WxflO 

but since nc is yeiy small, it is desirable to construct the axle on a larger 
scale ; this is done in fig. A, from which we obtain en equal to 0*57 in.; 
hence we find p equal to 1069*8 lbs. ; a result predselj the same as that 
obtained bj calculation. 

If AC is represented hj p, co bj 9, cq by p, and if ^ is the limiting 
angle of resistance between the axle and its bearing, we shall have 
cusp sin f, and therefore AfiB>ji— p sin f and na^^q + p sin ^, whence 
generallj 

p 0)-p sin f)-w (jr + p sin ^) 

In future p will be used to denote the radius of any axle that may be under 
consideration. 

Ex, 893.— In the last Example determine the value of p which will just 
prevent the beam from frJling when no unguent is used. Ans, 936*5 lbs. 

Ex, 394. — ^Determine the magnitude and position of the resultant pressure 
in Ex. 892 if we suppose p»1020 lbs. ; and determine the magnitude of 
the angle its direction makes with the normal to the point of its application. 
Jfu, (1) 1420 lbs. (2) c»= Jf in. (3) CQn=30 13' 47". 

Ex, 395. — ^There is a beam of oak ab whose length is 30 ft, d^>th 2 ft, 
and thickness 1 ft. ; at right angles to its face passes an axle of wroughtiron 
the part of which within the beam is 8 in. square, the projecting part on each 
side is 6 in. in diameter and 6 in. long (so that its total length is 2 ft.), its 
axis is situated 10 ft from the end a, at which end is exerted a pressure of 
5000 lbs. , find the pressure at b which will just keep the beam from turning 
and the amount to which that pressure must be increased if it is on the 
point of overcoming the pressure at a; the axle rests on an oaken bearing 
ungreased. Ans. (1) 1 550 lbs. (2) 1700 lbs. 

Ex, 396. — ^If a string were wrapped round the grindstone described in 
Ex. 16, determine the greatest weight that could be tied to the end of 
the string without causing motion, supposing the bearing to be of cast iron 
weU greased. Ans. 4*8 lbs. 

Ex. 397. — ^If p and q are two parallel pressures acting towards contrary 
parts and keeping a body in equilibrium, and if p, the one more remote from 
the axle, is on the point of causing motion, show that 
p (p + psin^)«Q(3' + p sin^) 

[K we gradually increase p while q continues constant, it is plain that 
their resultant will be made to act at a continually increasing distance 
from o. Consequently, in the case supposed in the question, the resultant 
acts along a line as remote from q as is consistent with equilibrium.] 

87. Whed and Axle, Pulleys. — The wheel and axle and 
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the pulley are familiar examples of bodies capable of mov- 
ing round a fixed axle ; they may be suflSciently described 
as follows: — 

(1) The Whed and Axle.— Let 
AB represent a cylinder of wood 
or some other material called the 
axle^ to the end of which is firmly 
fixed a cylinder of a large diameter I 
EC called the wheel ; they rest on 
a pair of bearings by means of 
a small cylindrical axis, one end 
of which is n, the geometrical 
axes of all these cylinders being Jl 
coincident ; ropes are wrapped IM 
in opposite directions round the wheel and axle respec- 
tively, to the ends of which weights p and q are attached ; 
if p is so large as to descend, it will do so by turning the 
machine ; this will wind up q's rope, and thereby cause 
that weight to ascend. It is usual to describe the wheel 
and axle in the above form, in order to give definiteness 
to the calculation; in practice, however, a winch com- 
monly supplies the place of the wheel. 

(2) The Pulley 18 simply a thin 
cylinder with a groove cut in its 
circumference, on which a rope 
can rest : the cylinder is capable 
of turning round an axis, which 
is supported by a piece called a 
block ; this well known machine 
is represented in the accompany- 
ing diagram. When several pul- 
leys are combined into a single 
machine, they constitute what is called a system of pulleys ; 
the system most commonly used is called the block and 
tackle ; it consists of two blocks containing pulleys (under 
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Fig. 110. 



these circumstances called sheaves) which are either equal 

in number, or else the upper block contains one more 

sheave than the lower; the upper block is fixed, while 

Fio. io». the lower carries the 

T weight; one end of^ 

\ the rope by which 
' J the weight is raised 
is fastened to one of 
the blocks, and passes 
in successioi^ round 
each of the sheaves, 
as represented in 
fig. 109 ; but it must 
be added that the 
sheaves in each 
block are commonly 
made equal, and ar- 
ranged one behind 
the other on a com- 
J mon axis. Another 
r|| system of pulleys, 
Uli"* called the Barton, 
is sometimes employed ; it con- 
sists of one fixed and any number of movable pulleys ; to 
the block containing each movable pulley is fastened a 
rope, which after passing under the next pulley (thereby 
supporting it) is fastened to a fixed beam. The last of 
these pulleys carries the weight to be raised ; the rope 
which carries the first movable pulley passes over the fixed 
pulley ; on shortening this rope the pulleys, and with them 
the weight, are raised ; the arrangement is shown in 
fig. 110; it rarely happens that more than one movable 
pulley is employed. 

It is to be observed that the rigidity of the cords, i. e. 
their want of perfect flexibility, plays an important part in 
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calculations concerning the mechanical power of the wheel 
and axle, and of the pulley; we will therefore proceed to 
explain the method of taking that resistance into account. 
88. Rigidity of Ropes. — Let abc represent a drum or 
pulley, movable about an axis c, and let a rope abd pass 
over it, to whose ends are 
applied pressures p and q re- 
spectively, the friction of the 
rope being suflScient to pre- 
vent sliding ; if one of the 
pressures p overcome the other 
Q, it must do so by causing 
the drum to revolve, thereby 
winding on the rope abd; 
now the portion ab being 
circular, and bd being straight, the rope must be bent at 
the point b, and the rope not being perfectly flexible will 
oflFer a resistance to being thus bent, and a certain portion 
of the pressure p will be expended in overcoming the re- 
sistance. It is found that this ^ rigidity ' of the rope can 
be taken account of by supposing q to act along the axis of 
the rope, i.e. at a distance from c equal to ^ of the sum of 
the diameters of the rope and drum, and then increasing 
Q by a certain pressure ; it is found by experiment that 
this additional pressure consists of a part depending only 
on the rope, and another part proportional to q ; it is also 
found that, when other circumstances are the same, this 
additional pressure is greater as the curvature of the axis 
of the rope is greater, and therefore it can be correctly 
represented by the formula 

A + BQ 
R 

where a and b are constants to be determined by experi- 
ment, and R is the eflFective radius of the drum, i, e. half 
the sum of the diameters of rope and drum'. 
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The principal experiments on the rigidity of ropes are 
due to M. Coulomb,* whose results have been discussed by 
various writers. M. Morin considers that M. Coulomb's 
experiments are sufficient for the construction of empirical 
formulse only in the cases of new dry ropes and of tarred 
ropes ; from a discussion of the experiments f he obtains 
values of ▲ and b which, after reduction, give the following 
values of the above formula : — 

(1) For new dry ropes, the resistance due to rigidity in 
lbs. equals 

^* 1 0-062994 + 0-253868 c« + 0-034910 Q | 

(2) For tarred ropes, the resistance due to rigidity in 
lbs. equals 

- 1 0-222380 + 0-185525 c« + 0-028917q | 

where Q is estimated in lbs., c is the circumference of the 
rope in inches, and r the eflfective radius of the drum or 
pulley in inches. From these formulae the following table 
has been calculated : — 



TABLE Xin. 
EIGIDITY OF ROPES. 



BadiQBOf 
Rope 


Circumf. 
of Rope 


New Dry Ropes 


Tarred Ropes 


A 


B 


A 


1 B 


016 in. 


1 in. 


0-32 


0-034910 


0-41 


0-028917 


0-24 


1-6 


1-43 


0-078543 


1-44 


0066068 


0-32 


2 


4-31 


0-139640 


3-86 


0-115668 


0-40 


2-6 


10-31 


0-218183 


8-64 


0-180731 


0-48 


3 


2113 


0-314190 


1703 


0-260253 


0-56 


3-6 


38-87 


0-427643 


30-56 


0-354233 


0-64 


4 


6600 


0-558560 


51-05 


0-462672 


0-72 


4-5 


105-38 


0-706723 


80-08 


0-585569 


0-80 


6 


160-23 


0872750 


121-50 


0-722925 



* An abstract of Coulomb's Memoirs is given in Young^s Nat. Phil, 
vol. ii. p. 171. 

t Notions FondamentcUeSy pp. 316-332. 
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' Mule. — Multiply b by Q in lbs., add the product to A, 
divide this sum by the efiFective radius of the drum or 
pulley in inches, the quotient is the resistance in lbs. 

If the resistance added to Q give q', the relation between 
p and Q will be the same as that which obtains between p 
and q' acting by means of a perfectly flexible rope on a 
drum or pulley whose radius equals the efiFective radius. 

It is to be remarked, that the resistance due to rigidity 
is only called into play when the rope is wound on to a 
drum ; there is no resistance when the rope is wound oflF. 

For example : If the diameter of a pulley is 11 in. and 
a new dry rope 3 in. in circumference is used to lift a 
weight of 500 lbs., we have the efiFective radius of pulley 
5*98 or 6 in., and hence 

A + BQ _, 2M3 + 0'31419x500 _^^^^^ 
R 6 I 

80 that we may consider that a weight of 530 lbs. has to be 
raised by means of a perfectly flexible string over a pulley 
6 in. in radius. 

Ex. 398. — To determine the relation between p and q in the case of the 
wheel and axle. 

Li the annexed figure, let ca, 
the radius of the wheel, be repre- 
sented by jp ; CB, the radius of the 
axle, by g; cd, the radius of the 
axis, by p ; the power p and the 
weight Q act vertically at a and b, 
and the weight of the machine, w, 
acts vertically through c. If p is 
oa the point of preponderating 
over Q, make wcd equal to <ff (the 
limiting angle of resistance be- 
tween the axis and the bearing), 
then the reaction of the bearing 
wiU act vertically upward through 
D; and if its direction cuts the 
line AB in », we have from the principle of moments 

p.wA=Q .ns + w. wc 
M 



Fig. 112. 




■■4/... 



"s/-,. 
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but fioaf mn^, tlierafoTe nA^p-^Binf, anditBs^+^sin^; also if ▼» 
tokd into •ccomit the rigidity of the rope, the effectiye value of a is 

Hence the required relation between p and q is 

p (j>— f Bin f ) « J Q + iJt£?\ (j + p sin ^) + wp sin ^ 

If no account be taken of the rigidity of the rope, the relation between p and 
Q will be 

p tp— p sin ^) «Q (j + p sin ^) + wp sin ♦ 

Ex. 399. — A wheel and axle weighs 1 cwt, the radius of the wheel is 
2 ft, of the axle 6 in., the radius of the axis is 1 in., it is of wrought iron, 
and rests in a bearing of cast iron well greased ; if q equals 1000 lbs. find 
the magnitude of p (1) when it will just support, (2) when it is on the point 
of raising Q~the rope being considered perfectly flexible. 

Jns, (1) 244-3 lbs. (2) 265-7 lbs. 

Ex. 400. — In the last Example, if q is support^ed by a new dry rope 3 in. 
in circumference, determine the value of p when on the point of raising q. 

Ans. 290 lbs. 

[The increase of the radius of the axle due to the thickness of the rope 
must not be overlooked.] 

Ex. 401. — ^If p and q are two parallel pressures, and p is on the point of 
drawing up q over a pulley whose effective radius is r, and weight w, show 
that 

p (r-p sin^)-Q(r + p sin ^) ± wpsin^ 

where the positive sign is used if p and q act downward, and the negative 
sign if they act upward ; and that when the rigidity of the rope is taken 
into account the formula becomes 

p {r^p sin ^) = Q I I + - J (r + p sin ^) + f (r + p sin 0) ± w p sin ^ 

[The proof of the above formulae exactly resembles that given in Ex. 398, 
except that ca. and cb are equal.] 

89. Remark. — It appears from the formula of Ex. 401 
that the part of p expended on the friction caused by the 
weight of the pulley is small, since it is represented by 
wp sin ^, in which w is commonly small compared with 
p and Q, and p sin ^ is always small compared with r ; now 
if we omit the last term the formula will be the same 
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whether p and q act vertically upward or vertically down- 
ward, and can be written : 

p=aQ + 6 
where a and h are written instead of the compUcated 
expressions, 

a=f 1 + ?> !:±P_?!5^ and 6 = ^ . !l±^^ 
\ rj r— /a sin r r— /a sin ^ 

In the following questions a and h will have these 
values, and it will be understood in every question relating 
to combinations of pulleys that the efifect of the weight on 
the friction of the axle is neglected ; it must also be re- 
membered that this is not the same thing as neglecting 
the weight entirely. 

Ex, 402. — A pulley 6 in. in radius has an axle of 1 in. in radius of wrought 
iron, turning on an ungreased bearing of cast iron, a weight q attached to a 
rope 3 in. in circumference is on the point of being raised over the pulley by 
a weight p attached to the other end of the rope : show that 
p=11117ft+3-4 

Ex. 403. — ^If p is on the point of lifting q by means of a Barton consist- 
ing of one fixed and one movable puUey, as shown j-i^^ 113^ 

in the annexed figure, determine the rektion be- ^ -3 

tween p and o. ? , s 

[Let Ti and Tg represent the tensions of the 
portions of the rope against which they are 
written ; then since the rope is the same and the 
pulleys like one another^ we shaU have : — since p 
is on the point of overcoming Tj, and Tj on the 
point of overcoming Tj, and both t^ and Tg to- 
gether lift Q 

p =aTi + 6 
Ti=aT2 + 6 
a — T1 + T2 
Therefore (1 + a) p = a^Q + (1 + 2a) 6.] 

Blx, 404. — If the pulleys and ropes are of the 
kind specified in Ex. 402, and if the whole weight 
lifted is 1000 lbs., determine p; also determine 
p supposing that all passive resistances are neg- 
lected. Ana, (1) 590 lbs. (2) 600 lbs. 

[The weight of 1000 lbs. of course includes 
the weight of the lower block.] 
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£g, 406.— If a it wited by means of a block and tackle each wntainiiig 
a single sheave, show that the same relaUon exists between p and q as that 
given in Ex. 403. 

£jp. 406.— If P is on the point of raising Q by means of a block and tackle 
containing in all » equal sheaves -the parta of the rope being aU parallel— 
find the relation between p and q. 

[See Pig. 109. If ^i, <» <s, . . . <. are the tensions on the successive por- 
tions of the rope, we shall have 

P ssati-i-h 
<i ^at^ + b 



and <i + <a + <s + .. 

whence, eliminating t^t t^ ^s, . 



. . L, we obtain 



s 






I 



Fig. 115. 



fl" (a— 1) . nbar b -. 

p = Q — i — __' + -w- -J 

a"-l a"-! a-1 

Ex. 407.— Show from the formula in the last Example, and also ftomfirst 
I»ineiples, that when the passive resistances are neglected np=Q. 

Ex. 408.— There is a block and tackle consisting of 6 sheaves each 3 in. 
in radius, whose axles are J in. in radius and are of uiigreased wrought iron 
turning on cast iron ; the rope used is untarred and is 4 in. m circumference, 
the total weight raised (i.e. the mass and lower block) is 1000 lbs. ; find the 
pressure required (1) taking into account the passive resistances, (2) negle<A- 
Lgthem ^na. (1)390 lbs. (2) 166| lbs. 

Pig. 114. Ex. 409.— When the pulleys are 

f ^ arranged as in the annexed diagram 

(fig. 114) show that the relation be- 
tween p and Q is given by the follow- ^ 
ing formula 
p (l + a + aai) = a'*aia + & (l+a + 

2aai) + a6i (1 + a) 
where a b refer to the smaller pul- 
leys and «! 6i to the large pulley. 

Ex. 410.— If a pair of similar 
pulleys are arranged as shown in the 
annexed diagram (fig. 116), where a 
and B represent immovable beams, 
show that 

a^Q , aw 

p= r-Ji.+ b . 

a+l a+l 



^ 
J 




L 



where to is the weight of the movable pulley. 
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Ex. 411. — ^In the last Example suppose each pulley to be similar to that 
described in Ex. 408, and the movable pulley with its block to weigh 60 lbs. ; 
the rope being dry and 4 in. in circumference, find the pressure required to 
raise a weight o of 1000 lbs. and determine the corresponding value of p* 
when the passive resistances are neglected. 

Ans. {l)e5Bl})8. (2) 476 lbs. 

Ex. 412. — ^If two equal pulleys are employed to raise a Fiq. 116. 
weight Q in the ihanner indicated in fig. 116, show that ^ 

(2a+l)p-»a2Q + 6 (2a+l)— at» 

and determine p when q weighs 1000 lbs., the pulleys and 
Topes being the same as in Ex. 411; and when passive re- 
sistances are neglected. Ans. (1) 432 lbs. (2) 317 lbs. 

Ex. 413. — ^In the case of a tackle with three equal sheaves 
show that the pressure p which will just support a weight q 
is given by the formula 

p, (g~l)Q . 36 b_ 

«(«»-!) a (a^-l) a-1 

and show that when the passive resistances are neglected 
equation reduces to 3PAQ. 



S 
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90. The Capstan. — This machine in one of its com- 
monest forms consists of a cylindrical mass of wood, CD, 
along the axis of which is cut a cylindrical aperture, 
which receives an axis 
AB (commonly of 
metal) on the top of 
which it rests ; in the 
upper part of the cap- 
stan holes are cut, 
into which are in- 
serted arms, such as 
BF, by means of which 

the capstan is turned, thereby winding up the rope an 
which carries the weight. 

Ex. 414. — ^A capstan is turned by two equal parallel pressures p acting 
towards opposite parts at equal distances a from the geometrical axis of the 
figure, which are on the point of overcoming a pressure a ; let 6 be the 
radius of the cylinder round which the rope is wrapped, r the radius of the 
metal axle, /k^ the coefficient of friction between the top of the axle and 
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the cApstan, and ft or tan ^ that between the side of the axle and the capstan ; 
show that when the friction on the top of the axle is neglected 

2p«-(6 + r8in^)(Q+^-*^) 



and when the friction on the top of the axle is taken into account 
2 pa = (6 + r sin ♦) (q + i.:!^) + irfnw 

where w is the weight of the capstan. 
[For friction on top of axle, see Art. 82.] 

91. Equilibrium of Two Pressures acting in given 
directions on a body capable of turning round an axU. 
— Let p and q be the pressures whose directions intersect in 
Fio. 118. A, and let p be on the point 

of preponderance; let o be 
the centre and p the radius 
of the axle, and <^ the litait- 
ing angle of resistance be- 
tween the axle and the 
bearing; with centre o, and 
radius p sin ^ describe a 
circle ; and within the angle 
GAP draw the line am touch- 
ing that circle (Eucl. 17-3), 
join MO, then the angle A mo equals <^, and if p and q 
are such that their resultant acts along am, p will be on 
the point of preponderating over Q, i.e. P will be on the 
point making the body turn round its axle. 

Draw OH, ok at right angles to ap and aq respectively, 
join HK, denote oh by p, ok by g, hk by l, pao by a, q ao 
by i8, and mao by ^. 

Ex. 415. — In the above case show that 

p {p cos ©— p sin 4> cos a) = Q (^ cos + p sin ^ cos /3) 

Ex. 416.— Show that the following formula gives a close approximation 
to the relation between p and q when p is very much greater than p sin ^ 
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FiO. 119. 



[Observing that ah ok is a quadrilateral, about which a circle can be 
described, it is plain that ohk=/3 and okh^so, consequently ij—p cos fi 
+ g cos o.] 

Ex. 417. — A weight q hangs from the end of a rope, which after passing 
over a pulley (whose weight is neglected) takes a horizontal direction ; it is 
no'w supported by n equal pulleys, placed at equal distances apart; show 
that the pressure p applied to the end of the rope, which is on the point of 
lifting Q, is given approximately by the formula 

P=(a + -ili^) ^^/2 + f>8in^^(^^^^)^8m»- 

where r, p, ^ belong to the first pulley, f^, f/, ^' to the remaining n pulleys, 
w is the weight of one of the n pulleys and w the weight of the rope which 
rests upon them. 

92. The Two-Wheeled Carriage. — In this case we may 
consider that the weight of the carriage is equally dis- 
tributed upon each wheel. 
Now it will be observed that 
at each instant the wheel is 
lifted over a small obstacle 
a; then if o is the centre 
of the axle, and b the point 
of contact with the road, the 
angle aob must have a cer- 
tain magnitude, which we 
will denote by the letter 7. 
We will also denote the in- 
clination of the road by a, 
and the angle between the direction of the traction and 
the road by /8. Then the pressures concerned are, the trac- 
tion J, the weight w, and the reaction r, of the point a, 
which, when t is on the point of moving w, must cut the 
circumference of the axle in a point n, such that odr=<^; 
then if we denote the angle oar by 6, the relation between t 
and w will be easily obtained by the triangle of pressures. 

Ex. 418. — When the wheel, as aboye explained, is on the point of moving, 
show that 

^^^jinJo + T-MO 
cos (^-y-#) 
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Ex. 419. — If A 10 the length of the mre a b, r and ^ the radii of the whdel 
and axle respecdyely, and if the road and the direction of traction are hori- 
aontal, show that 

rT =sir (a •!> f ^) Teiy nearly. 

Bemark^^lt appears from the experiments of General Morin that the 

traction is sensibly proportional to the weight directly and the radios of the 

wheel inrersely, when the roads are pa^ed or hard macadamised, and both 

the road and direction of traction are horizontal ; * consequently it appears 

that for such roads, under the drcnmstances assigned in £x. 419, the trac- 

itw 
tion, as found by experiment, equals — , where ^ is a constant quantity; 

but from the example it appears that Ar»A + p^, and hence the length of the 
arc A must be very nearly the same for the same road whateyer be the radios 
of the wheel. 

* Morin, NotiimB FondammtaUsy p. 853. The account of the carriage 
wheel given in the text is taken from Mr. Moseley's Meohamcal Princ^plei 
of EMgineering, pp. 395, 6, 7. The general results of M. Morin^s experi- 
ments will be found in the Appendix to Mr. Mosele/s work. The reader 
will find a great deal of condensed information on the subject of carriage 
wheels in Dr. Young's Natural PkUosopky, Lecture 18. 
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CHAPTER VIII. 

THE STABILITY OF WALLS, 
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The general principles which regulate the relations that 
exist between the dimensions of a wall and the pressure 
it can sustain on its summit have been already discussed 
(Axts. 42, 43); in the present chapter we shall extend 
the application of the same principles to a few other cases. 
Several questions intimately connected with the subject of 
the present chapter are not discussed, as being too diflBcult 
for a purely elementary work — such are the conditions of 
the equilibrium of arches, vaults, domes, the more compli- 
cated forms of roofs, &c. 

93. The Line of Resistance. — Let ablm represent any 
structure divided into horizontal courses by the lines CD, 
E F, GH . . . . and let it be subjected Fia. 120. 

to the action of any pressure p 
along the line Pa; produce pa to 
meet en in a^; if the mass abcd 
were without weight the pressure 
on CD would act on the point a'; 
but the total pressure on cb is 
the resultant (Rj) of p and the 
weight of abcd; the direction of 
this resultant must cut cd at some 
determinate point between a' and 
D, say at 6, and let the direction 
of Bj be 66' ; now the total pres- 
sure on EF will be the resultant 
(Rj) of Rj, and tTie weight of cdfe, which will cut ef at 
a determinate point c, between 6' and f; in the same 
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manner, the pressure on the joint gh will act through a 
determinate point d^ and on lm through a point e. Now 
if we join the points a, 6, c, d ... we shall obtain a poly- 
gonal line which cuts each joint in the point through 
which the direction of the resultant pressure on that joint 
passes ; if now we suppose the number of joints to be 
indefinitely great^ the polygonal line will become a curved 
line, which is then called the line of resistance. It will 
be remarked that the directions of the resultants do not 

coincide with the sides of the polygon ab, be, 

and therefore the line of resistance determines only the 
point at which the pressure on each joint acts^ not the 
direction of the pressure at that point 

The line of resistance can be determined without much 
difficulty in a large number of cases : when this has been 
done^ the condition of equilibrium — so far as the tendency 
of the structure to turn round any of its joints is concerned 
— is that this line cut each joint at a point withiu the 
structure ; and, of course, the stability of a structure about 
any joint will be greater or less according as the intersec- 
tion of the line of resistance with the joint is at a greater 
or less distance within the surface to which it is nearest. 

It is plain that since the resultant of the pressures that 
act on a wall passes through the point of intersection of the 
line of resistance with its base, the algebraical sum of the 
moments of the pressures acting on the wall taken with 
respect to that point must equal zero. It may also be re- 
marked that, in the case of most walls of ordinary shapes, 
the line of resistance continually approaches the extrados 
or outward surface ; and hence, if the wall possess a cer- 
tain degree of stability with reference to its lowest joint, it 
will possess a greater degree of stability with reference to 
any higher joint ; most of the following questions can, 
accordingly, be solved without the actual determination of 
the line of resistance. 
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Ex. 420.~A wall of Portland stone 30 ft high and 2 ft. thick has to 
sustain on each foot of its length a thrust Fio. 121. 

eqiial to the weight of 3 cubic feet of stone 
acting in a direction inclined to the vertical 
at an angle of 45^. Find the point of a bracket 
to wbich this pressure must be applied that 
the line of resistance may cut the base 6 in. 
within the extrados. 

[Liet the annexed figure represent a section 
of the wall; let the pressure act along the 
line X N, and let ax equal x ; take b a equal 
to 6 inches ; then the condition of equilibrium 
is that the moments of the pressure and of the 
weight of the wall round q be equaL Draw 
QN perpendicular to xn; it can be easily 
shown that 




I.e. QN= 



QN^ACCOS AXN-QCSm AXN-AXSin AXN 

28-5 - JT 

Whence we obtain 

28-5 -ar 



V2 



• x3oi60xi 
x= 14-36 ft. 



It may be remarked that the determination of a perpendicular resembling 
QN occurs in many of the following questions. It may also be added that 
it is sometimes convenient to resolve the pressure into its horizontal and 
vertical components at x and obtain the moment of each.] 

Ex. 421. — ^Determine the point of application of the pressure in the last 
article if the line of resistance cut the base 3 in. within the extrados. 

An8. 704 ft. 

Ex. 422. — A roof, whose average weight is 20 lbs. per square foot, is 40 ft. 
in span and has a pitch of 30^, i. e. the rafters make an angle of 30^ with 
the horizon ; the walls of the building are of brickwork, and are 50 ft. high 
and 2 ft. thick ; they are supported by triangular buttresses reaching to the 
top of the wall ; the buttre&ises are 2 ft. wide, and 20 ft. apart from centre 
to centre. Determine their thickness at the bottom that the line of resist- 
ance may &11 6 in. within their extrados : determine also the answer that 
results from neglecting the weight of the buttress. 

Ana. (1) 11676 ft. (2) 11764 ft 

Ex. 423. — ^A roof weighing 20 lbs. per square foot has a pitch of 60® ; the 
distance between the walls that support it is 30 ft ; they are of Portland 
stone and are 2J ft. thick ; the pressure of the roof being received on the 
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inner edge of the snnunit, what is the extreme height to which the walls 
can be built ? Ans, The wall can be carried to any height whatever. 

Ex. 424. — ^If the weight of each square foot of a roof is 15 lbs., its pitch 
22|^, and the length of the rafters 30 ft, determine — (1) the thrust along the 
rafters, supposing them to be 4 ft. apart ; (2) the strain upon the tie-beam 
if one is introduced ; (3) the magnitude and direction of the pressure on 
each foot of the length of the wall-plate,* if there is no tie-beam ; (4) the 
thickness of the wall, which is of brickwork and 20 ft. high, when the line 
of resistance cuts the base 2 in. within the extrados, the pressure of the roof 
being received on the inner edge of the summit ; (5) the distance from the 
axis of the wall at which the pressure of the roof must act if the line of 
resistance cuts the base of the wall 8 in. within the extrados. 

Ans, (1) 2352 lbs. (2) 2173 lbs. (3) 705 lbs. at an angle of 
60° 21' 40'' to the vertical (4) 3 ft. (5) 2*7 ft. 

Ex. 425. — ^If w is the weight supported by each rafter of an isosceles roof 

whose pitch is e^ show that the thrust on each rafter is ^;-T — and the 

strain on the tie - 



2 Bin< 



2tan( 



Fio. 132. 



94. The Presawre produced against a Wall by Water, 
-The following construction can be easily proved from 

the principles of hydrosta- 
tics. Let AB represent a 
section of the wall made 
by a vertical plane^ cb 
the surface of the water; 
draw the vertical line be ; 
draw BF, at right angles 
to AB and equal to be; 
join of; then the pres- 
sure on any length of the 
wall will equal the weight 
of a prism of water whose base is cbf and height the 
length of the wall ; or, in other words, the pressure on each 
foot of the length of the wall will be the weight of as many 
cubic feet of water as the triangle bcf contains square 

* The wall-plate is the beam on which the feet of the rafters rest : its 
office is to distribute the pressure along the wall. 
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feet ; this pressure will act perpendicularly to the face of 
the wall through a point p, where bp=^ BC. 

Ex. 426. — There is a wall supporting the pressure of water against its 
verticfid face ; determine the pressure produced by the water on each foot of 
its length when 20 ft. of its height are covered. Ans. 12500 lbs. 

Ex, 427.— In the last case determine the pressure on the lower 10 ft. of 
the walL Ans. 9375 lbs. 

Ex, 428. — An embankment of brickwork has a section whose form is a 
right-angled triangle a b c ; the base b c is 6 ft. long ; the height a b is 1 4 ft. ; 
will the embankment be overthrown when the water reaches to the top, if 
AB is the face which receives the pressure ? 

Ana. Yes ; the excess of the moment of pressure of water is 9767. 
Ex. 429. — ^In the last case will the embankment be overthrown if a<; is 
the face which receives the pressure? 

Ans. Yes ; excess of moment of weight of water 8676. 
Ex. 430. — In Ex. 428 what horizontal pressure applied at a would keep 
the embankment steady ? Ans. 698 lbs. 

Ex. 431. — If the section of a river wall of brickwork have the form shown 
in the accompanying diagram, in which ABa5 ft., 
DC = 16 ft., and bc equals 50 ft.; bo being vertical, 
and the angles b and c right angles, find the height to 
which the water must rise against bc to overturn it 

Ans. 37*2 ft 

Ex. 432. — ^If in the lastExample the dimensions were 
bc equal to 30 ft., ab equal to 3 ft, and do equal to 
10 ft., would the waU be overthrown if the water rose 
to the summit ? Ans. Yes. 

Ex. 433. — ^There is a cofferdam sustaining a pres- 
sure of 26 ft of water, supported by props 20 ft long, 
20 ft. apart, one end of each is placed | below the 
sur&kce of the water and the other end on the ground ; determine the thrust 
on each prop. Ans. 468800 lbs. 

Ex. 434. — ^If the section of an embankment of brickwork were of the 
form shown in fig. 123, and the dimensions were ab equal to 4 ft., dc equal 
to 12 ft., and bc equal to 24 ft., would it support the water when it rises to 
the top and presses on the face ad ? 

Ans. Yes ; excess of moment of weight of wall 6184. 

£r. 435. — If the coefficient of friction between the courses of brickwork 
in the last Example be 0*75, will the wall slide on its lowest section ? 

Ans. No ; defect of horizontal pressure 2628 lbs. 

Ex. 436. — In Ex. 433 what vertical pressure must by some means be sup- 
plied that equiUbrium may be possible ? Ans. 203100 lbs. 
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£r. 437. — Then is a riTer wall of Aberdeen granite 15 ft. high and 
having a rectangalar section ; the water comee to the distance of one foot 
firom the top of the wall ; find its thickness when the line of resistance cots 
the base 6 in. within the extradoe. Aim. 5*34 ft. 

Ex. 488. — In the last Example if the waU had a section of the form shown 
fig. 123, where A B is 1 ft long, the yertical &ce of the wall being towaids 
the water ; determine the width at the bottom when the line of resistance 
cats the base 6 in. within the extrados. If the walls in this Example and 
the last are 200 ft. long, determine the solid contents of each. 

Ans, (1) 5-86 ft (2) 10290 and 16020 cab. ft 

Ex. 439.— In each of the last Examples determine the distance from the 
extrados of the point at which the line of resistance cuts a horizontal joint 
8 ft below the surface of the water. Ans. (1) 1-98 ft. (2) 175 ft 

[The point will, of course, be that round which the moment of the weight 
of the incumbent portion of the wall equals the moment of the pressure of 
the water on the eight feet.] 

£r. 440. — A riyer wall whose section is a right-angled triangle just sup- 
ports the pressure of water when its surface is on a level with the top of the 
wall ; show that the thickness of the base 



V 



= height 

if the hypothenuse of the triangle is turned towards the water ; but when 
the perpendicular is turned towards the water the thickness of the base 

«heightx v^ 2^^ 

where w is the weight of a cubic foot of water, and w^ that of a cubic foot 
of the material of the wall. And show from hence that in the former case 
the thickness of the base is greater or less than in the latter according as 
the specific gravity of the wall is greater or less than 2. 

Ex. 441. — A wall of brickwork is to be built round a reservoir 20 ft 
deep ; its slope is inward ; it is one foot thick at top ; what must be its 
thickness at the bottom, that when the reservoir is full, the line of resistance 
may cut the base 6 in. within the extrados ? Jns. 10-74 ft 

Ex. 442. —The wall of a reservoir full to the brim is of brickwork and is 
20 ft high and 2 ft. thick ; it is supported by props at intervals of 6 ft.; the 
length of each is 20 ft., and its inclination to the horizon 30° : determine the 
thrust on each prop, its weight being neglected. Ans. 54632 lbs. 

Ex. 443. — In the last Example determine the thickness of the wall that 
would just support the pressure of the water if the props were removed. If 
the wall stand on its lowest section without the aid of cement, what must 
be the coefficient of fiction between the surfaces ? 

Ans. (1) 8-6 ft. (2) 065. 
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26 ft. of water, and is 
Fia. 134. 



Ex. 444.— A reservoir is divided by a brickwork wall 12 ft high 2 ft. 
thick, the water on one side is 10 ft. deep ; what must be the depth on the 
other side if the wall is just overthrown ? Ans. 10*4 ft. 

Ex. 445. — ^A cofferdam sustains the pressure 
supported at intervals of 10 ft. by props 
DB and cf; given that bc and bd are 
respectively 4 ft. and 18 ft. and that de 
and CF are respectively 30 ft. and 18 ft. ; 
find the thrust on each prop. And what 
must be the weight of the struts, and of 
the cofferdam, that the whole be not 
overthrown? The thickness of the 
cofferdam, and the adhesion at b, are 
to be neglected. 

Ana. (1) Thrust on db= 88020 lbs. ; 
on BCa 144400 lbs. (2) 84900 lbs 
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95. The Pressure of Earth. — Let ab represent a section 
of a wall supporting earth, whose surface is AC, it is re- 
quired to determine the pressure produced ^<*- ^^s. 
on AB by the earth. Now, it must be 
remembered that two extreme cases may 
come under consideration : the first arises 
when the earth is thoroughly penetrated 
with water, in which case the pressure is 
the same as would result from hydrostatic 
pressure ; the second arises when the co- 
hesion of the earth is so considerable that 
it would stand with its face vertical even if the wall were 
removed. Dismissing these two extreme cases, let us sup- 
pose the wall AB removed, the following result will then 
ensue : the earth being friable will weather and break 
away until its surface has taken a slope bc, inclined to the 
horizon at an angle equal to the limiting angle of resist- 
ance ; when reduced to this state it will have no further 
tendency to break away, and, unless washed down by rain, 
or removed by some other extrinsic cause, will remain 
penn^iently at rest at that slope, which is therefore called 
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ite ncUural slope. Hence, in the case we are considering, 
the wall is required to give a certain degree of support to 
the wedge of earth abc ; this wedge is generally supported 
in some degree by the cohesion of its parts with each 
other and with the earth below bc, so that the wall will be 
sufficiently strong if it will support the earth, on the sup- 
position that the cohesion is quite destroyed, unless (which 
is not contemplated) the earth should be saturated with 
water. The angle of the natural slope of fine dry sand is 
about 35° ; of dry loose shingle about 40"* ; of common 
earth, pulverised and dry, about 45^* 

Proposition 20. 

If w is the weight of a cubic foot of earthy and <f> its 
natural slope^ the pressure produced on the vertical face 
of a retaining wall by earth which does not rise above its 
summity and which has a horizontal surface, is the same 
as that produced by a fluid the weight of a cubic foot of 



which is w tan^ ( — r). 
U 2/ 



Let AB be the section of the wall, bag of the earth; take 
any portion ax equal to x of the wall, and suppose its 
Pig. 126. ^ length to be 1 foot; draw xy, making 

an angle with the horizon greater 
than (f>; then the weight w of the 
wedge AXY equals ^ w x^ cotan 0^ 
and acts vertically through a point 
p where xp=^ xy, and is supported 
by the reaction Bj of xy and by the 
reaction K of the wall : the latter 
reaction is equal and opposite to 
the pressure produced by the earth on the wall, and its 
direction is perpendicular to ax : also, since the surface xy 

♦ See Mr. Moseley*s Mechanical Principles of Engineering^ p. 441. 
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vdll not exert a greater pressure than is just necessary to 
support AXY, the direction of Bj must be inclined to the 
normal to XT at an angle equal to <^ ; also, the directions 
of R and »! must pass through the point P, in which w's 
direction cuts XT, so that NX will equal J of AX ; moreover, 

ji : w : : sin RjPW : sin KiPR : : sin {0—^) : cos {d—j>) 
.*. R=w tan (5— <^)=-iti; x^ cotan tan (0—^) 
Now, according as has different values R will have diffe- 
rent values, and if we determine the value of for which 
R is greatest, the wall cannot be called on to supply a 
greater reaction, and thia must therefore equal the pressure 
which AX actually sustains. But 

cot^tan(g-^^)=^."^f^^^;;-?^=^f^i^;-^^--^!^^ 



= 1- 



2 sin <f> 



8in(2d-^) + Bin^ 
which is manifestly greatest when the fractional part of the 
expression is least, i. e. when 2^—0 equals -, so that the 

required value of 5 is j + ^, and, therefore, the required 

value of the pressure is 

i«,x'cotan(|+|) tan (j_|) = i «, a>' taa' (J-|) 

acting through a point n which is below A by a distance 
equal to f a? ; but this is the same as the pressure that 
would be produced by a fluid each cubit foot of which 

weighs w tan^ ( j""?)* Therefore, &c. Q. E. D. 

Ex, 446. — A mass of earth the specific gravity of which is 1*7, whose 
surface is horizontal, presses against a revetement waU whose top is on 
the level of the ground and height 20 ft., the natural slope of the earth 
being 45° ; determine the pressure of the earth on each foot of the length 
of the wall. Ana. 3646 lbs. 

Ex, 447.— If the wall in the last Example is of brickwork and has a rect- 

N 
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ftngnUr section, determine its thic1mf<i8 to enable it to sustain the pressure 
of the earth* Jns 4*65 ft. 

£r. 448. — The vertical face of a rev^tement wall of brickwork sustains 
the pressuTf* of 20 ft. of earth, the surface of which is horizontal and 2 ft. 
below the summit of the wall; the thickness of the wall at top is 1 ft: 
what must be its thickness at bottom if it just sustains the earth, the spe- 
cific gravity of the earth being 2 and its natural slope 45° ? Also deter- 
mine the thickness that would enable the wall to sustain the pressure if the 
«arth were thoroughly permeated with water.* 

Ans. (1) 6-47 ft (2) 96 ft 

Ex. 449. — ^If a pressure p is applied against a wall supported on the op- 
posite side by earth with its surfiftce horizontal ; show that when p is on the 
point of causing the earth to yield, the resistance of the earth is the same 
as that of a fluid the weight of a cubic foot of which equals (weight of cubic 



footof earth) x tan«/l + -|-V 



[The reasoning in this case is step by st^p the same as that given in 
Prop. 20, except that now the wedge of earth is on the point of being forced 
up, so that the direction of b^ will be on the other side of the perpendicular 
to XT.] 

Ex. 460. — The wall of a reservoir of brickwork is 4 ft thick and 15 ft 
above the surface of the ground; the foundations are 15 ft deep; the 
natural slope of the earth is 46° and it weighs 100 lbs. per cubic foot; 
when the reservoir is ftdl (so that the water presses against the whole 
30 ft. of wall), will the wall stand, supposing the adhesion of ^ the cement 
perfect? 

Ans. Yes ; excess of the moment of the greatest pressure that 
could support the wall over that of the pressure of the 
water 73480. 



Fig, 127. 




* It is common for rev^tement walls to 
sustain a surcharge of earth, as shown in 
the accompanying diagram; an investiga* 
tion of the pressure in this case will be 
found in Mr. Moseley's Mechanical Prim- 
ciples of Engineering^ p. 453. The follow- 
ing practical formula (Morin, Aide-Mi' 
moire, p. 417) gives the thickness {x) of a 
rectangular wall for a given height (h) of 
the revStement (qm) and a surcharge (pq) 
whose height is A, viz. 

^=0-865 (H + A) ^|;.taii(j-|) 

w being the weight of a cubic foot of earth, 
and toj that of a cubic foot of masonry. 
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Fig. 128. 



*Ex, 451. — If ABC is a section of a rectangular wall, p the pressure 
•applied to every foot of its length at A, the inner edge of its summit ; deter- 
mine the equation to the line of resistance. 

[Take any horizontal section of the wall mn ; let AN=a:, bc=»«, then the 
weight w of ANM=:aa:w, where w is the weight ~ 

of a cubic foot of the wall ; now, if the direction 
of the resultant cuts mn in is, thiis will he a 
point in the line of resistance, and if BN=y we 
are to determine a relation between x and y. 
The relation in question can easily be shown to be 

awx / y — - J =p (ar sin o—y cos o) 

where a is the inclination of p's direction to the 
verticaL] 

*Ex. 452. — ^In the last Example show that the 
curve is a hyperbola and determine its asymptotes; 
and show that if the thickness of the wall equals 



y 



u 

y 



y 



'2 p sin o it may be carried to any height whatever with safety. 



*Ex, 453. — If the wall in Ex. 461 has to support the pressure of earth or 
water reaching to the top of the wall, show that the line of resistance is a 
parabola with its axis horizontal, and show that in the latter case its 
focus is in the summit of the wall at a distance from the intrados equal to 

^_ jl + _V where w is the weight of a cubic foot of masonry and w^ of 

water. 

*Ex. 454. — If ABCD is the section of a reservoir wall the vertical face of 
which (bo) is towards the water ; the width of the top of the wall (ab) is 
a ; the inclination of ad to vertical is 0, and 8 is the specific gravity of the 
wall ; show that when the water reaches to the top of the wall the equation 
to the line of resistance is — x and y being measured as in Ex. 451 — 

or* (L+ tan^ e) —3x5^ tan 0+Z a* tan a— 6ay+3 d^^O 

*Ex. 455. — Show that if the wall in the last Example stand, whatever 
be the depth of the water whose pressure it sustains, then tan must 
1 



be > 



V28 



*Ex. 466. — ^Determine the equation to the lineofresifitance in a river wall 
of Aberdeen granite the thickness of which is 4 fL, and which sustains the 
pressure of water whose surface is on the level of the top of the wall. 

-4w«.-ar2 =63(^-2). 
*Sr. 467. — ^Determine from the equation in the last Example the height 
of the wall when the line of resistance intersects the base at a distance of 
4 in. within the extrados. Ans. 10*2 ft 

n2 
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CHAPTER DL 

ON THE DEFLECTION AND BUPTUBB OF BEAMS BY 
TKANSVEBSB STBAIN.* 

96. Xotatioru — The cases of deflection that we shall in 
the first place consider will be those of beams with a 
rectangular section. The following is the notation em- 
ployed : a denotes the natural length of the beam, b its 
depth, and c its breadth, i. e. in a direction perpendicular 
to the plane of the paper; these measurements are supposed 
to be taken in inches, since the values of the modulus of 
elasticity e, given in Table III. p. 11, are referred to a 
square inch of section.f 

97. Neutral Surface and Neutral Line of a Be<jkm^^ 
If we consider a long beam of wood ad supported at its 

Fio. 129. two ends, the efiect 

of its weight will 
be to bend it into 
such a shape as that 
shownin the figure; 
it is evident that 
the under surfece 
CD will suffer extension, and the upper surface ab com- 

♦ This chapter cannot be read with advantage by any student who has 
not some acquaintance with the Integral Calculus. 

t The term modulus of elasticity was introduced by Dr. Young, to whom 
is due the first correct investigations of the flexure of beams ; his views are 
to be found in his Lectures, vol. ii. p. 46, &c. : he denotes the modulus by 
the letter an, which is equivalent to ^b cot the text. The reader will find the 
question fully discussed in Mr. Mosele/s Mechanics of Enffineeringt Part V., 
which has been frequently referred to in drawing up the present chapter. 
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pression : so that there will be some section pq which will 
be intermediate to the compressed and extended parts, 
having undergone neither compression nor extension; this 
surface is called the neutral surface. It sometimes hap- 
pens that the whole of the substance is either compressed 
or extended ; in such a case the neutral surface will not 
have a real existence, but there will exist without the 
body an imaginary surface bearing the same relation to 
the compressions or extensions as that borne by the actual 
neutral surface in other cases. 

If we were to divide the beam into any number of thin 
parts by vertical planes parallel to PiBd, the forms of the 
surfaces would be unaffected, consequently any part of the 
neutral surface is like any other ; we may therefore confine 
our attention to the section of that surface made by a 
vertical plane passing lengthwise through the centre of 
gravity of the beam : this section is called the neutral line 
of the beam ; by the term cms of the beam is intended 
the geometrical axis of the beam considered as a prism. In 
the following examples it is assumed that the pressures act 
in a plane passing through the axis and parallel to the face 
of the beam. It is also assumed that the deflection of the 
beam is small, so that the moments of the pressures that 
bend it are not changed by the deflection of the beam. 

Ex. 468. — ^If a line ab is subjected to a continuous pressure throughout 
its length of such a nature that the pressure at any point p is at the rate of 
k . AP pep inch, then the resultant pressure equals J k . ab^, and its moment 
round a equals } k . ab^. 

[The solution is similar to that already given of the friction on a pivot] 



Proposition 21. 

If a rectanguta/r beam he held firmly by one end, and 

be acted on at the other by a pressure p, in a direction 

perpendicular to its length, the neutral line will coincide 

with the axis of the beam, and at any point distant p 
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incheMfrom the end at which p acta the radius of curvature 
of that line will equal - ^ . 

Let ABCD represent the beam brought into its present 
position by the action of the pressure p : let ll^ be the 
neutral line; consider any small portion of the beam 

Fio.110. 




HEMN, which in its original state had the thickness ef, but 
owing to the action of p the ends mk and nh converge to 
; we are to determine the position of the point p, and 
the distance po ; the former will give the position of ihe 
neutral line^ the latter the radius of curvature at the 
point p. 

We may suppose hm to be made up of thin laminae 
parallel to ep, of which m7v represents one; all those 
within MP are in a state of extension, while those within 
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FK are in a state of compression. Now, since each part 
of the beam is in equilibrium we may confine our attention 
to the portion mh, and may regard nh as a fixed surface; 
then the expansive pressures within fk and the contractile 
pressures within pm must be in equilibrium with p. But 
it is plain that the contractile pressure of any lamina such 
as nm acts in a direction perpendicular to that of p, and 
similarly of the expansive pressures of any lamina. Hence 
(Prop. 15) the sum of the contractile pressures of mp=s 
the sum of the expansive pressures of kp. Let ep and op 
be denoted by I and /j, np and HP by 6^ and 63, and np by 
0, the width of the lamina being Bz; now the natural 
length of mn is I, therefore mn^l is the extent by which 
it is stretched ; therefore the pressure T necessary to pro- 
duce this extension is given by the proportion (see Art. 6) 

mn— i : i::— jr- : b 

coz 

But by 8°"' triangles mn : I ::z-\-p : p 
.'. mn^l : l::z : p 

.\T^-zSz 
P 

Now the pressure necessary to produce the extension equals 
that with which the lamina tends to contract, therefore 
T gives the contractile force of the lamina mn, and the 
same being true of all the others, their sum (by Ex. 458) 
will equal 

EC 6,* 

and in like manner the sum of the expansive pressures wil. 
equal 

EC 6/ 

/, • "2 • 

And these being equal we have 6i=&a; also since the same 
will be true of any other section, the neutral line will 
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pass along the middle of the beam, L e. will coincide with 
its axis. 

Next to determine p. It is evident that the expansive 
and contractile forces tend to turn ah in one direction 
round f, while the pressure P tends to turn it in the con- 
trary direction round that point, and therefore the sum of 
their moments round that point will equal the moment 
of p round the same point ; but by Ex. 458 the former 

moments equal — . -'- and — . -^ respectively, and since 

6i=6j their sum will equal ^ . —-; also the moment of 

p 12 

p equals pp , 1 12 Pjo 

Cor. 1. — It will be remarked that in the above investi- 
gation no horizontal pressiure has been introduced to 
balance p ; in reality the horizontal pressure is supplied 
by the forces that hold the other end of the beam, e..g. 
the reaction of the brickwork if it is held as indicated in 
the figure. 

Cor. 2. — If the beam were naturally horizontal and were 
kept at rest by any pressures, the results given in the 

above proposition 
are still true; thus 
if AB were the beam 
acted on by pres- 
sures p, Q, B, s, as 
shown in the figure ; 
then if we take any 
section nh, we may consider the part an as held firmly 
by the forces, and the part bn as bent, so that the radius 
of curvature corresponding to the section nh will equal 

— lA^^^JZMi, pj9 and Qg' being the moments of the pres- 
sures p and Q round the middle point of nh. If we con- 
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aider the part ah as bent, and bn as held firmly, we 

12 TRT-f-SS^ 

should obtain for the radius of curvature — ^ — p — ^ 

where Rr and 88 are the moments of r and s round the 
middle point of nh. It is evident that these two ex- 
pressions give the same value for the radius of curvature, 
since Rr-fS8=p_p—Qg. 

Ex. 459. — Determine the equation to the neutral line of the beam con- 
sidered in Prop. 21. 

[Let I.I.1 be the neutral line, lo the position of the 
beam's axis when unbent, f any point in the neutral line, 
p the radius of curvature at f, x and y the co-ordinates of 
F, viz. I.B and bf we have 

l_ 12p(a-x) 

Now, since the curvature is small, -^ is small, and th^eforo 

ax 



Fio. 132. 



j -^ j can be omitted ; consequently 



dx^ 



^A WCC- ^ — 




dx^ b6»c ^ ^ 
whencey^l42(£f!-^\] 

^ Bb^c\2 er 

Ex, 460. — Show that the deflection of the beam in the last Example equals 
4p a» 
itbc' b*' 

Ex. 461. — Show that the curvature of the neutrtil line increases gradually 
from Xi to L ; that in form it is * ultimately a cubic parabola, and that the 
depression is | of the versed sine of an equal arc in the least circle of 
curvature.'* 

[The equation obtained in Ex. 459 gives the ultimate form, since it is 

obtained on the supposition that ^^=0.] 

dx 

Ex. 462. — If in Prop. 21 a pressure is applied to the end of the beam and 

gradually increased up to p, show that the number of units of work expended 

in producing deflection equals 

2p« fl» 

' Bbo ' b^' 

[Compare Ex. 149.] 

* Young, vol. ii. p. 48. 
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Ex, 463. — The end of a beam of oak is firmly embedded in masoniy ; the 
length of the projecting part is 15 ft, its breadth is 3 iiL and its depth. 6 in. ; 
a pressure of 2 ewt. is applied perpendicularly at its end ; determine the 
deflection, and the work expended in j»oducing that deflection — the weight 
of the beam being neglected. Am, (1) b'b in. (2) 51 units of work. 

Ex, 464.— In the last Example if the breadth of the beam were 6 in. and 
the depth 3 in., determine the deflection. Ana. 22*2 in. 

Ex, 465. — If in Prop. 21 the beam in its natural state were horizontal 

and the bending pressure its own weight, show that — = ^^""^ where 

p -Kchr 

10 is the weight of <me imck of the length of the beam. 

[The pressure producing the curvature at f is now the weight of ah, and 

consequently the value of pp is |(a~x) (a— x) to.] 

Ex, 466. — Show that the deflection in the last Example is equal to 
3 wa_ tf* 
2 e6o * 6«' 

Ex, 467. — Show that the deflection in the last Example will be ' half the 
versed sine of an equal arc in the circle of curvature at the fixed ' end of 
the beam.*^ 

Ex, 468. — If the beam in Ex. 466 were of elm, were 5 ft. long, 1 ft. broad, 
and 1 ft. deep, and had to support the pressure of brickwork 14 in. thick and 
10 ft high, determine the depression. Ana, 0*15 in. 

Ex, 469. — If a horizontal beam ab is supported at its ends and is loaded 
by a weight w at its middle point, and if p is the radius of curvature at a 
point on the neutral line whose distance from the middle point of the beam 
isx; show that 

l_ 3w(g~2j?) 

[The pressure producing the curvature is the reaction on the nearer point 
of support, ie. a pressure -— acting at a distance — — x.] 

Ex, 470. — Show that the depression at the middle point of the beam in 
the last Example equals T • ?-. 

[In ascertaining the depression it must be borne in mind that the middle 
of the beam is the origin of co-ordinates, consequently the deflection is the 
value of y at either end of the beam.] 

Ex. 471. — If in Ex. 469 the beam were bent by its own weight, and if » 
is the weight of one inch of its length, show that 
_!=? tt> (g^-4arg) 
p 2 * Bo6» • 



* Young, vol. ii. p. 49. 
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Ex, 472. — Show that the depression in the middle point of the beam in 
the last Example is equal to — . — - . — , 

-Er. 473. — Show that * the depression in the middle of a bar supported at 
both ends, produced by its own weighty is five-sixths of the versed sine of 
half the equal arc in the circle of least curvature.' * 

Ex. 474. — ^A fir batten 3 in. deep, \\ in. broad, is placed horizontallj 

between two props 5 ft. apart and loaded with a weight of 135 lbs. in the 

middle; its own weight being neglected, determine the depression; determine 

also the depression if it were fixed at one end, loaded with the same weight 

18 288 

at the other. Am, {!) ——inches. (2) --—inches. 

^ M33 ^ ^ 133 

Ex. 475. — ^A spar of oak 3*2 in. square is placed horizontally between two 
props 12*8 ft. apart and loaded with 268 lbs. in the middle ; determine the 
deflection, neglecting the weight of the beam. Ans. 1*597 in. 

Ex. 476.— A piece of elm 2 in. square is placed horizontally between two 
supports 7 ft. apart, it is loaded in the middle with a weight of 125 lbs. ; 
determine the deflection when its own weight is neglected. Ana. 1*65 in. 

Ex. 477. — ^There is a beam of larch 6 in. deep, 4 in. wide, and 12 ft. long, 
it is supported on a fulcrum whose distance from one end is 4 ft. ; the shorter 
end carries a weight of 2 cwt. ; determine the deflection of each arm of the 
beam, its own weight being neglected. Ans. (1) 0*109 in. (2) 0*437 in. 

Ex. 478. — The ends of a beam rest on horizontal supports, it is deflected 
by its own weight and a vertical pressure w acting through its middle 
point ; determine the total deflection, and show that it equals the sum of 
the separate deflections produced by its own weight and by w, if w act 
vertically downward, and their difference if w act vertically upward. 

Ex. 479. — ^If A.B, AC are the principal rafters of a roof the feet of which 
are feistened together by a tie-beam bc, the middle point of which is d ; if 
L and D are joined by a ' king-post ' which exactly neutralises the bending 
in the middle of the tie-beam caused by its weight, show that the strain on 
the king-post equals f of the weight of the tie-beam. 

Ex. 480. — ^In Ex. 475 determine the deflection when the weight of the 
spar is taken into account. Ana, 1*8 in. 

Ex. 481. — ^A beam of larch supported at each end measures 20 ft. between 
the points of support, it is 6 in. wide and 10 in. deep, it sustains a wall of 
brickwork 30 ft. high and 1 ft thick throughout its whole length ; flnd the 
deflection. Ana. 23*13 in. 

Ex. 482. — If the beam in the last Example is supported by a column 
which exactly neutralises the deflection of the middle point, flnd the thrust 
on the column. Ana. 42170 lbs. 



* Young, vol, ii. p. 49. 
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Ex, 48S. — ^If in thelftst Example tbe under surface of the beam in its mi- 
deflected state is 12 ft from the ground, the middle point is supported by a 
column of cast iron 3 inches in diameter, which in its uncompressed state is 
exactly 12 ft long ; determine the deflection of the beam at its middle point 
and the thrust on the column. Jns, (1) 0*05 in. (2) 420 lbs. 

[The column being compressible will allow the middle of ihe beam to 
descend, whereby the thrust on the column will be diminished: the question 
to be answered is — ^At what degree of compression will the tendency of the 
column to reeoyer its form upward exactly balance the tendency of the 
beam to deflect downward?] 

£r. 484. — In the last Example suppose the measurements to be made at 
60^ Fahrenheit, at what temperature would there be no deflection at the 
middle point of the beam ? Ans, 107^ F. 

98. Deflection of Beams whose Sections are not rectan- 
gular. — ^The reader will find little diflSculty in extending 
the above investigation to the case of uniform beams- whose 
sections have any form whatever. It can be provexi that' 
the neutral line passes through the centre of gravity of ^e 
section, and that the formula for the radius of curvature is 

l_ 2pp 
p £1 
where Srp denotes the sum of the moments of the 
pressures that tend to turn one portion of the beam round 
any section (round hn, for example, in the fig. to Prop. 21), 
£ the modulus of elasticity, i the moment of inertia* 
about an axis passing through the centre of gravity of the 
section, and perpendicular to the plane in which the forces 
act. In fact, the formula obtained in Prop. 21 is only a 
particular case of the above formula, since, in the case' of 
Fig. 138. ^ rectangle abcd in which ab=6 and 

BC=c, the moment of inertia about an 
axis xy perpendicular to ab, and passing 
If through the centre of gravity of the 

rectangle, equals — - . ' 
* For the definition of the moment of inertia, see Part IL Chapter V. 
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The reader will find the cases of the deflection of beams 
developed from the above fundamental formula in Mr. 
IV4oseley's ' Mechanical 'Principles of Engineering.' The 
following examples are all that our limits permit : — 

JSx, 485. — K a hollow cylinder the radii of whose section are r^ and r 
"be supported horizontally at two points whose distance is a ; show that 
-wlien it. sustains a weight w at its middle point, the radius of curvature 
of the neutral line at a point distant x from the middle is given by the 
formula 

2^w(a— 2x) 
p irB(ri*— r*) 

and the deflection at the middle point by the formula 
5=- ^^' 



12irB(ri*-r*) 

Ex, 486. — If in the last Example the cylinder sustains throughout its 
length a uniform pressure of w lbs. per inch, then 

1_ to(ga-4arg) 

p 2irB{ri*— r*) 

J - 6 tea* 

cuid. o^ 

96»E(ri*-r*) 

Ex, 487. — ^If an iron girder * has a section of the form shown in the 
annexed diagram, of the following dimensions, a.b=Ci, ab=6i, cf=c, 
en =6, the Iowot end oh being of the same dimensions as Pig. 134. 

the upper, show that when this girder sustains a uniform 4 e 

pressure throughout the whole of its length the deflection b 
at the middle point is given by the formula 
6 wfl* 

32( 6{b + b^yb^c^ + 2b^^c^ + b^c |b C 

'• -^ G if 

Ex, 488. — ^If there are two beams containing the same 

amount of matericds, of the same length and the same depth, and sustaining 
the same weight, the one has a rectangular section, the other a section of 
the form shown in the last Example; given that 6=4 in., c^l in., ^x'^' 1 i^** 



* In practice the lower flange is commonly made much larger than the 
upper, since cast iron is much stronger in resisting a crushing pressure than 
a strain, and of course the greatest economy of materials is effected when the 
pressure that would tear the lower flange would also crush the upper. To 
discuss this question would lead us beyond our present limits. — See Mr. 
Bloseley's Mechanical Principles^ p. 666 ; Mr Eankine's Applied Mechanics, 
p. 319 ; see also Mr. Fairbaim's Useful Information^ Append. I. 
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Cj^i in^ show that the deflection of the rectangiilar beam will he^oi 
the deflection of the other beam. 

99. Rupture of a Rectangular Beam. — Referring to 
Prop. 21, it has been remarked that the curvature of the 
beam becomes progressively greater in going from l^ to l, 
consequently the extension of the substance is greatest at 
B, and when rupture occurs it must result from the ex- 
FiG. iw. tension of the substance at 

A 

*" - B being greater than it can 

bear. Let us suppose that a 
pressure of s lbs. per square 
inch will produce just that 
degree of extension at 
which rupture ensues, and 
let us examine the state of 
a small portion of the beam at bc, the natural length of 
which is I ; construct a figure similar to that in Prop. 21, 
and use the same notation; suppose bl to be divided 
into a number of parts each equal to Sz ; now, as the 
lamina at bk is on the point of breaking, it must be 
stretched by a pressure of s lbs. per square inch, and if its 

extension is Bl we shall have SI = — =^ . 

BCOZ 

If we consider the extension 87 of any other lamina win, 
whose distance Ln from l equals Zy we shall have 

B'l:Sl::z:i 
2 

But the contractile pressure of this lamina (q) is given by 

the equation 

2z 

and the expansive pressure of any lamina between l and c 
will be given by the same formula. Now, the moment of 
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p round L must equal the sum of the moments of the 
contractile pressures of the laminas between b and l and 
those of the expansive pressures of the laminae between l 
and c ; these moments are respectively ^a, -^ acb^ and 
^scb^ (by Ex. 420), and therefore the pressure p pro- 
ducing rupture is given by the equation 

pa=- S(?6* 

The coefficient s is termed the modulus of rupture ; it is 
not the same as the tenacity of the substance, but is closely 
related to it. The following table * gives the value of s 
for certain substances : — 

Table XrV. 
MODULUS OF RUPTURE. 



Substance 


LbB. per square inch 


Substance 


Lbs. per square inch 


Oak (English) 
Larch 


10032 
4992 


Fir (Riga) 
Film 


6612 
6078 



Ex. 489. — ^If a horizontal beam, whose weight is neglected, is supported 
at its extremities and subjected to the action of a Tertical pressure p at 
its middle point, it will break (across its middle section) when 

2 s cb^ 

Ex, 490. — If a horizontal beam is supported at one end, and every inch 
of its length sustains a pressure w, show that the beam is on the point of 
breaking when 

3 a^ 

Ex, 491. — ^If in the last Example the beam had been supported at both 
ends, show that 

w 



.1? 
' 3 



' IF 



♦ From Mr. Moseley*s Mechanical Principles of Engineering, p. 622. For 
farther information on the subject of the text the reader is referred to that 
work and to Mr. Rankine's Applied Mechanics. 



192 PRACTICAL MECHANICS. 

JSr. 492. — What load aj^lied at the centre of a beam of oak 20 ft. long, 
8 in. deep, and 4 in. wide will be sufficient to produce rupture, its own 
weight being neglected ? Jns. 1003 lbs. 

Ex. 493. — A wall of brickwork 9 in. thick rests on a beam of oak 6 in. 
wide, 1 ft. deep, supported on two points 10 ft. apart: under what height of 
wall would the beam break ? Ans, 1 14 ft. 

Ex. 494. — A beam of larch 1 ft. square has its end firmly embedded in 
masonry from which it projects 7 ft. ; to what height could a wall of brick- 
work 2 ft. thick resting on this beam be carried without producing rapture ? 

Jns. 21-8 ft 
Ex. 495. — ^A beam whose weight is w, when supported at the ends in a 
horizontal position, will just break und^ a pressure p applied at its middle 
point ; show that 

2 s cj» w 
" 3 * a ~2 

Ex. 496. — If a beam ab whose length is a is supported at its ends in a 
horizontal position and sustains a pressure of p lbs. at a point c such that 
▲c^fli and BCaOj, and if x is any section at a distance x from b, show that 

the moment tending to produce 'rupture round x equals Zf^ when x is 

a 

between b and c, and equals — ^ "" ^ — 3 when x is between a and c ; 

a 

show also that the moment tending to produce rapture round c equals 

a 

Ex. 497.— Show that in the last Example the pressure which acting at c 
will produce rupture is given by the formula 

aeb' 



P-lei. 



a^ a^ 



and that the smallest pressure that can produce rapture must act at the 
middle point of the beam. 

Ex. 498. — Given a cylindrical log of wood, show that the strongest 
rectangular beam that can be cut out of it is one whose sides are in the 
proportion of 1 : a/2. 

Ex. 499. — ^A beam of oak is supported in a horizontal position on points 
20 ft. apart, it is 3 in. deep and 4 in. wide; determine the weight that can 
be suspended at a distance of 6| ft. from one point of support without 
breaking it. What would be the magnitude of the weight if the depth 
were 4 in. and breadth 3 in. ? Ans. (1) 1128-6 lbs. (2) 1604-8 lbs. 

Ex. 600. — ^What must be the depthof a beam of Eigafir 4 in. wide, 30 ft. 
long, that will just sustain a weight of | a ton at its middle, taking into 
account its own weight ? ^ns. 6 in. 
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CHAPTER X. 

OP VIRTUAL VELOCITIES — OF MACHINES IN A STa! 
UNIFORM MOTION — OF TOOTHED WHEELS. 

100. Definition of the virtual Velocity and virtual 
Moment of a Pressure. — Let p be a pressxire acting at the 
point A along the line AP, and let ^^ ^^^ 
it be represented by AC (Art. 26). ^ 
Suppose p's point of application to yA 
be shifted through an indefinitely a'^^-— i J ^p 
small space to b, draw bti at right ^ 
angles to AC or ca produced, and let kn be denoted by jp, 
which is commonly reckoned positive when n falls between A 
and c, and negative when it falls on CA produced, then 'p is 
called the virtual velocity of p, and Pj9 its virtual moment. 

101. The principle of virtual Velocities. — This prin- 
ciple is as follows : If a system of pressures in equilibrium 
act on any machine which receives any small displace- 
ment — consistent with the connection of the parts of the 
machine — the algebraical sum of the virtual moments of 
the pressures will equal zero. 

If Pp Pj, P3 are the separate pressures, and p^y 

Pt9 p3 • ' ' ' their virtual velocities, the principle is ex- 
pressed algebraically by the following equation, which is 
commonly called the equation of virtual velocities : — 

^iPi+^2P2 + ^zPz + =0 

It must be remarked that in the definition of Art. 100 the 
line AB is considered a small quantity of the first order 
(App. Art. 3), and consequently the virtual moments 
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p,p„ Pj:>,, PjP, . . . are in general of the first order; 
if, however, the virtual velocity of the point of appli- 
cation of any one of the pressures be of the second order, 
the virtual moment of that pressure will vanish in com- 
parison with the virtual moments of the other pressures 
and wiU disappear from the above equation; this will 
happen in the following cases : (a) When ab is ultimately 
at right angles to AC — e.g. when AC is the normal to a 
curve of which ab is a chord — hence the virtual moment 
of the reaction of a smooth surface equals zero when the 
body slides along the surface ; (b) When the points a and 
B coincide, e. g. when AC is a portion of a rigid body in 
the act of turning round the point A, i.e. the virtual mo- 
ment of the reaction of a fixed axis is zero provided the 
axis can be treated as a line ; hence also when an incom- 
pressible body rolls without sliding on any surface rough or 
smooth the virtual moment of the reaction equals zero. 

The principle now enunciated will be seen from the 
following pages to be one of very great importance in the 
theory of machines ; as the general proof is not by any 
means easy it will be useful for the student to prove from 
fijrst principles that it holds good in a few elementary 
cases. 

Ex. 501. — If X and y are the rectangular components of a pressure p, 

show that the virtual moment of f equals the sum of the virtual moments 

of X and y. 

Let ▲ be the point of application of p, and let 

A. be transferred to b; complete the rectangle thh, 

and draw 3p and mq B.t right angles to ap ; then 

Ap, Am, jltIj are the virtual velocities of p, x, and 

Y, and we have to prove that 

p . A2>«=X . Am + Y . A». 

Let XAP be denoted by 0, then it is evident 

that 

Aps»Aq + qp=A7n , cob + An bid. 

therefore P . Ap^Am . p cos © + a» . p sin 

or p . A2? = X . AW + Y . A» . . , . (1) 

If p had acted in the contrary direction, x, y, and p would have been in 
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Fig. 138. 




©quilibriiim ; the virtual moment of p would be negative ; and (1) would 
become the equation of virtual velocities. 

Ex. 502. — ^In the last Example suppose that p balances x and t, and 
suppose its point of application to be transferred in. a direction at right 
angles to ap, verify the equation of virtual velocities. 

[It must be remembered that in this case p's virtual moment equals 
zero.] 

Ex, 603. — Show that the principle of virtual velocities is true in the case 
of a body in the state bordering on motion up an inclined plane, when a 
small motion is given to it either up or 
down the plane. 

[Draw the figure as in Ex. 333, then, if 
the motion take place up the plane, d 
will be transferred to a point d^ along a 
line DDi parallel to ab ; let fall from d^ 
perpendiculars on the directions of the 
pressures, viz. d^w, D^p, D^r, then dw, 
D^, nr, are the virtual velocities of the 
pressures, and of them up is positive and 
the others negative ; the equation of vir- 
tual vebcities therefore becomes 

P . Dp = W . DW + B . Dr 

and this the student is required to prove.] 

Ex. 504. — ^Verily the principle of virtual velocities in the last case, as- 
suming that the plane (and with it the body) is so moved that d describes 
a straight line at right angles to DB. 

Ex. 506. — Verify the principle of virtual velocities in the case of two 
pressures in equilibrium on a straight bar capable of turning round a fixed 
point. 

[Let p and q be the pressures which balance on the rod ab round the 
fixed point c; suppose the rod to turn through a small angle and to come 
into the position aV; 
draw him at right angles 
to AP and v!n Q.t right 
angles to bq, then Am 
is the virtual velocity of 
P and Bn of Q, the latter 
being negative ; also the 
virtual moment of the reaction of c is zero (Art. 101) ; the equation to be 
proved is therefore 

p . Am=Q . b». 

The student must remember that aa'w and bb'/j are ultimately right- 
angled triangles.] 

o 2 



Fig. 139. 
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Ex. 506. — Verify the principle in the case of two parallel pressores p and 
a which keep a beam at rest round a rough axle of finite dimensions (as 
in Ejl 392), the motion being given to the beam round the axle. 

[Using the notation of Ex. 392 and calling $ the small angle through 
which the beam is tuniMl, the nrtual moments are severally vpB, yrq$t and 
BpO sin f .] 

Ex. 507.— In the last Example how would it be possible to move the 
system so that the reaction s should disappear £rom the equation of virtual 
velocities ? [Round the point Q, fig. y.] 

£r. 508. — In Ex. 506 show that when the axle is smooth the reaction will 
disappear from the equation of virtual velocities. 

102. Proof of the Principle of virtual VelocUies. — ^The 
following proof applies to the case of any system of pres- 
sures acting on a single rigid body and in one plane, in 
which the displacement is supposed to be made : it can be 
easily extended so as to include every case of pressures 
that act on any machine. 

Lemma. — Let a and x be any two points in a given 
Fio. 140. liney let the li/ne be transferred 

to any consecutive position ot, 
so thcd A comes to b and x to T, 
then if by equals ax, and ifBU 
and Tm are draum at right angles to ax, the line Jlu 
will ultimately equal xm. 

For nm equals by cos o, i. e. it ultimately diflfers from 
BY, and therefore from Ax, by a small quantity of the 
second order; take away the common part Am, then An 
and xm ultimately differ by a small quantity of the second 
order ; but they are themselves of the first order, and 
therefore are ultimately equal. (See App. Art. 3.) 

N.B. — If AX be transferred to by in such a manner that 
either kn or xm is of an order higher than the first, then 
will the other also be of an order higher than the first; 
e.g. if AO is a small quantity of the first order, and bao a 
finite angle, ab and An are both of the second order; like- 
wise AX Y is ultimately a right angle and consequently xm 
is also of the second order. 
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Cor. — Hence if a pressure act along a certain line, and 
if two points in the line be rigidly connected, its virtual 
velocity will be the same at whichever point we suppose it 
to act ; also if there be two equal and opposite pressures, 
their virtual moments will be equal and have contrary 
signs, whether we suppose them to act at the same point 
or each at one of two rigidly connected points, e.g. 
Suppose p to act along ax (fig. 140) ; if it act at a its 
virtual moment is p . An, if it act at x ii^ virtual moment 
is p . xm ; consequently in either case it has the same 
virtual moment. If kn is of the second or some higher 
order xm is not of the first order, and in either case the 
virtual moment is zero. 

We can now proceed with the general demonstration 
required, and this is given in the three following steps : — 

(a) If a system of parallel pressures acting in a given 
plane have a resultant, and if the points on which the 
pressures and their result- Pia. i4i. 

ant are supposed to act be 
rigidly connected, then the 
feum of the virtual moments 
of the pressures will equal _ 
the virtual moment of the ^ 
resultant 

Let Xp X, be the pressures, x their resultant, 

firaw a line (oy) at right angles to their directions, and 
cutting them in Nj, n,, . . . n, and suppose these points 
to be rigidly connected with those at which the pressures 
are supposed tp be applied, then the virtual moments of 
the pressures in the required case are severally equal to 
their virtual moments if supposed to act at Nj, Nj . . . . 
N. Now, suppose these points to receive any small dis- 
placement consistent with their rigid connection, and sup- 
pose them to be transferred to m^, M, . . , M, these points 
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will be in a straight line (oy') and their mutual distances 
will be the same as l>efore ; the two lines will (generally) 
intersect in some point o. Draw H,7n^, 'Hjfn,^ .... Mm, at 
right angles to the directions of the pressures, then their 
virtual velocities are respectively V{ni^y N^m,, . . . Nm. Let 
the angle yoy' be denoted by 5, and ONp on,, .... on, by 
Viy Vr ' • ' y* ^^^ ^^ ^^ plain that ultimately * 

Ni7rii=yi 5, N,m,=y, 0y i<(m=y 6. 

But by Prop. 12 we have 

Xiyi+Xtyt+ — =^y 

and therefore 

i. e. the sum of the virtual moments of the pressures equals 
the virtual moment of their resultant in the case specified. 

(6) Next, let us consider the case of any system of pres- 
sures Pj, p,, p, . . . . acting in one plane on points rigidly 
connected. 

Resolve the pressures in directions respectively parallel 
to two rectangular axes, then p, will be equivalent to its 
two components x,, y,, and similarly p, to x^ T^ p, to Xy 
Tj, &c. and the original system is divided into two systems 
of parallel pressures, viz. Xp x^, x, . . . and Tj, Tj, t, . . . ; 
let X be the resultant of the former system and T of the 
latter, and let their directions intersect at a certain point 
A, then the direction of their resultant (r) will pass through 

A, and R will be the resultant of Pp Pj, P3 Suppose 

A to be rigidly connected with the other points, and sup- 
pose X, T, and R to act at A. Now, if the points of applica- 
tions of the pressures receive any displacement whatsoever, 
the virtual moment of r equals the sum of the virtual mo- 

* For let oy' cut nx in ^, we shall have Nm=y tan 0-mw tan tf, but 
is.m and tan B are small quantities of the first order, so that their product is 
of the second order, and can therefore be neglected, i. e. Km ultimately 
equals y tan or y 0. 
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ments of x and T (Ex. 601) i. e. (by a) equals the sum of 
the virtual moments of x„ x^, Xg . . . and of Tp Tj, Y3 . . . ; 
but (Ex. 501) the virtual moment of Pj equals the sum of 
the virtual moments of Xj and Tp and similarly of Pg, Pg, 
. . . ; hence the virtual moment of r equals the sum of the 
virtual moments of Pp p^, Pg, . . . ; or 

Rr =PiPi + P2P2 + PaPg, + 

(c) If P, Pp Pj, Pg, . . . . are pressures in equilibrium acting 
in one plane at points of a rigid body, and if that body 
receive any small displacement the sum of the virtual 
moments of the pressures will equal zero. 

For let R be the resultant of Pp p^, Pg, • . . . and let it 
act on the body at any one point in its direction, then 

(by b) 

^iPl + P2P2 + ^3^3 + • • • = K^- 

But R is equal and opposite to p, since the given pres- 
sures are in equilibrium, and hence since r and p act on 
rigidly connected points we have by the corollary to the 
lemma 

Pj9-f Rr=0 

and therefore, by addition, 

Pi3 + P£Pi+PjiP2 + P3P3+- • • =0- 

Q. E. D. 

103. The Work done by a Pressure. — It has been 
already stated (Art. 11) that the work done by a pressure 
of p lbs. whose point of application moves through s ft. in 
the direction of the pressure is correctly represented by PS; 
we have now to consider the extension of the definition 
which must be made to meet the case of a pressure whose 
point of application moves in any manner whatsoever. 
The required extension will be readily made by observing 
that if the point of application of a pressure receives any 
smcM displacement the vi/rtual moment of the pressure is 
the work done by the pressure during the displacement 
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The justice of this statement can be illustrated (or proved) 
by the consideration of the following simple case : — 

Let w be a weight attached to the end e of a perfectly 

flexible and ineztensible string without weight, passing over 

a smooth point c ; let w be balanced 

by a pressure p acting at A along CA, 

then will p equal w ; now, suppose a 

to be transferred through a small 

space to B, draw bti at right angles to 

CA produced, then will w be raised 

from E to D, and A-n is ultimately 

^ equal to DE. Now, the work expended 

in raising w is w x de, i. e. it ultimately equals p x Art, the 

virtual moment of P. 

Next, let us suppose that the point of application of p is 
transferred successively to points A, A', a'', a"', ... the 
successive directions of that pres- 
sure being AP, a'p', a V, ... let fall 
on them the perpendiculars a'nX'^'j 
A^'V, ... and let an, a'n', a V. . . 
be denoted by j>, p\ p'\ .... then 
the work done by p when its point of 
application is transferred from a to 
a' is its virtual moment pp, and the work done during the 
successive transfers will be p'j9', p'^jj'', p'^'p"', .... and 

the whole work done will be Tp-^v'p' + v'^p'' + 

whether the successive values of p be the same or not 
As, however, this is somewhat general it will be well to 
particularise two important cases. 

(a) Let the pressure continue constant, then if the lines 
along which it successively acts be parallel, and if the 
point of application of the pressures move in any Une 
straight or curved, the work done will equal the prodnct 
of the pressure and the projection of the line on the direc- 
tion of the pressure, e. g. take the case of a crank whose 




MACHINES IN UNIFORM MOTION. 201 

arm is a, the extremity of which describes a circle whose 
diameter is 2a, let p be the driving pressure acting along 
the connecting rod, which we may suppose to be so long 
as to be virtually parallel throughout its motion, then the 
work done by p in one revolution is 2 pa. 

(6) Let the pressure continue constant, then if the 
direction of the pressure always touch the curve described 
by its point of application, the work done will equal the pro- 
duct of the pressure and the length of the curve, e.g. 
Suppose a winch whose arm is a to be turned by a pressure 
p acting at right angles to the arm, then the work done 
by P in one turn of the winch will be 2 Trap. 

It must be remarked that the virtual moment of a pres- 
sure may be either positive or negative, and hence the 
work done by a pressure may be either positive or negative ; 
in the latter case, however, it is perhaps better to speak of 
the work as being expended on the pressure. 

It is scarcely necessary to remark that a pressure will 
do no work, in the cases in which its successive virtual 
moments are zero (Art. 101). Another case may also be 
specified : A rigid body may be conceived as consisting of 
a number of points connected by their mutual attractions 
which act along the lines joining them, and which are so 
great that the points undergo no relative displacement 
from the action of the external pressures; under th^Kit 
circumstances the sum of the virtual moments of each pair 
of mutual attractions will equal zero (Art. 102 Cor.), and 
therefore the work done by the whole system of internal 
pressures must equal zero. If, however, the body is either 
compressed or extended the work done by or expended 
on the internal pressures can be no longer neglected 
(Ex. 149). 

104. Machines in a State of Uniform Motion. — Sup- 
pose any machine to be acted on by pressures p, p^ p^, Pg, 
. • . • in equilibrium, and suppose the machine to be 
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slightly moved, then if p, p,, p^p^y are their 

virtual velocities respectively, we shall have 

pp + Pil>i+Pj:>, + P,l),+. . . =0 (1) 

In the new position of the machine, suppose the pressures, 
without undergoing any change of magnitude, to be in 
equilibrium, and suppose the machine to receive a second 
displacement, then if p', p^\ p/, p^\ .... are the vir- 
tual velocities of the pressures we shall have 

pp'+PiPi',+P,j:),'+Pj)/+ ... =0 (2) 
Suppose that in this second position the pressures are in 
equilibrium and that the machine receives a third dis- 
placement, then if p", p/', j^/', p,'' .... are their virtual 
velocities we shall have 

p1>''+PiP;'+pX' + i*8K'+ • • • =0 (3) 
and so on for any number of displacements. Hence by 
addition 

P(l>+l>'+l>''+-.-0+i'i(Pi+i>/+Pi"+-) + i^2(ft+ft' 

Now, if we suppose p, p\ p'\ &c., to be positive P (p+p' 
-hj9'' + . . .) is the work done by P, if p^ p\ p'\ .... 
are negative p (p+p' +]?'' + . . .) is the work expended on 
p ; in the former case p would be called a power, in the 
latter a resistances hence the equation (A) contains the 
following fuudamental theorem, viz. If a machine he in 
motion and if at each instant of the motion the powers 
and resistances form a system of pressures i/n equilibrium 
the sum of the units of work done by the several powers 
will equal the sum of the units of work expended on the 
resistances. 

Now, it will be remarked that if the machine be in mo- 
tion all change of its motion must be due to an excess of 
the powers over the resistances or of the resistances over 
the powers ; hence, in the case supposed, there can be no 
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change in the motion of the machine at any instant ; such 
a machine moves uniformly,^ and hence the theorem 
above proved justifies the assertion made in Art. 14, viz. 
that the number of units of work done by the agent equals 
the number expended on prejudicial resistances, together 
with the number expended usefully. 

105. The Modulus of a Machine, — Let us assume 
that the machine enables a certain pressure, or power p, 
to overcome a second pressure or weight Q, then the rela- 
tion between p and Q can generally be expressed by means 
of an equation of the form 

P = AQ + B (1) 

where A and b are numbers depending on the form of 
the machine, and on the passive resistances (compare 
Art. 89). Now, by considerations depending on the form of 
the machine, there will be some fixed relation between the 
space (Si) described by p's point of application and (s^) 
the space described by q's point of application, let then 

Si=^Sat (2) 

By multiplying (1) and (2) together we obtain 

PSi=7lAQS,H-BSi (3) 

But PSi is the work (Ui) done by p, and QSj is the work 
(Uj) expended on q, hence 

iri=7iAir, + BSi (4) 

If the machine moves with a uniform motion, the equa- 
tion (4) gives the number of units of work (Uj) actually 

* If the machine has a motion of translation, like a railway train, its 
motion is said to be uniform when its velocity undergoes no change ; if the 
machine moves round a fixed axis like a fly-wheel, its motion is uniform if 
its angular velocity imdergoes no change ; if it has both motions combined, 
like the wheels of a carriage, it moves uniformly if neither velocity under- 
goes any change. 

t It can be easily shown in regard to any machine the parts of which 
move without passive resistance that np- Q. 
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done by the power while (u,) is expended on the we 
If p and Q are not in equilibrium during the motion, Uj is 
still the number that must be expended on the weight and 
resistances ; if p does a greater number of units tiiian u, 
the surplus will be accumulated in the machine, the motion 
of which will be accelerated ; if p does a less number than 
u, the diflFerence must be withdrawn from the work pre- 
viously accumulated, and the motion of the machine will 
be retarded. The subject of accumulated work will be 
treated further on. 

Ex, 609. — ^If a heayy point be dragged along an inclined plane show that 

the units of work expended wUl equal the number that would be expended 

in dragging it along the base, supposed equally rough, and in lifting it up 

the perpendioolar height. 

Let ABC be the inclined plane, ic the point whose weight is o, p the 

jijQ^144^ pressure, which acting along the plane 

would be on the point of dragging u up 

the plane, if m were at rest, then 

Pcos^sQsin (a-i-^) 
or p=Q (sin a + /icos a) 

where a denotes the angle bag, and fi or 
tan ^ the coefficient of friction between u 
and AB. Now, if m is in motion along ab 
xmder the action of p and q it will 
move uniformly, and the work done by p will equal the work expended on 
Q ; but the work done by p is p x ab, therefore the work expended on Q 
equals 

ax ab (sin a + fico8 a) 
or Q X (bc + fix Ac) 

But fiQ X AC is the work required to drag m along ac, if m is the coefficient 
of friction between m and ac, and Q x bc is the work that must be expended 
in lifting q from c to b, therefore the number of units of work is as stated. 
By an exactly similar process it may be shown that the number of units of 
work required to drag a body down a rough inclined plane equals the num- 
ber required to drag it along the base supposed equally rough diminished by 
the number required to lift the body through the height of the plane. 

Ex. 510. — ^If a train weighs 80 tons and the friction is 7 lbs. per ton, de- 
termine the number of units of work that must be expended in drawing it 
for 4 miles up an incline of 1 in 200 ; and determine the horse-power of 
the engine that will do this in 10 minutes with a uniform velocity. 

Arts, (1) 30760720 U. W. (2) 93^ H. P. 
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Ex, 511. — ^In the last Example oyer what space on a horizontal plane 
vould the same engine have drawn the train in the same time ? 

Ans, 10| miles. 
Ex, 512. — How long would it take the engine in Ex. 610 to draw the 
same train with a uniform velocity over a space of 4 miles np an incline of 
1 in 100? ^?w. le^min. 

Ex. 613. — A train is drawn with a uniform velocity up an incline 3 
miles long of 1 in 260, on which the resistances are 7 lbs. per ton ; deter- 
mine the distance on a horizontal plane over which the same train could be 
drawn with a uniform velocity by the same expenditure of force. 

Ana, 6|| miles. 
Ex, 614. — In Ex. 333 if the body is in the state of uniform motion up the 
plane, show that the relation between v^ the work done by p, and Uj the 
work expended on w, is given by the equation 

TTj sin a cos {^•~^)^v^ cos jS sin (a + ^). 
[The relation between the pressures p and w is 

p cos (jS -^) « w sin (a + <p) 
Now, if Si is the space through which p's point of application moves mea- 
sured in the direction of that pressure 

8i«^COSi8 

and if Sj is the space through which Vs point of application moves when 
similarly measured 

83=^ sin o 

where I is the length of the plane, hence 

81 sin a =82 cos ^ 
whence the relation between XTi and v^ is at once found.] 

Ex. 515. — If a pivot sustaining a pressure of q lbs. is made to revolve 
once, show that the number of units of work expended on the friction of the 
end equals | t ft p a. [See Art. 82.] 

Ex. 616. — In the case of a single fixed pulley the number of units of 
work expended in raising a weight q through q feet is given by the formula 

where a and h have the values assigned in Art. 89. 

Ex, 517. — ^In the case of a tackle of n sheaves show that the number of 
units of work expended in raising a weight of q lbs. through g feet is given 
by the formula 

TT r^» n a^ (a-l) ^ (nb a"" h \ ^ 
a»-l W^-l a-l) ^ 

[See Ex. 406.] 

Ex. 518.— In Ex. 408 determine the number of units of work expended 
on the passive and on the useful resistances when the weight of 1000 lbs. is 
raised through 60 ft. Ans. (!) 67000. (2) 60000. 

Ex. 519. — * It is said that in a pair of blocks with five pulleys in each 
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two-thizds of the force are lost by the friction and rigidity of the ropes.' * 
Determine the degree of truth in this statement when each sheave is 4 in. 
in radius, and turns of an axle ^ of an inch in radius, the axle being of 
wrou^t iron and the bearing of cast iron, and the rope 4 in. in circum- 
&ronoe ; the weight to be raised being 1000 lbs. 

J Work expended on passive resistances _ 19 ____i_ 
^^ Wiffd^i 29 °^ ^- 

Ex. 520. — ^In the capstan Ex. 414 show that the work that must be done 
by the pressures in order to move the weight q through a space q is given 
by the formula 

£r. 521.— >A rope passes over a single fixed pulley in such a manner that 
its two parts are at light angles ; the one end carries a weight q ; the radius 

of the pulley is r and of the axle p, the angle fi such that sin iB = ^—y^ 

then, the weight of the pulley being neglected, show that if p is the pressure 
that will just raise % we have 



P= U + ^-^) tan (45° + i8) 



Ex. 522. — ^In the last Example show that the relation between f and q 
may be veiy nearly represented by the formula 

p«q(i+? +/^8in^U^ (l+fL^sin^\ 

Ex. 523.-^A weight of 500 lbs. has to be raised from a depth of 50 
fathoms ; it is fastened to a rope which passes over a fixed pulley in such a 
manner that the parts of the rope are at right angles to each other ; the rope 
is wound up by means of a capstan which is turned by two equal parallel 
pressures acting at the end of equal arms ; the rope is 3 in. in circumference, 
the pulley 6 in. in effective radius, its axle half an inch in radius, and of 
wrought iron turning upon cast ; the capstan weighs 4 cwt., its axle is 4 in. 
in radius, oak moving on wrought iron, the effective radius of the capstan 
15 in. ; determine the number of units of work that must be done in order 
to raise the weight (not weight and rope), and the number expended on 
passive resistances. Ans. (1) 204356. (2) 54356. 

Ex. 624. — There is a fixed pulley 20 inches in radius (r) moving on an axle 
1 in. (p) in radius (sin ^n0'15) ; a weight of 500 lbs. is raised from a 
depth of 300 feet Z by means of a rope 3 inches in circumference which passes 
over it ; the end of the rope falls as the weight rises ; determine the erpor 
that results from neglecting the weight of the rope in calculating the units 



* Dr. Young^s Lectures, vol. i. p. 206. 
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of work Tequired to raise the weight — ^the united length of the two hanging 
parts of the rope being reckoned at 300 ft 

r 
[Compare Ex. 168.] 

Ex. 625. — In the last Example determine the error that wotdd result firom 
neglecting the weight of the rope if the end were not allowed to fall. 

Ana, Error 19,000. 

Ex. 526. —If a weight q is raised through a height q by means of a screw, 
sbow that if the same notation is employed as in Ex. 380 the unit of work 
expended is given by the formula 

u=Qj'{ tan (o + ^) + | . - H- Vcotano 

where all frictions are neglected except those between thread and groove 
and on the end of the screw. 

Ex. 627. — ^An iron screw 4 in. in diameter communicates motion to an iron 
nut, the screw thread is inclined to its base at an angle of 18°, the diameter 
of the end of the screw 2 in. ; all the surfaces are of cast iron ; determine 
the number of units of work that must be expended in raising a weight of 
3 tons through a height of 2 ft by means of this screw. Jns. 23368. 

Ex. 628. — ^Determine through what height a man working with this screw 
could raise a weight of 1 ton in a day ; and what would be the best length 
of the arm of the screw on which he works — pushing horizontally ; deter- 
mine also the part of his work which is expended in overcoming friction. 

Jns. (1) 384 ft. (2) TJ ft. (3) f. 

106. The End to be attained by cutting Teeth on 
Wheels. — ^The problem to be solved is this : Given an 
axle A, moving with a uniform angular motion round its 
geometrical axis, it is required to connect it in such a 
manner with a parallel axle b, as to con^mimicate to it a 
imiform angular motion which shall have a given ratio 
to the former. Suppose the axle A to revolve m times in 
one minute, and it is required to make the axle b revolve 
n times in one minute ; join the centres a and b, divide 
AB into 7a-\-n equal parts, and take AC equal to n of 
these parts, and therefore bo will contaiQ m of them, so 
that 

AC : cb::7i : m 

with centres A and b, and radii AC, BO respectively. 
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describe circles touching at c ; if these circles are fixed 
each to its own axle, and revolve with them, and if their 
circumferences are rough, so that they roll on each other, 
the problem is solved; for take on the circumferences 

710.10. 




respectively points c' and c" which were in contact at c, 
then must the arc cc' equal the arc cc", since the several 
points of the arcs have been successively in contact each 
with each, and this is true whatever be the lengths of 
those arcs. Now, in one minute the point c' describes an 
arc whose length is 27r AC . m, and therefore d' describes 
an arc whose length is 27r ac . m, i.e. an arc whose length is 
27r BO . n^ since AC . m = bc . 7i ; but 27r bc . n is 7i times 
the circumference of the circle whose radius is bc, and 
therefore the axle b makes n turns while A makes Wr turns 
Le. b moves in the required manner. 

It is evident that the angular motions will have the 
same ratio whatever be the time, and therefore when the 
time is very short ; hence if the angular motion of the 
axle A varies from instant to instant, that of the axle B 
will also vary, but will maintain the same constant ratio 
to the angular motion of a. 

It is also plain that the directions of the angular 
motions will be contrary, as indicated by the arrow heads. 
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It may be remarked that the wheel AC is called the 
driver, and bc the follower. 

Ex. 529. — If in the last Article a single wheel moving on a parallel axle 
with its centre in the line ab were interposed between AC and bc, it would 
cause the follower to revolve in the same direction as the driver, and would 
not produce any change in the ratio of their angular motions, the radii ac 
and bc being unchanged. 

107. Practical Objection to the above Solution. — It is 
evident that the above solution fails if the surfaces of the 
wheels rub smooth, so that the motion becomes partly one 
of sliding and partly one of rolling contact ; and also that 
it will fail if the centres A and B are slightly displaced, 
since then the contact ceases : one method, in common 
use, of obviating this objection is to pass a powerful band 
of leather tightly over the wheels ; this method is com- 
monly used when the centres A and b are so considerable 
a distance apart that the wheels would be inconveniently 
large if in immediate contact ; the most efifectual means, 
and the only one with which we are here concerned, is to 
cut teeth on the circumferences of the wheels ; when this 
is properly done the uniform revolution of the wheel A 
can be made to communicate a uniform revolution to 
the wheel b. The problem we are to solve is therefore 
twofold : — 

(1) To determine the form that must be given to the 
teeth of wheels, in order that any uniform motion of the 
driver round its axis shall communicate to the follower a 
uniform motion round its axis. 

(2) As this cannot be done without causing the teeth 
of the one wheel to slide over those of the other, it is 
required to determine what amount of work is lost by the 
friction of the teeth when work is transmitted from one 
axle to the other. 

The limits of the present work will not allow us to do 
more than give one solution of the former question, and 

p 



no 
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an approximate solution of the second, fieaders who 
desire further information on this, very important snhject 
will be able to obtain it by reference to Mr. Willis's 
* Principles of Mechanism,' and to Mr. Moseley's ^Me- 
chanical Principles of Engineering:'* the former work 
treats only of the question of form ; the latter also con- 
tains a very full discussion of the question of force. 

108. Definition and Properties of the Epicycloid— 
If a circle carrying on its circumference a pencil-point be 
^°-^*^- made to roll on the 

outside of the circum- 
ference of a fixed 
circle, the point will 
trace out a curve 
called an epicycloid: 
the fixed circle is 
called the base; the 
moving circle is called 
the generating circle. 
Thus if Q is a point 
oil the generating circle adq, and apc is the base or fixed 
circle, then if q were in contact with apc at p, the point 
Q will trace out the epicycloid pq. 

;• (a) It is evident that the length of the arc aq equals 
that of the arc ap. 

(6) It is evident that the point q is at the instant 
moving in a circle of which the centre is a, and radius A Q, 
so that the line aq is the normal to the epicycloid at the 
point Q, and if dq be joined that line is a tangent to the 
curve at Q. 

(c) It is evident that the form and dimensions of the 
curve are independent of the particular point q occupies 

♦ A very clear elementary discussion of the forms of the teeth of wheeb 
wiU be found in Mr. Goodeve's Elements of Mechanism, 
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on the generating circle, so that if we take a succession of 
points Q, Qi, Q2 . . . on the generating circle, and describe 
with them a succession of epicycloids qp, Q^v^y QgPg ... 
they will all be exactly like one another, and if p'q' be 
any epicycloid described on the same base with the same 
generating circle as the others, it too will be exactly like 
the rest: if we now suppose all the former to remain 
fixed, and the circle p'ac to revolve round its centre, 
carrying p'q' with it, then when p' comes to Pg, the curve 
p'q' will fall upon p^Qg, and in like manner on PjQj and 
on PQ. 

Proposition 22. 

An epicycloidal tooth can be made to work correctly 
with a straight tooth. 

Let PQbe the tooth described on the base AP,the centre 
of which is Op by a pig.ut. 

circle whose diameter 
is AO; suppose the 
base to revolve round 
Oj and let the tooth 
assume successively 
the positions p^q^, 

P2?2^ P^qa cut- 
ting the circle ado in 
points gi, g^, ^3, then 
since the straight 
lines 031,0^2,0^3. .. . 
touch the epicycloid 
in the points q^, q^,q^ 
... it is plain that 
a straight line whose 
length is OA, and 
which is movable 
round o, will, if driven by the tooth, come successively 

p 2 
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Fig. 148. 



into the positions oa„ oa,, oa, . . . passing through the 
points jp 9s« 9s • • • • respectively. Now, if we suppose 
the angles ao,|),, PiO^p^ .... to be equals the arcs Ap,, 
PxVvVtPz • • • ^^ equal, and therefore (Art. 108 (a)) the 
arcs A^p q^q^ q^q^ ... are equal, and the angles they sub- 
tend at the centre c will be equal, and their halves will be 
also equal, Le. the angles Aoap a^oa^^ o^^oa^ are equal; 
so that if the circle pao, move vdth a uniform angular 
motion, it will communicate a uniform angular motion to 
a straight line ao movable about the point o, i. e. the 
straight line works truly with the epicycloidal tooth. 

Ex. 530. —If with centre o and radius oa a circle be described, show that 
if this circle work with ap by friction, any one of its radii will have the 
same angnlar velocity as if it had been driven by the tooth pq. 

109. Practical Rule for the Form of TeethJ* — Let o, Oj 
be the centres of the two toothed wheels ; draw the line oi 

centres oOj ; when the point 
of contact of any two teeth is 
on the line of centres let it be 
at a; with centres o and o, 
and radii OA and OjA respec- 
tively describe circles, aAo', 
6a6' ; these are called thejn^ 
circles of the respective wheels, 
i. e. the two circles which 
rolling by friction would more 
with the same angular motions 
as the wheels. Now, if there 
are to be m teeth in the wheel 
* 0, there must be ra^ in the 

wheel Op where m^ is given by the proportion OA : OjA:: 
m : mj. 

Divide the circumference of aAa' into m equal parts, 

♦ This rule, though not the hest^ is — or, at all events, used to be— very 
generally employed in practice. See WiUis, p. 106. 
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of which parts let aAj be one; the chord of this arc is 
called the pitch of the wheel ; divide it into two (nearly) 



Fig. 149. 




equal parts, of these ae (the smaller) is the breadth of 
a tooth, and eAj the space between two teeth ; then the 
flanks BA, DE of a tooth (i. e. the parts of its outline within 
the pitch circle") are straight lines converging to the 
centre o ; and the faces of the tooth ac, ef (i. e. the parts 
of its outline on the outside of the pitch circle) ar^ por- 
tions of epicycloids described on the pitch circle as a base 
by a generating circle whose diameter equals the radius of 
the pitch circle of the wheel with which it is to work, viz. 
. OjA. The teeth of the wheel o^ are cut upon the same 
principle ; the circumference of the pitch circle 6 a 6' is 
divided into m^ equal parts, and each is divided into a 
tooth and a space ; the flanks of the teeth converge to Op 
the faces are epicycloids described on the pitch circle as 
a base by a generating circle whose diameter equals the 
radius OA. That the two wheels thus constructed will 
work truly, follows immediately from Prop. 22 ; thus, if 
the wheel o revolve uniformly, the tooth bag driving the 
tooth B^Ac', the epicycloid AC will cause the straight line 
ab', and therefore the wheel o^, to revolve uniformly : on 
the other hand, if the wheel o, moving with a uniform 
motion drive o, the epicycloid ac' will cause the straight 
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line AB, and therefore the wheel o, to revolve uniformly. 
This is of course true whether the wheels move in the 
same or in contrary directions to those indicated by the 
arrow-heads in fig. 148. In order to prevent the locking 
of the teeth, it is usual to make ae less than eAj by -^ 
of the pitch A A, ; and to cut the space ab' deeper than the 
perpendicular length of the tooth Ac in such a manner that 
the distance from c to the centre is less than the distance 
from b' to the same centre by ^ of the pitch aAj ; i^ 
however, the workmanship is very good, the diflferences can 
in both cases be made smaller. 

The rule for determining the length of the teeth com- 
monly adopted by millwrights is to make the length of 
the tooth beyond the pitch circle (i. e. AC or ac') equal to 
^ of the pitch.* This rule is, however, a very bad one; 
the following, though not perhaps the best, is very rauch 
better. Suppose o to be the driver, and suppose a pair of 
teeth to be in contact on the line of centres, the face of the 
next tooth should be so long that its extreme point Cj 
should just be on the circumference of the generating 
circle AXp as shown in the figure; the length of the 
tooth of the follower is determined by a similar rule ; the 
extreme point of the following tooth Cj should (imder the 
same circumstances) be on the circumference of the gene- 
rating circle AXO. The reason of this rule is as follows: 
it may be considered that when the wheels are in motion 
that pan- will bear the whole or nearly the whole strain 
which at any instant will be the next to go out of contact; 
so that, the above construction being employed, the one 
pair of teeth is just going out of contact when the next 
pair comes to the line of centres, and consequently the 
working strain is not thrown upon any pair of teeth until 

♦ Willis's Principles of Mechanism, p. 98. The rule which follows is 
given both by Mr. Moseley, Mechanical Princ^cUes, p. 267, and by Gen. 
Morin, Aide-Mimoire, p. 280. 
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it cotaes to the line of centres ; but it appears that prac- 
tically the friction between a pair of teeth is very much 
more destructive when they are in contact before the line 
of centres than when in contact behind the line of centres ; 
by following, therefore, the rule above given, the fric- 
tion between any pair of teeth is diminished. (Compare 
Ex. 553.) 

In practice the teeth of a wheel are all cut from a 
pattern ; in constructing a pattern the epicycloidal curve 
may be drawn by the actual rolling of a circle of the 
proper size ; or an approximation may b^ ^obtained by 
means of circular arcs. Eules proper ior tnis purpose will 
be found in Mr. Willis's Treatise above referred to. 

Ex. 631. — To determine the radius of the pitch circle of a wheel which 

shall contain n teeth of given pitch a. a o, 

o • 180 

2 sm — 

n 

Ex. 632. — If a wheel of m teeth drives another of n teeth ; then if the 

driver make p revolutions per minute the follower will make ^ revolu- 

n 

tions per minute. 

Ex. 633. — There are three parallel axes, a, b, c, ; a makes p revolutions 
per minute, it carries a wheel of wi^ teeth which works with a wheel of n^ 
teeth on B ; B also carries another wheel of Wg teeth which works with a 

wheel of n^ teeth on c ; show that c makes — ^ .^.p revolutions per 

minute.* 

Ex. 534. — A winding engine is worked in the following manner : a steam 
engine causes a crank to make 30 revolutions per minute ; the axle of the 
crank has on it a wheel containing 36 teeth, which works with a wheel 
containing 108 teeth, the latter wheel is on the same axle as the drum, 
which is 5 ft. in radius ; determine the number of feet per minute described 
by the load. , Jns. 314 ft. 



* The above arrangement is to be found in most cranes ; if the student 
is not acquainted with the arrangement of a train of wheels he will do well 
to examine a good crane, such as is to be seen at most railway stations : 
the train of wheels in a clock is also a good example, but cannot commonly 
be studied without taking the clock to pieces. 
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110. The Hunting Cog. — If wheels have to do heavy 
work, and the precise proportion between the velocities 
is not of great importance^ an additional tooth — called a 
hunting cog — ^is introduced into one of the wheels, so that 
the same pair of teeth may seldom work together; by 
this means they are kept from wearing unequally ; for 
instance, if in the last Example we denote the teeth of 
the driver by the successive numbers 1, 2, 3, . . . 36, and 
the teeth of the follower by the successive numbers 1, 2, 
3, ... 108. Then in every revolution 1 will work with 
1, 37, and 73 ; 2 will work with 2, 38, and 74; and 36 
will work with 36, 72, and 108. If now we introduce a 
hunting cog into the driving-wheel, so that it contains 37 
teeth, then on the first revolution 1 will work with 1, 38, 
and 75; in the next revolution with 4,41, and 78; in the 
third with 7,44, and 81, and not until the 38th revolution 
will it work with 1 again. 

Ex. 535. — If in the last Example a * hunting cog * were introduced into 
the driver so that it contains 37 teeth, determine the number of feet per 
minute the load will now traveL Ans. 323 ft. 

Ex. 636. — If in Ex. 633 there are k+1 axles and the drivers contain 
m teeth, and the foUowers contain n teeth a-piece, show that the number 

of revolutions made by the last axle will be ^ ( — J 

Ex. 637. — If in the last Example it is required to multiply the number 

of revolutions 200 times, how many axles must we use — (1) if we take 

m=2n ; (2) if we take w = 4»; (3) if we take w=6», and determine the 

number of teeth employed, in each case using the nearest whole numbers ? 

Ans. Axes (1) 8. (2) 4. (3) 3. 

Teeth (1) 2-^n. (2) 20». (3) 21ii. 

Ex. 538. — If each driver has m teeth, and each follower n teeth, and if 
X is the total number of teeth in the train, and if the last axle makes q 
revolutions while the first axle makes one revolution, show that 
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*Ex, 539. — In the last Example show that for a given value of m we 
shall obtain the greatest value of q by making w=3*59 . » nearly.* 

[It is easily shown that log^ r— ) = 1 + — , whence the result stated.] 
\n / m I. 

Ex. 540. — In the case of a pair of wheels with epicycloidal teeth show 
that the space through which the surfaces of each pair of teeth slide one 
upon the other while in contact and after passing the line of centre is ap- 
proximately represented by the formula — ^( !^ + -^ \ or -^ / — + — I 

where r and r^ are the radii of the driver and follower respectively, and n 
and n-i the number of teeth in those wheels respectively. 

[The motion of one tooth on the other is partly a sliding and partly a 
rolling motion. Now, if we refer to fig. 149 it is evident that the pair of 
teeth just going out of contact touch at C9 ; it is also evident that the two 
points Ag and h!^ were in contact at a, so that the space through which the 
surfaces have sliddon over each other is Ag A'g, which is very nearly equal 

2ir 

to the sum of the versed signs of the arcs AAg and aa'j, i.e. to r vers _ 

o— 
+ T-TL vers — ; whence the value assigned in the question.] 

Ex. 541. — ^A weight p balances a weight q under the following circum- 
stances ; p is tied to a rope which is wrapped round an axle whose radius 
is ^ ; Q is tied to a rope which is wrapped round an axle whose radius 
is 5^ ; to the former is attached a concentric rough wheel, whose radius is 
r, to the latter in like manner a concentric rough wheel, whose radius is 

r, ; these two wheels 

. ^ ^ XI. Fio. 160. 

are m contact on the 

line of centres so that 
r + r^ equals o o^ ; 
show that if we neg- 
lect the magnitude 
of the axes and the 
rigidity of the cords, 
we shall have 



[The arrangement 
described in the 
above Example is 
represented in* the 
annexed diagram ; it 




* It would appear from this that the best proportion between the number 
of teeth in driver and follower for multiplying velocity is 1 : 4. This 
result is due to Dr. Young, Lectures^ voL ii. p. 56. Mr. Willis remarks that 
the rule is not of much practical value, Principles^ p. 218. 
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is evident that the rough wheels act on each other by means of a matual 
action through the point a.] 

£x. 542. — In the last Example if we suppose the separate wheel and 
axles to torn round axes whose radii are p and p^ respectively and the limit- 
ing angles of resistance between them and their bearings to be ^ and ^i, 
show that when p is on the point of overcoming q we have the following 
relation (neglecting the rigidity of cords, and the weights of the wheel and 
axles) 

p(^-p sin ^) {r^-rpx sin ^i)«Q(S'+Pi sin ^{) (r + p sin ^) 

-Er. 643. — If in the last Example, besides the frictions on the axes, we 
take into account the weights w and w^ of the wheel and axles, determine 
the relation between p and o. 

Ex. 544. — If in the last Example we neglect powers and products of 

M^°^, ?_«_i^, Pi.«»«_ti, Pl?!5^ show that the number of miits of 
p r q r^ 

work that must be done in order to raise a weight of q lbs. through a space 

of « ft is given by the formula 

r.a.Jl+(l^±)p8in^+(l-l)p,8in<^,[ 



■ ^•i^ 5 ^ P sin <ft ^ ^ Pi sin <fti ) ^ 
q\ r ^ ^1 J 



Ex, 545. — ^In the last Example if we suppose the rough wheels to be re- 
placed by a pair of toothed wheels whose pitch circles have the same radii 
as the wheels ; then if the wheel o contains n teeth, and the wheel Oi con- 
tains ni teeth, show that when q is raised through a space of 8 ft. the work 
lost by the friction of the teeth is approximately represented by the formula 

MQ«|— + '|, where a is the coefficient of friction between the teeth. 
\n nj 

[If the wheel OxA. revolves through an angle — the space through which 
the surfaces of the driving and driven teeth slide is _ !^^( Z + _ \ 
and therefore, supposing b, the fimtual pressuref to continue constant 
during the contact of the teeth, the number of units of work expended 
on friction equals /ab _!L!!i ( * + — )• Now, approximately, 
Bri = Qg', and therefore the work expended on one pair of teeth eqnala 
fiQ — "( — +— i; but — ^ is the space through which Q is raised during 

♦ If p instead of being a weight were a pressure acting vertically upward 
it is easily shown that the third term of this equation is 



Qsl— +— ) Pi sin *, 
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the action of one pair of teeth, and the same being true of every pair of teeth 
we obtain the result stated in the question. Of course, the addition of the 
expression contained in the present question to that obtained in the last is 
the correct approximate formula for the work expended in raising a weight 
through, the intervention of a pair of toothed wheels.] 

Ex. 646. — A pressure p acting at the end of an arm oa, two feet long, 
causes the toothed wheel ob to make 10 turns per minute ; this wheel work- 
ing with the wheel OiB turns the drum OiC and raises the weight q ; given 
that -p does at the point a 330000 units of work per minute, determine 
approximately the weight q that will be raised by the dnmi, having given 
the radius of ob to be 1 foot, o^b to be 3 feet, the number of teeth in ob 
to be 40, and the radius of the drum 5 feet ; the teeth, axles, and bearing 
are all of cast iron without unguents; the radii of the axles are 3 in., the 
weight of the axles and appendages of o are 3600 lbs., and that of o^ being 
5400 lbs. Ana, 4665 lbs. 

[See Note to Ex. 544.] 

Ex. 547. — Show that in a train of p pairs of wheels and pinions* the 
work lost by friction between the teeth is given by the formula 

I «i »2 W3 »2p 3 

where w^, Wg, W3 . . . n^p are the nimiber of teeth in the successive wheels 
and pinions. 

Ex. 548.— There is a train of p equal pairs of wheels and pinions ; the 
numbers of teeth are such that the last axle revolves m times faster than 
the first ; show that if u is the number of units of useful work yielded, the 
work lost by the friction between the teeth is represented by the formida 

1^ 

n 
where n is the number of teeth in each wheel. 

*Ex. 549. — ^If it is required to make the last axle move m times faster 
than the first, show that the loss of work is least when p, the number of 
pairs of wheels and pinions is given by the formula 

-L -1 

P V 

^ + loge ^ +1«0. 
Ex. 660. — If in the last Example it is required to multiply the velocity 
100 times, show that the proper number of pairs of wheels and pinions is 3 
or 4, i.e. show that the equation in the last Example gives a value of p 
between 3 and 4 ; and determine the number of teeth employed in each case 
if the first pinion have 20 teeth, using the nearest whole numbers. 

Ana. (1) 339. (2) 333. 

♦ When a small wheel drives a large one the former is frequently called 
a pinion and the latter a wheel. 
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JSr. 651. — If in the pair of wheels already described (Art. 109) all but a 
single pair of teeth be cut away, so that the remaining teeth act on each 

other while the wheel o moves through an angle — before coming to the 

n 

line of centres, and also while it mores through an equal angle after having 

passed the line of centres, and if we suppose p and q to act on the pitch 

circles of their respective wheels, show that when the point of contact is in 

such a position that the wheel o has to revolve through an angle 6 before 

the point of contact comes to the line of centres we have 



p| ^1— (»' + '*i) tan $ tan ^ } «Qri 



and that when the point of contact is so situated that the driver has revolved 
through an angle $ from the line of centres we have 



r^Ql r-i-(r+ri)tan tL tan ^ \ 



[If in the accompanying figure x is the point of contact of the teeth before 
they come to the line of centres, that point x will be on the circumference 
of a circle whose diameter is oa ; if then we draw a line bb' such that the 
angle bxa equals f, this will be the line of the mutual action of the teeth ; 

Fig. 151. 



Q^ 




remembering that the angle aox equals it is easily shown that the per- 
pendiculars on bb' from o and Oi are respectively equal to 

r cos cos ^ 
and (r + Tj) COB {6 + <p>)—r coa COB ^ 

whence the first equation is obtained ; the second is obtained in a similar 
manner, by determining the relation between f and q when the follower 
has revolved through an angle & which will be found to be 

Tr = Q< r -^ir + r J tan ^ tan (p \ 

whence we obtain the answer.] 
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Ex. 552. — If AB be any diameter of a circle apb ; if c be any point taken 
in the prolongation of ab (so that b is between a and c), and if ap, bp, cp 
be joined, show that 

BC=AC tan pab tan bpc 

and hence explain the action of the pressures which produces the result 
that follows from the first equation in Ex. 551, viz. that when r^ = {r + r-^ 
tan tan <p the pressure p must be infinitely large to bring q into the state 
bordering on motion. 

Ex. 563. — If the driver be not greater than the follower, show from the 
equations of Ex. 551, that for a given value of q, the value of p is greater 
when the driving tooth is in a given position before it comes to the line of 
centres than when it is in a corresponding position after having passed 
the line of centres. 

[If Tn be written for the ratio of r to r^ (so that m cannot be greater than 
unity) the equations in Ex. 551 can be written thus : — 
p(l — l+w./ii,tan6)=Q 

^^^ p'=Qfl + l + i./;*tan7we) 

consequently 

p — p'ssqJ 1+ m.yi, tan 6— (l+— j/x tan mO + positive terms J 
and this, on expanding in power of 0, is found to equal 

MqI 1 + w.0(|1 — w'^0^ + ^1 — w*d*+ . . .)+ positive terms |] 
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CHAPTER I. 



111. Velocity. — Before considering /orc« as the cause of 
velocity or of change of velocity y it will be necessary to 
define accurately the means of estimating the magnitude 
of velocities. 

Def, — A body moves uniformly or with a uniform velocity 
when it passes over equal spaces in equal times. 

The units of space and time commonly employed are 
feet and seconds : f and whenever a body is said to be 
moving with any particular velocity, e.g. 5 or 6, this will 
always mean with a velocity of 5 or 6 feet per second. 

Def, — ^When a body moves with a variable velocity, 
that velocity is measured at any instant by the number of 
units of space it would pass over in a unit of time if it 
continued to rnove uniformly from that instant. 

It will be seen from the definition that variable velocity 
is measured in a manner that exactly falls in with the 

* The student is particularly recommended to make himself thoroughlj 
master of this chapter before proceeding further. 

t To prevent mistake, it may be stated that the time referred to is fiuan 
solar time. 
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ordinary way of speaking : thus, when we say that a train 
is moving at the rate of 40 miles an hour, we mean that 
if it were to keep on moving uniformly for an hour, it would 
pass over 40 miles. Again, if we were to drop a small heavy 
body, -we should find that at the end of a second it is 
moving at the rate of about 32 feet per second, or, as it 
is commonly stated, it acquires in a second a velocity 32, 
meaning that if it were to move uniformly from the end 
of that second it would pass over 32 feet in each successive 
second. 

112. Relation between -uniform Velocity, Time, and 
Spaxie. — In the case of a body moving with a uniform 
velocity, it is evident that the number of feet (s) passed 
over in t seconds must be t times the number of feet 
passed over m one second {y\ 

The space 8 can, of course, be represented geometrically 
by the area of a rectangle whose sides severally represent 
on the same scale the velocity and the time. 

Ex. 654. — ^A body moves uniformly over 2| miles in half an hour, de- 
tennine its velocity. Ans. 7J. 

Ex. 656. — ^A body moves at the rate of 12 miles an hour, determine its 
velodty. Ans. 17f. 

Ex. 666. — The equatorial diameter of the earth is 41,847,000 ft., and the 
earth makes one revolution in 86,164 seconds: determine the velocity of a 
point on the earth's equator. Ans. 1526. 

Ex. 667. — A body moves with a velocity 12 ; how many miles will it pass 
over in one hour ? What would be its velocity if we used yards and minutes 
as units instead of feet and seconds ? Ans. (1) 8^. (2) 240. 

lis. The Velocity acquired by Falling Bodies. — It 
appears as the result of the most careful experiment that 
at any given point of the earth's surface, a body falling 
freely in vacuo acquires at the end of every second a 
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certain constant additional velocity:* this velocity is slightly 
different at different places, but is always the same at the 
same place, and never differs greatly from 32 ; so that if at 
any instant the falling body has a velocity v, it will have 
at the end of the nejct second a velocity v-4-32. This 
additional velocity is commonly called the accelerating 
force of gravity, and is denoted by the letter g ; — in all 
the following examples it will be assumed that g equals 
32, unless the contrary is specified. 

From what has been said it is plain that if a body is 
let fall, it acquires a velocity g at the end of the first 
second, 2g at the end of the second second, Sg at the end 
of the third second, and so on : consequently, if v is the 
velocity acquired at the end of t seconds, we shall have 

Vr::gt 

By the same reasoning it appears that if the body is 
thrown downward with a velocity v, and if t; is its velo- 
city after falling for t seconds, then 

v—Y-\-gt 

^ Moreover, it appears, when a body is thrown upward so 
as to move in a direction opposite to that in which gravity 
acts, that it loses in every second a vdocity g ; conse- 
quently in that case 

v^Y—gt 

Ex. 668. — A body falls for 7 seconds: with what velocity is it moving at 
the end of that time ? Ans. 224. 

Ex. 669. — If a body is let fall, how long will it take to acquire a velocity 
of 200 ft. per second ? Ans. 6j sec 

Ex. 660. — ^A body is projected downward with a velocity of 80 ft. per 
second ; determine the velocity it will have at the end of 6 seconds, and the 
number of seconds that must elapse before its velocity equals twice its 
initial velocity ? Ans. (1) 240. (2) 21 sec. 



* It may be remarked, that the difference between the velocities with 
which a feather and a bullet descend is entirely due to the resistance of the 
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Ex. 561. — ^A body is thrown downward with a velocity of 160 ft. per 
econd, determine its velocity at the end of 4 seconds, and the number of 
econds in which a body that is merely dropped would acquire that velocity. 

Arts. (1) 288. (2) 9 sec. 

Ex. 562. — A body a is projected downward with a velocity of 160 ft. per 
econd ; at the same instant another body b is projected upward with an 
tqual velocity ; determine how much faster a will be moving than b at the 
;nd of 4 seconds. Ans. 9 times. 

Ex. 563. — ^A body is thrown upward with a velocity of 96 ft. per second ; 
^th what velocity will it be moving at the end of 4 seconds ? 

[The formula gives — 32, i. e. it will be moving downward with a velocity 
Df 32 ft. per second.] 

Ex. 564. — In the last case how long will it take the body to reach the 
highest point ? > 

[It will be at the highest point when woO, i.e. after 3 seconds.] 

Ex, 565. — A body is at any instant moving upward with a given velo- 
city V, show that it will be moving downwards with an equal velocity after 

— seconds ; and that it will reach its highest point after - seconds. 

Ex. 566. — ^A body is thrown up with a velocity mg ; after how long will it 
be descending with a velocity ng'i Ans. m + n sec. 

114. The Space described in a given Time by a Falling 
Body. — It admits of proof that if a body is allowed to fall 
freely from rest for t seconds the number of feet (s) which 
it will pass over is given by the formula 

s^^gtK 
If, however, it is thrown downward vnth a velocity v, 
we shall have 

8=Yt + ^gt^ 

and if upward with a velocity v, it will, at the end of t 
seconds, be 8 feet above the point of projection, where 
s^Yt'-igtK 

Ex. 567. — How many feet will be described in 4 seconds by a body that 
moves freely from rest under the action of gravity ? Ans. 256 ft. 

Ex. 568. — Through how many miles would a body falling freely from 
rest descend in one minute ? Ans. lO^J mi. 

Ex. 569. — ^A body is projected downward with a velocity of 20 ft-, per 
second ; how far will it fall in 1 J seconds ? Ans. 66 ft. 

Q 
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Ex. 570.— A body is projected upward with a Telocity of 100 ft. per 
second, how high will it hare ascended in three seconds ? Ans. 156 ft. 
Ex. 671.— Show that the greatest Talue of rt-^t^ is found by mabug 

ff [Compare this result with Ex. 565.] 

Ex. 572. — If a body is projected ttptoard with a velocity of 96 ft. per second, 

where will it be at the end of 7 seconds, and what will be the whole space 

it will have described ? 

Ana. (1) 112 ft below the point of projection. (2) 400 ft 

Ex. 573. — ^A body is projected upward with a velocity of 100 ft. p«r 

second, determine where the body will be, with what velocity, and in what 

direction, the body will be moving at the end of 4 seconds. 

Ans. (1) 144 ft above the point of projection. (2) 28 fti. per sec 

downward. 

Ex. 574. — A body is projected upward with a velocity v ; show that it 

2 V 
will return to the point of projection after — seconds. 

[Compare this result with Ex. 565.] 
Ex. 675. — A body falls for a time <, and has a velocity v at the begin- 
ning, and t^ at the end of that time : show that it describes the same space 
as another body describes in the same time with a uniform velocity 

115. Relation between Velocity acquired and Spo^ 
parsed over by a Falling Body. — The above relations 
between the velocity {v) which the body has at the end of 
a time (t) and between the space (s) which it describes in 
the same time (t) enable us to determine the relation be- 
tween V and 8 ; thus, if the body is simply let fall we have 

v=:gt 
and s=jigt^ 

whence v^=z2g8 

an equation which gives thie velocity acquired in falling 
from rest through a feet. From the corresponding equa- 
tions the reader will easily deduce the following 

v^=^Y^-2g8. ^^ 1^^ 

The former of these gives the velocity (v) which the 
body has after falling through 8 feet when it was thrown 
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down with a velocity v ; the latter the velocity (v) which 
it has whea it is 8 feet above the point from which it 
was thrown up with the velocity v. Whether the direc- 
tion of the velocity (v) is upward or downward must be 
determined by other considerations. 

-Er. 576. — ^If a body is thrown upward with a velocity v, show that it will 
ascend through -— feet. 

Ex. 677. — If a body is thrown upward with a velocity of 200 ft. per 
second, find its greatest height. Ans. 625 ft. 

Ex. 578.— If a body falls freely through 150 ft., find the velocity it 
acquires. Ans. 98. 

Ex. 679. — A body is projected vertically upward with a velocity of 200 ft. 
per second ; how long will it take to reach the top of a tower 200 ft. high, 
and with what velocity will it reach that point ? 

Ans. (1) M sec. (2) 164-9. 
£!r. 680. — Let ab be a vertical line : at the same instant one body is dropped 
from k and another thrown up from b, they meet at the middle point of ab; 
find the initial velocity of the second body. Ans. -/^ x ab. 

Ex. 681. — A stone (a) is let fall from a certain point ; one second after 
another stone (b) is let fall from a point 100 ft. lower down ; in how many 
Beconds will a overtake b, and what space will it have described ? 

Ans. (1) 3f sec (2) 210J ft. 
Ex. 582. — A stone (a) is let fall from the top of a tower 360 ft. high ; 
at the same instant a second stone (b) is let fall from a window 50 ft. below 
the top ; how long before a will b strike the ground ? Ans. 0*36 sec. 

Ex. 683. — ^A stone (a) is projected vertically upward with a velocity of 
96 ft. per second ; after 4 seconds another stone (b) is let fall from the same 
point ; how long will b move before it is overtaken by a, and at what point 
will this take place ? 

Ans. (1) 4 sees. (2) 256 ft. below the point of projection. 
Ex. 684. — In the last Example if only 3 seconds had elapsed when b was 
let fall, would a ever have overtaken it ? Ans. No. 

Ex. 686. — The point a is 128 ft. above b ; a body is thrown upward from 
A with a velocity of 64 ft. per second, and at the same instant another is 
thrown upward from b with a velocity of 96 ft. per second ; show that after 
4 seconds they will both be at a ; moving downward with velocities 64 and 
32 respectively. 

. .|i6. Velocity due to a certain Height — When a body 
is moving with a given velocity (v), a certain height (h) 

Q 2 
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can always be found such that if a body fell down it freely 
from rest it would acquire the given velocity ; under these 
circumstances v is said to be the velocity due to the height 
H. These quantities are, of course, connected by the 
equation 

v'=2<7H. 

Ex. 586.— Detennine the height to which yelodties of 20, 59, and 760 ft 
per second are respectively due. 

Ans. (I) ^ ft. (2)54||£t. (3) 9025 ft 

117. Other Cases of uniformly Accelerated Motion.— 
The formulae hitherto used are true for any value of g, 
and indeed for the motion of any body which is acted on 
in its line of motion by a force that increases its velocity 
by equal amounts in equal intervals. 

Ex. 587. — ^At the distance of the moon the accelerating force of gravity 
is reduced to about yi^ • ^^ * hodj fell fireely under the action of this force 
for one hour, with what velocity per minute would it then be falling? and in 
how many seconds would a body falling in the neighbourhood of the earth's 
surface acquire the same velocity ? 

Arts. (1) 1928$. (2) 1 sec. very nearly. 
Ex. 588. — If a body were to begin to fall to the earth from the distance 
of the moon, how many yards would it fall through in half an hour ? 

Ans. 4821 yards. 

Ex. 589. — In the last Example if a body were thrown upward with a 
Telocity of 4 miles an hour, how long would it take to return to the point of 
projection ? Ans. 1314 sec. 

118. Tlie Acceleration of the Motion of a given Body 
produced by a given Pressure. — Let the weight of the 
body be w lbs.; we have seen that if it falls freely it 
acquires in every second an additional velocity g. In 
other words, if this body is acted on by a pressure of w 
lbs., its velocity is increased every second by g. Now, 
suppose it to be acted on by a constant pressure p ; for 
instance, suppose it to be placed on a smooth horizontal 
plane and to be pushed by a horizontal pressure of p lbs., 
it, appears from experiment* that its velocity will be 

* It may be remarked, that it is very difficult to devise experiments which 
shall exhibit the fundamental principles of Dynamics in a state of isolation : 
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increased in every second by a certain constant amount /, 
given by the proportion 

w : Tiig :f 

that is to say, the accelerations, or the increments of 
velocity of the samebody, in each second are proportional 
to the pressures that produce them. 

It follows from the remark already made (Art. 117) 
that the formulae previously given for falling bodies will 
be true in the present case when / has been substituted 
for g. Thus we shall have 

v=ft s-\ft^ v^=:2fs &c. 

Ex. 690. — ^A body weighing 30 lbs. slides along a smooth horizontal 
plane under a constant pressure of 15 lbs. ; determine — (1) the additional 
velocity it acquires in every second ; (2) the velocity it will have at the end 
of 5 seconds ; (3) the space it will pass over in 6 seconds. 

Ans. (1) 16. (2) 80. (3) 200 ft. 

Ex. 691. — A mass weighing w lbs. is urged along a rough horizontal 
plane by a pressure of p lbs. acting in a direction parallel tx) the plane; the 
coefficient of friction is /« ; if the body's velocity is increased in every second 
by /, show that 

w 

Ex. 592. — A weight of 100 lbs. is moved along a horizontal plane by a 
constant pressure of 20 lbs. ; the coefficient of friction is 0*17 ; determine — 
(1) the space it wiU describe in 10 seconds ; (2) the time in which it will 
describe 200 ft. Ans. (1) 48 ft. (2) 204 sec. 

Ex. 593. — ^A train weighing 60 tons is impelled along a horizontal road 
by a constant pressure of 550 lbs. ; the friction is 8 lbs. per ton ; what 
velocity will it have after moving from rest for ten minutes, and what space 
will it describe in that time ? * 

Ans. (1) 17J miles per hour. (2) 77U ft. 



Galileo, who discovered most of them, possessed a rare sagacity in detecting 
the parts of a phenomenon which were due to disturbing causes, and thus 
was enabled to get at the fundamental principles. The experimental veri- 
fication of these principles is nearly always indirect, and consists in com- 
paring actual cases" of motion (e. g. that of planets, of pendulums, &c.) with 
the secondary principles which have been derived from them. «$ 

* If the resistances which oppose the motion of a train were constant, 
it would be possible to attain any velocity however great ; in reality the 
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Ex. 594. — If in the last Example the steam were cut off at the end of 
the 10 minutes, how many seconds will elapse before the train stops, and 
how far will it go ? Ans. (1) 225 sec. (2) 2893 ft 

"Jf Et. 595. — A train is observed to move at the rate of 30 miles per hour, 
the steam is cut ofiT, and it then runs on a horizontal plane for 10,000 ft ; 
find how many lbs. per ton the resistances amount to supposing them inde- 
pendent of the velocity. 

[It is easily shown that /= 0*0968 ; then the resistance (p) in lbs. per ton 
(w) is found to equal 6*776 lbs.] 

Er, 596. — ^A weight q is tied to a string, and rests on a rough horizontal 
table ; to the other end of the string is tied a weight p which hangs verti- 
cally over the edge of the table ; if the weight of the string and its frictioii 
against the edge of the table are neglected, show that when p falls it accele- 
rates q's velocity in every second by/, where 

P + Q ^ 

[The student will remark that in this case a weight p -i- q is moved by a 
pressure p— /liO.] 

Ex. 597. — A mass of cast iron weighing 100 lbs. is drawn along a hori- 
zontal plane of cast iron by means of a cord which is parallel to the plane, 
and to the end of which a weight of 20 lbs. is attached (as in Ex. 596) ; de- 
termine — (1) the acceleration ; (2) how far it will move in 4 seconds. 

Ans. 1| ft. per sec. in each second. (2) 10| ft. 
y Ex. 598. — If in the last Example the mass had described 5 ft. in Ij 
seconds what must have been the coefficient of friction? Jns. ^. 

Ex. 599. — If in Ex. 596 q weighs 1 lb. and p weighs 1 oz. ; if moreover 
the length of the string is 12 ft and p is placed at the edge of the table 
which is 3 ft. above the ground, find — (1) how long p will take to reach the 
ground; (2) how long it will take q to arrive at the edge of the table, the 
friction between q and the table being neglected. - 

Am, (1) 1*78 sec. (2) 446 sec. 
V Ex. 600.— In the last Example suppose p and q each to weigh one pound: 
determine the coefficient of friction between q and the table if that body 
just reaches the edge. Aiis. f 

Ex. 601. — If p and q are two weights connected by a fine thread (whose 
weight is neglected) passing over a fixed smooth cylinder ; determine the 
acceleration; and if a weight equal to p — q is taken from p after it has 
described s feet, determine the space it will describe in the next / seconds. 



resistance of the air always imposes a limit on the velocity that can be 
attained by a train moving under a pressure that exceeds the factions by 
any given amount; thus Mr. Scott Eussell's formula for the resistance 
contains a term involving the square of the velocity of the train (Rankine, 
p. 620). 
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Ex. 602. — In the last Example show that the tension of the string before 
p — Q is removed equals 

P + Q 

[Liet T be the required tension; the pressure acting on p is p— t dovm- 
wardf so that the acceleration of p downward is ^^ff. Similarly the ac- 
celeration of a wpward is — ^^^. And these must be equal, since at any 

instant p is moving downward with the same velocity that a has up- 
ward.] 

Ex. 603 If after the bodies (in Ex. 601) have moved for t seconds they 

are in the same horizontal line, and if at that instant the string is cut, find 
the distance between the bodies after n seconds. 

Ex. 604.— In Ex. 696 show that the tension equals (lj"'Ol? 

P+ Q 

Ex. 605. — ^In Ex. 697 find the tension on the string. Ans. 19| lbs. 

jEip. 606. — ^A plane is observed to be descending with a uniform accelera- 
tion of 8 ; a body weighing w lbs. rests on the plane : show that the mutual 
pressure between w and the plane is |w. 

Ex. 607. — ^A sphere lies on the deck of a steamer and is observed to roll 
back 20 inches ; if the resistance to rolling is the ^-^ part of its weight, 
determine the change in the velocity of the steamer. Ans. 2*309 ft. per. sec. 

119. The Work accumulated in a Movmg Body, — If a 
body weighing w lbs. is at any instant moving with a 
velocity of v feet per second, there is accumulated in 
it a certain number of units of work ; this is evident 
from the fact that the moving body is capable of over- 
coming any given resistance through a certain space ; the 
precise number of units of work thus accumulated is given 

w 
by the formula ^— v^ ; this can readily be proved as fol- 
lows : It is plain that the number of units of work accu- 
mulated in the body at any instant is independent of the 
direction of the velocity ; we may^th^refore suppose it to 
move in any direction that will enable us to ascertain the 
number ; now, if we suppose the body to be moving verti- 
cally upward, it will ascend to a height h, given by the 
formula v^=2flrH 
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But to lift a weight w through h feet requires the expen- 

w 
diture of wh units of work, therefore wh or — v' is the 

number of units of work that must have been accumulated 
in the body. 

Ex. 608. — A body whose weight is 10 lbs. moves with a velocity of 16 ft 
per second, it has to overcome a constant resistance of half a pound ; deter- 
mine the number of feet it will describe before stopping. 

[There are 40 units of work accimiulated in the body ; now, if x be the 
nimiber of feet required, Jr is the number of units of work done, whence x 
equals 80 feet.] 

Ex. 609. — In a similar manner obtain the answers to the Examples 694, 
596, and 607. 

Ex. 610. — If in two bodies moving with the same velocities there are 
accumulated u units of work, and if their weights are p and q show that the 

nimiber of units accumulated in p is 

P + Q 

/ Ex. 611. — p weighing 10 lbs. is attached by a fine thread to q weighing 
40 lbs. Q is placed on a rough table over the edge of which p hangs, p 
falls through 6 ft. and then comes to the ground, q moves on for 8 ft. more 
and comes to rest on the table. What is the coefficient of friction between 
Q and the table. Ans. ^. 

Ex. 612. — A railway truck weighing with its contents 10 tons — ^resist- 
ances being 8 lbs. per ton — is drawn from rest by a horse; after going 300ft. 
it is observed to be moving at the rate of 6 ft. per second ; determine the 
number of units of work that has been done by the horse. Ans. 32750. 

J Ex. 613. — ^A train weighs 100 tons — ^resistances are 8 lbs. per ton— deter- 
mine the smallest number of units of work expended in a run of 100 miles 
on a level road.* Ans. 422400000. 

^ Ex. 614.— In the last Example if the train stops 10 times and the driver 
in each case gets the speed up to 30 miles an hour, and to save time turns 
off the steam and puts on the break at 1000 ft. before each station, determine 
the total loss of work ; and the proportion it bears to the total number of 
units that need be expended. Ans. (1) 59760000. (2) nearly ). 

^ Ex. 616. — A shot weighing 6 lbs. leaves the mouth of a gun with a velo- 
city of 1000ft. per second: determine the number of units of work accu- 



* It is supposed that at the end of the journey the steam is turned off at 
such a point that the train just runs into the station without putting on the 
break. 
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mulated in it, and the mean pressure exerted by the exploded powder behind 
it if the length of the bore is 6 ft. Am. (1) 93760. (2) 18760 lbs. 

i^Ex. 616. — If the shot in the last Example penetrates 24 in. into a piece 
of sound oak, determine the mean resistance offered by the wood. 

^n*. 46876 lbs. 

120. Velocity acquired by a Body in sliding down a 
Smooth Curve. — Let h be the vertical height of a point 
A above another point b, the points FiQ.isa. 

being anywhere situated; let us sup- 
pose them joined by any smooth line, 
whether straight or curved ; then if a 
body is supposed to slide in vacuo 
from A to B along the curve, and if v 
is the velocity it has at A, and v the velocity it has at b, it 
can be proved that 

v^=zY^ + 2gh . 
Now, if a point b' were to be taken vertically under A, and 
in the same horizontal line as b, a body that is thrown 
down from a with a velocity v will have at b' the same 
velocity, viz. v — i.e. the change in the velocity of the body 
between a and the horizontal line bb' is irrespective of the 
path it describes. In explanation of this remarkable fact 
it may be observed, that at every instant the reaction is 
perpendicular to the direction in which the body is moving, 
and therefore cannot accelerate the velocity. The same 
formula is true of *a body suspended by thread, and oscil- 
lating ; for the tension of the string will act at each point 
perpendicularly to the direction of the body's motion, and 
will neither accelerate nor retard its velocity. 

Ex. 617. — A stone is tied to the end of a string 10 ft. long and describes 
a vertical circle of which the string is the radius ; if at the highest point it 
is moving at the rate of 26 ft. per second, find its velocity after describing 
angles of 90®, 180°, and 270° respectively from the highest point. 

Jns, (1) 36-6. (2) 43-6. (3) 36-6. 

Ex. 618. — Show that if a body oscillate in any arc of a circle, the arc 
of ascent woxdd always equal the arc of descent if there were no passive 
resistances. 
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Ex. 619.— A body is tied to the end of a string 12 ft. long, the other 
end of which is fastened to a point a; at a distance of 4ft^ yertically 
belor A is a peg b ; the body descends through an angle of 30° when the 
string cornea to the peg b ; find the angle through which the body will rise. 

Jns. Ze^ 58'. 

Ex, 620. — Suppose a body to move in a circle whose radius is r and lowest 
point a; let y be the velocity it has at a point p and v that which it has at 
Q ; let the chords ap and aq be denoted by c and e respectively ; show that 

t«:^V«+:?(C«-C«) 

Ex. 621. — If a body slide down an arc of a vertical circle to the lowest 
point of the circle, show that the velocity at that point is proportional to 
the chord of the arc described. 

121. Centrifugal Force. — If a stone is tied to the end 
of a string and whirled round, there arises a very peculiar 
case of the action of forces, and one which requires careful 
consideration. Suppose the string to be r feet long, the 
stone to weigh w lbs., and to move with a velocity of 
V feet per second ; now, the tendency of the stone at each 
instant is to move oflF in the direction of a tangent to the 
circle it describes, therefore there must be exerted on it 
at each instant a certain pressure p (acting along the 
radius and towards the centre) sufficient to deflect it from 
the tangent and to keep it in the circle ; this pressure is 
given by the formula 

P=]! l! 
g' r 

In the case supposed this pressure is supplied by the hand, 
and gives rise to the same sensation as would be produced 
if the stone were at rest and pulled outward with a pressure 
of p lbs. It must be added, that when any heavy body 
moves in a circle under the action of any forcop'^hatever, 



the sum of the resolved parts of the/orces alqjp'the radius 






ir2 



W V 

must at each instant equal — , _ or the body will not con- 

g r 

tinue to move in the circle. 
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We have already seen that if a body whose weight is w 
is acted on by a pressure p, it would acquire at the end of 

every second an additional velocity / equal to —g ; in the 

present case therefore f ^ ^ 



The acceleration / is frequently spokeii of as thi^y^^tri- 
fugalforce.' S (' \ . "" '^ ^ T y 

Ex. 622.— A weight of 1 lb. is fastened to the end ef>Mtriiig ^ ft^D^gJaii^ , ^ 
made to perform 60 revolutions in 1 min. with a unifomf velocity ; me. \ j i 
revolutions take place in a horizontal plane : determine the tension of the 
stnng. Jns. 2*67 lbs. 

Ex. 623.— In Ex. 617 determine the tension of the string at the highest 
and at the other points, supposing the body to weigh 10 lbs. 

Ans. (1) 9-63 lbs. (2) 39-63 lbs. (3) 69-63 lbs. (4) 39*63 lbs. 

Ex. 624. — If a body moves in a vertical circle the radius of which is 6 ft. 
determine the velocity at the highest point that the body may just keep in ^ 

the circle. Ans. 12-66. 

rijet T be the tension of the string, then t + "W « — . — and the body 

will just keep in the circle if t=0. If — . — were less than w the 

body would fall within the circle ; if it were greater than w there would be 
a certain tension on the string.] 

Ex. 625. — In the last iJxample show that the tension of the string at the 
lowest point will equal 6 times the weight of the body ; and that when the 
body has described a quadrant from the highest point the tension is 3 times 
the weight of the body. 

Ex. 626.--Show that the centrifugal force at the equator equals 0-11129 
or the gig part of what the accelerating force of gravity would be if the 
earth were at rest. 

[See Ex. 656 and Table XV.] . 

Ex. 627. — ^How many revolutions would the earth have to make in 24 
hours, if bodies would ^tw^ stay on her surface at the equator ? 

Ans. 17. 

Ex. 628. — Given that the moon makes one revolution round the earth in 
about 2,360,000 seconds, and nearly in a circle whose radius is 59*964 times 
the earth's equatorial radius, show that the accelerating force of gravity 

the moon must equal reckoning in feet and seconds : what 

^ 112-48 
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inference can be deduced firom this as to the law of the decrease of the 
earth's attraction? 

Ex. 629. — A body moves in a circle whose radius is r, the pressure tend- 
ing towards the centre necessary to keep it in the circle is p ; if u is the 
work accumulated in the body, show that 

2u=pr. 

122. Time of Oscillation of a simple Pendulum. — If a 
small bullet is suspended by a very fine thread, and caused 
to oscillate in any small arc (e. g. not exceeding 2° or 3** 
on each side of the lowest point), then the time of each 
oscillation * is given approximately by the formula 



'=V| 



where t is the required time in seconds, and I the distance 
in feet from the point of suspension to the centre of the 
bullet. It may be remarked that the above formula would 
be rigorously true if the bullet were reduced to a point, 
the thread perfectly flexible and without weight, and the 
arc of vibration indefinitely small : a pendulum possessing 
these properties (which is of course an abstraction) is 
called a simple pendulumy and the above formula is said 
to give the time of a small oscillation of a simple pen- 
dulum. 

Ex. 630. — If ^s= 32-2 determine the number of oscillations made in one 
hour by a pendulum 3 ft. long. Ans. 3753-2. 

Ex. 631. — It is found that at a certain place a pendulum 39-138 inches 
long oscillates in one second ; determine the accelerating force of gravity at 
that place. Ans. 32-1897. 

Ex. 632. — ^Find the time of 100 oscillations of a pendulum 11 ft. long at 
a place where the length of the seconds pendulum is 39*04:7 in. 

Ans. 183-9 sec. 

Ex. 633. — If L is the length of a seconds pendulum show that 

Ex. 634. — If L is the length of a seconds pendulum at any place, and I 



* i. e. the time of moving from the highest point on one side to the 
highest on the other. 
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the length of a pendulum that oscillates in n seconds ^.t the same place, 
sh.oi^ that 

Ex. 635. — A pendulum at the average temperature oscillates in one 
Becond ; it is found that its length is l ; after a certain time it is found 
to lose 60 seconds a day ; determine the increase of its length. 

Ans. 0*001 16 L. 

123. Centre of Oscillation and Percussion. — Let ab 
represent any body capable of oscillating about an axis 
passing through s perpendicularly to the plane fio. i^« 
of the paper, which plane contains the centre 
of gravity a : let the body be made to oscillate 
round the axis, and let the time of its small 
oscillations be noted ; determine the length I 
of the simple pendulum which would make a 
small oscillation in the Same time ; in sa pro- 
duced, take o, such that so equals I ; then the ^-^* 
point o is called the centre of oscillation of the body 
corresponding to the centre of sus'pension s. If ab has a 
definite geometrical form so can be determined by calcu- 
lation, as will be shown hereafter ; but in any case it can 
be determined by observation as explained. 

In the plane of the paper draw or at right angles to so; 
it admits of proof that if ab"*^ were struck a blow of any 
magnitude along the line or, there would be no impulse 
communicated to the axis ; the point o is therefore also 
called the centre of percussion. 

Ex. 636. — ^A mass of oak is suspended freely by a horizontal axis ; it is 
observed to make 43 oscillations in one minute ; at what distance below the 
point of support must a shot be fired into it so that there may be no impul- 
sive strain on the point of support ? Ans. 6*313 ft; 

Ex. 637. — A tilt hammer when allowed to oscillate about its axis is 
observed to make 35 small oscillations per minute, at what distance from 
its axis must be the point at which it strikes the object on the anvil in 
order that no impulse may be communicated to the axis ? 

Ans. 9-528 ft. 



• The body ab is supposed to be symmetrical with reference to the plane 
of the paper. 
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Table XV. 

ThB VALrB OF THE ACCELEBATIKG FOBCE OF GRAVITY AT DIFFEBENT 

Places. 



Observer 


Place 


LaUtnde 


Length of se- 
conds p^idnlnm 
in inches 


Accelerating 
force.of gra- 
vity ; feet and 
seconds | 


Sabine . . . 


Spitzbeigen . . 


N. 79°50' 


39-21469 


32-2528 


Sabine . . . 


Hammeifest 


70^40' 


39-19475 


32-2363 ^ 


Svanberg . . . 


Stockholm . . 


69°2r 


3916541 


32-2122 


Bessel. . . . 


Konigsberg . . 


54°42' 


39-16072 


32-2002 


Sabine . . . 


Greenwich . . 


61°29' 


3913983 


321912 I 


Borda, Biot, and 








' 


Sabine . . . 


Paris .... 


48^50' 


3912851 


32-1819 


Biot .... 


Bordeaux . . 


44<=>50' 


3911296 


32-1691 


Sabine . . . 


New York . . 


40°43' 


. 39-10120 


32-1594 


Freycinet . . 


Sandwich Islands 


20<^52' 


3904690 


321148 


Sabine . . . 


Trinidad . . . 


10^39' 


39-01888 


32-0913 


Freycinet . . . 


Rawak . . . 


S. 0° 2' 


3901433 


32-0880 


Sabine and Bu- 










perrey . . . 


Ascension . . 


7°65' 


3902363 


32-0956 


Freycinet and 










Buperrey 


Isle of France . 


20°10' 


39-04684 


32-1151 


Brisbane and 










Rumker . . . 


Paramatta . . 


33049' 


39-07452 


321375 


Freycinet and 










Dnperrey . . 


Isles Malouines 


61°35' 


39-13781 


32-1895 



124. Variations in the Accelerating Force of Gravity 
at different Places of the Earth's Surface. — When experi- 
mental determinations of the accelerating force of gravity 
are made with great care, it is found to have different 
values at different places ; these differences are due to two 
principal causes. (1) The spheroidal form of the earth, 
in consequence of which the attraction of the earth at 
different places is not the same. (2) The diurnal rotation 
of the earth, which causes the sensible or apparent force 
of gravity to be less than the actual attraction, as part of 
the latter is consumed in keeping bodies on the surface of 
the earth. Besides these general causes, variations are 
produced in the determinations made at particular places 
by differences in their level, and differences in the density 
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of the strata in their immediate Deighbourhood. The 
apparent force of gravity at any place is determined by 
ascertaining the length l of a simple pendulum which beats 
seconds at that place, and then the accelerating force of 
gravity is determined by the formula (Ex. 633) 

(gr=7r*L 

The preceding table gives the lengths of the seconds 
pendulum at different places, according to Mr. Airy,* and 
the values of g which can be deduced from them. 

* Figure of the Earth, p. 229. 
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CHAPTER 11. 

ON UNirOKMLT ACCELERATED MOTION. 

1 25. Accelerating Force. — If the velocity of a body is 
continually increased by equal amounts in equal times, 
that velocity is said to be uniformly accelerated ; and the 
cause which produces this acceleration is said to be a 
uniformly acceleraiing force. 

Oba. — If the velocity of a body is continually dimin- 
ished by equal amounts in equal times, it is said to be 
uniformly retarded ; and the cause which produces this 
effect is said to be a uniformly retarding force. Now, 
it must be remarked, the same cause may produce uni- 
form acceleration in one body, and uniform retardation 
in another : thus gravity produces the former effect on a 
body moving downward, and the latter on a body moving 
upward: for this reason the term ^retarding force' is 
rarely used, and the accelerating force of gravity is spoken 
of, whether the body is moving upward or downward. It 
may be remarked, however, that some forces, such as 
friction, are essentially retarding forces. It must be care- 
fully borne in mind that a body is said to be acted on by 
a uniformly accelerating force /, when at the end of each 
second its velocity is increased by a velocity of / feet per 
second. 

Proposition 23. 

If ABCD he any area hounded hy a line straight or 
curved en, and hy straight linss ab, ad, bc, of which the 
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Pig. 164. 



"kd 



two latter are at right angles to ab ; and if the liTie dc he 
such that for any 'point p the ordinate pn represents the 
velocity with which a body moves 
at the end of a thne t, that is 
represented on the same scale 
by AN, then the area of the curve 
willrepresentihe spacedescribed 
by the body in the time ab. 

Divide ab into any number of 
equal parts in Nj, Nj, N3, .... 
draw the ordinates PjN,, PjNj, 
P3N3, . . . and complete the Ted- 
angles DNjjPjNgjPaNj, .... Now, 
if we suppose the body to move 

during each interval of time with the velocity it has at the 
commencement of that interval, then (Art. 112) it will 
describe a space represented by the sum of the rectangular 

areas dNj, ^{^^^ P2N3, ; and this will be true, however 

great the number of intervals may be, and therefore when 
the velocity changes continuously, the space described will 
be correctly represented by the limit of the sum of those 
areas, Le. by the curvilinear area abcd. 



Proposition 24. 

If a body begins to mx)ve with a velocity of v feet per 
second^ and is acted on by a uniformly accelerating force 
f along the line of its motion, the number of feet (s) 
described by it in t seconds is given by theform,ula 

s^Yt + ift^ 

Let ab represent the time t on scale ; at right angles to 
ab draw ad and bc representing on the same scale v, the 
velocity at the beginning of the motion, and Y+ft the 
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velocity at the end of the motion (Art. 113) ; join dc, then 
Ym, iM. ^^^ ar^a ABCD will represent the 

space 8, 

Draw DE parallel to ab ; in dc 
take any point p, and draw pn 
parallel to da, cutting de in ¥. 
Now, since da (which represents 
v) is equal to be, we shall have 
c B equal to ft^ or / x ab. But by 
similar triangles 

PM : CB :: dm : db :: an : ab 

and CK equals/ X AB ; therefore pm equals /x an, therefore 
PN equals adH-/x an, i. e. (Art. 113) represents the velo- 
city with which the body is moving at the end of the time 
represented by an; hence the area abcd represents the 
required space 8 (Prop. 23). 

Now area abcd=^ab (ad + bc) 
therefore fi = ^^ (v + v 4-/0 

or 8=Yt + iftK 

Cor. — If the body begins to move in a direction opposite 
to that in which the force acts — i. e. if its velocity is uni- 
formly retarded — a precisely similar process leads to the 
equation 

s=v^-i/^'» 
and if the body begins to move from rest, we obtain 

Ex. 638. — If a body is thrown up with any velocity, and if <i and t^ are 
the times during which it is respectively above and below the middle point 
of its path, show that 

<i : ^2::i : v'2-.i. 

Ex. 639. — If a body falls under the action of any uniformly accelerating 
force /", show that the spaces described in successive seconds form an arith- 

f 
metical series of which the first term is ^ and the common difference/. 

Ex. 640. — In the nth second of its motion a falling body describes k 
feet : determine its initial velocity. Ans. v « A — Jy (2n — 1 ). 
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Ex. 641. — If a body is let fall and describes a certain space, and this 
space is divided into n equal parts, show that the time of describing the first 
part is to that of describing the last as 1 is to -v/n— Vw— 1. 

Ex. 642. — ^A falling body describes in the »th second m times the space 
described in the (n— l)th second; find the whole space described in the n 
seconds. 

Ex. 643. — There is a chasm with water at the bottom, on dropping a 
stx>ne down it the splash is heard n seconds after the stone leaves the hand ; 
show that the distance of the surface of the water below the hand is given 
by the formula {jg=Z2'2) 

« = 1130(35 + w-a/1226 + 70«) 

[The velocity of sound may be taken at 1130 ft. per second; it will be 
observed also that 1130-i-16-l = 70 very nearly ; now let x be the time the 
stone takes to fall, n^x\s the time the sound takes to rise, and if s is the 
required depth we have 

« = ^a:2«161a:2 
and ««1130(7i-x) 

therefore a?* ■■ 7 (» — or) 

whence 8 is easily found.] 

Ex. 644. — "When n is but a few seconds, show that the formula in the last 
Example can be written 

665 n^ 

*= TT. 

3o + w 

Blx. 645. — Determine the values of s from the formulae of Examples 643 
and 644 when n equals 3, 4, and 5 seconds respectively. 

Ana. (1) 134-3 ft. and 133-8 ft. (2) 232*4 ft. and 231-8 ft. (3) 354-5 ft. 
and 353-1 ft. 

Ex. 646.— A body during the 2nd, 6th, and 7th second of its motion 
describes respectively 16, 24, and 46 feet. Is this consistent with uniform 
acceleration ? 

Ex. 647.— A body moves from rest under the action of a certain force ; 
at the end of 5 sec. the force ceases to act, in the next 4 sec. the body de- 
scribes 180 ft. Find the acceleration due to the force. Ans. 9. 

126. Change in the numerical Value of an Accelerating 
Force 'produced by a Gfuinge in the Units of Space and 
Time. — We have hitherto taken the numerical value of the 
accelerating force of gravity to be 32, which presupposes 
that space is measured in feet, and time in seconds ; the 
choice of these units is of course arbitrary; tlie question 
then arises, were we to choose other units what numerical 

s2 
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value must be assigned to the accelerating force of gravity? 
The method of obtaining this value will be readily under- 
stood by considering the following Examples : — 

Ex. 648. — ^What velocity would be acquired by a body that feU freely for 
one minute ? Ans. 1920 ft. per sec 

f^. 649. — If a body moves with a velocity of 1920 ft. per second, what is 
\is velocity estimated in yards per minute? Ans, 38400. 

[Now, it must be remembered that at the end of each second a falling 
l>ody acquires an additional velocity of 32 feet per second ; it appears firom 
the last two Examples that the same body would acquire in each minute an 
additional velocity of 38400 yards per minute ; but the former number re- 
presents the accelerating force of gravity in feet and seconds, and therefore 
the latter represents the accelerating force of gravity in yards and minutes.] 

Ex. 650. — If the unit of space were a fathom, and the unit of time 15 sec. 
what would be the numerical value of ^? Ans. 1200. 

Ex. 651. — Given that the accelerating force of gravity at the distance of 
the moon equals -^ in feet and seconds, find its value in miles and hoars. 

Ans. 21-91. 

Ex. 652. — An accelerating force has a numerical value / when certain 

units are employed, show that its value will be — ~ when the new unit 

n 

-of time contains wt, and the new unit of space w, of the old units respectively. 

127. Composition of Velociti^. — Suppose a body to be 
at any instant at the point A, and suppose it to be moving 
Fig. 156. with such a velocity as would in a 

certain time carry it to b along the 
line AB ; suppose that at that instant 
another velocity were communicated 
^ ^ to it such as would in the same 

time carry the body along the line AC to c, if it had 
moved with that velocity only ; complete the parallelogram 
ABCD and join ad, then at the end of the given time the 
body will arrive at n, having moved along the line ad. 
That this is so appears at once from the well-known fact, 
that when a ship is in a state of steady motion, a man can 
walk across her deck with precisely the same facility as if 
she were at rest; thus if he were to walk across the deck 



w 
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when the ship is at rest he would go from A to c ; but if 
'we suppose the ship to have such a velocity as will in the 
same time carry the point A to b, he will come to the point 
i> ; and if the velocities have been uniform he will have 
moved along the line ad. Now, let v and u be the two 
velocities, then 

AB : Ac:: It : v 

and if v is the velocity compounded of them 

AD : ab::v : tfc 

So that if AB and ac represent the given velocities in 
magnitude and direction, ad will represent the velocity 
compounded of them in magnitude and direction. Hence 
the rule for the composition of velocities is the same, 
mutatis muta/ndis, as that for the composition of pressures. 
If the velocities vary from instant to instant, the rule 
will give the magnitude and direction of the component 
velocity at any instant ; this is the case which commonly 
happens, for example, when a body is thrown in any 
direction transverse to the action of gravity ; the method 
of determining the motion of the body may be described in 
general terms as follows : Conceive the time to be divided 
into a great number of intervals, and suppose the velocity 
that is actually communicated by gravity during each 
interval to be communicated at once,"*^ then, by the com- 
position of velocities, we can determine the motion during 
each interval, and therefore during the whole time ; the 
actual motion is the limit to which the motion, thus de- 
termined, approaches when the number of intervals is 
increased. 

* It is immaterial whether we conceive it to be communicated at the 
beginning or at the end of the interval. 



246 



PRACTICAL MECHANICS. 



FIG. 167. 



Proposition 25. 

A body is thrown in vacuo with a given velocity (v) 
in a direction making any angle with the horizon^ to 
determine its position at the end of any given time {t). 

Let the body be projected along the line an; take an 
equal to v ty and divide t into n parts, each equal t ; then 
if AN is divided into the same number of equal parts in 

Np Nj, N3 . . . each part will 
equal VT. Now, the effect 
of gravity is to increase 
the velocity of a falling 
body by grr in a time t; 
we may therefore conceive 
the body to move through 
each interval with the 
velocity it has at the 
beginning of that interval, 
and at the end the velo- 
city to be compounded with 
gr. During the first interval the body will move over the 
space ANj ; draw JH{n^ vertical and equal to ^t x t ; complete 
the parallelogram /ijNg; then since the sides NjTI, and 
Nj Ng are proportional to the velocities gr and v, the body 
will, during the next interval, move along the line n,q, and 
at the end of the interval will arrive at a point q vertically 
under n^ ; the actual velocity with which the body has 
moved being, of course, equal to NjQ-i-T. At the point q 
we have to compound this velocity with gr; to do this we 
must produce n,q to r, making Qr equal to NjQ ; take qw, 
equal to ^t x t, and complete the parallelogram, then the 
sides of this figure are proportional to . the component 
velocities, and therefore the diagonal is in the same pro- 
portion to the velocity compounded of them ; at the end 
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of the third interval therefore the body will be at r verti- 
cally under N3 ; the same construction will apply to any 
number of intervals, and the required point p will be 
vertically under n. To determine np ; produce n,q to Trip 
Q R to mj, RS to TTiy &c., then will np equal the limit of the 
sum of Nrnj, m^m^y ^2'^35 ^^'^ ^^^ ^Y similar triangles 
NTrti is the same multiple of NjQ that NjN is of NjN^, there- 
fore Nmj equals (ti— 1) ^t^ similarly mjmg equals ('^^— 2) 
^T^, m^m^ equals (n—S) gr^, &c., and therefore their sum 
equals 

(7i-l) ^T2 + (n-2) gT^ + {n^3) gr^^ . . . + 2gT^-\-gT^ 
=grT2|(7i-l) + (7i-2)-h. . + 2 + 1 J 

Now, however great the number of intervals, Q, R, s, &c. 
will remain vertically under Nj, n^, N3, &c., so that in the 
limit p will remain vertically under n. Also the limit of 

^gt^(i ] is ^gt^; 80 that the true position of the body 

will be found by measuring downward from n a distance 
equal to ^gt^* 

Ex. 653. — A point moves along a smooth horizontal plane with a velocity 
of 3 ft. per second ; at the end of 2 seconds a velocity of 8 ft. per second is 
impressed on it in a direction at right angles to its motion ; after how long 
will it« distance from the starting-point be 20 ft. ? Ans. 4 sec. 

Ex. 654. — A body is projected in vacuo with a given velocity in given 
direction ; determine its range on a horizontal plane passing through the 
point of projection and the time of flight. 



* This result is, of course, true for any constant force (/) acting along 
parallel lines. Hence, if a body has at a certain point a given velocity (v) 
along a given line an, and is acted by such a force, its position at the end 
oft seconds is given by the construction — take an equal to v<, drawn nh 
parallel to direction of /*, taken nh^I/"^*; hJs the required position of 
the body. 
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Pio. 158. 




Let ▲ be the point of projection, an the direc- 
tion of projection, a.b the horizontal plane throngh. 
▲, let the velocity of projection be denoted by v, 
and the angle nab by a. Let the body strike 
the plane at b after t seconds we haye to de- 
termine A B and T ; draw bn at right angles to ab 
then (Prop. 25) 





AN = TT 


and 


NB = |yi^ 


but 


nbssan sin a 


therefore 


J^T*=vT sin a 


or 


T=2^sin'«. 




9 


Again 


AB»AN COS a-=VT COS a 


therefore 


2v» . 
AB— — sin a COS o 




9 




v« sin 2 a 


or 


AB — 



9 

Ex, 665. — ^A body is projected with a velocity of 100 ft. per second in a 
direction making an angle of 37^ with the horizon : determine the time of 
flight and range on a horizontal plane. Ans, 3*76 sec. and 300*4 ft. 

Ex, 666. — K a body is thrown with a given velocity the horizontal range 
is greatest when it is projected at an angle of 45° ; and for angles of pro- 
jection one as much less as the other is greater than 45° the horizontal 
ranges are the same. 

Ex. 657. — Show that the least velocity with which a body can be pro- 
jected to have a horizontal range b is 4 v2b feet per second. 

Ex. 658. — ^Determine the angle of elevation and velocity of projection that 
will enable a body to strike the ground after 10 seconds at a distance of 
^000 ft. from the point of projection. 

Ans. (1) 17° 45'. (2) 625 ft. per sec. 

Ex. 659. — A body is projected with a velocity v in a direction making 
an angle a with the hoyzon ; if b is its range on a plane passing through the 
Fig. 169. T, point of projection and inclined at an angle 9 

to the horizon, and t the time of flight, deter- 
mine B and T. 

Let A be the point of projection ; draw am a 
horizontal line through a, ab the inclined plane, 
AN the direction of projection; let the projec- 
tile strike the plane at b, then we have 
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^ ^' •' ♦ 

AN=VT and NB = j;^T^ < ^^ 

but an: wb :: BinABN : sin nab 

or VT : J^T^ :: cos 6 : sin {a-^ey . - ' 

,, A 2v sin (a— 6) 

therefore t= — . ^^ \ 

g COB0 / 

Again an: ab :: sin abn : sin anb ./ ^ 

or VT : B : : cos : cos a * 

therefore ^ ^ gr^ sin («- fl) cos « 

^ COS* 

Ex. G60. — Determine the time of flight and range on a plane inclined at 
an angle of 10° upward from the horizon in the case "of a body projected as 
in Ex. 656. Jns. 2-88 sec. and 233*6 ft. , 

Ex. 661. — ^A body is projected with a Telocity of 120 ft. per second in a 
direction making an angle of 28° 45' with the horizon, determine the time 
of flight and range on a plane passing through the point of projection — (1) 
when it is horizontal ; (2) when inclined upward from the horizon at an 
angle of 12° ; (3) when inclined downward at the same angle. 

Jns. (1) 3-61 sec. and 379-6 ft. (2) 2-21 sec. and 2377 ft. 
(3) 6 sec. and 638-3 ft. 

Ex. 662.-^A body is thrown horizontally with a velocity of 50 ft. per 
second from the top of a tower 100 ft. high ; find after how long it will 
strike the ground, and at what distance from the foot of the tower. 

Jns. (1) 2-5 sec. (2) 125 ft. 

Ex. 663. — If any number of bodies are thrown horizontally from the top 
of a tower, they will all strike the ground at the same instant whatever be 
the velocities of projection. 

Ex. 664. — There is a hill whose inclination to the horizon is 30° ; a pro- 
jectile is thrown from a point on it at an angle inclined to the horizon at 
45° ; show that if it were projected down the plane its range would be nearly 
3| times what the range would be if it were thrown up the plane. 

Ex. 665. — In the last Example suppose the slope of the hill to be due 
north and south, and the azimuth of the plane of projection to be a ; show 
that the sum of the two ranges obtained by throwing the body towards the 
ascending and descending parts of the hill equ-als 

2 v^ 
9 

[The azimuth is the bearing of a point from the south measured on a 
horizontal plane."] 

Ex, 666. — If there are two inclined planes and the angle between them 
is bisected by the horizontal plane, and if the ranges of the same projectile 
on the three planes are Bi, Ba, and b respectively, show that 

Bi + Ba : B : : 2 : cos inclination. 



2 v2 /, 
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Ex. 667. — If in Example 659 the body is so projected as to obtain the 
greatest range with a given velocity, show that the direction of projection 
must bisect the angle between the vertical and the plane. 

[It must be remembered that 2 sin («— 0) cos a=:sin (2 a— 9) — sin B.'\ 

Ex. 668. — Referring to the figure in Prop. 25, if a.h and hp are denoted 
by X and y respectively, show that 

x=yt cos a 
y=v< sin a— Jy<* 
Ex. 669. — Show that the highest point the projectile can reach is 
sin 'a feet above the middle point of the horizontal range. 

Ex. 670. — Two bodies of unequal weight are thrown from the same point 
in different directions with different velocities ; find the position of their 
centre of gravity after t seconds. 

Proposition 26. 

The curve described by a projectile in vacuo is a para- 
bola whose directrix is horizontal, and at a height above 
the point of projection equal to that to which the velocity 
of projection is due. 

Let p be the point, and pm the direction of projection ; 

let PQ be the path of the projectile, and Q its position at 

Fig. 160. ^jj^ gj^(j Qf f seconds ; draw the vertical 

lines DPN and mq, also draw qn parallel 

to PM, then 

PN=QM=igrt^ 

9 

Now, this relation between qn and pn is 

the same, wherever on the curve we may 

take q; but if a parabola were drawn 

through p touching pm, with its diameter vertical and its 

directrix passing through a point' d so taken that 4 pd 

2v^ 
equals — we should have for any point of it 

QN'» = — .PN 
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i^ e, it would coincide with the curve described by the 
projectile : hence that curve is a parabola whose directrix 
is horizontal and passes through the point d ; but it will 
be remarked that 

v^=2gr.DP 

So that DP is the height to which the velocity of projection 
is due. (See Art. 116.) 

Cor. — The velocity of the projectile at any point is that 
due to the height of the directrix above that point. 

Let PQp' be the path of the projectile, of which dj}' is 
the directrix ; at the point Q let the body be moving with 
a velocity v in the direction qt; now, it is plain that if 
another body were thrown from q in the direction qt with 
an equal velocity v, it would fiq. lei. 

move in exactly the same 
manner as the projectile, i. e. 
it would describe the curve qp'; 
but if a body is thrown from q 
so as to describe that curve, it 
must be thrown with the velocity due to the height qc, i.e. 
v^=z2g CQ. 

Ex, 671. — In fig. 158, show that if bn is divided into any number of equal 
parts, and the points of section joined to A, the curve will be divided into 
parts that are described in equal times. 

Ex. 672.— Show that the velocity v of the projectile at any time t is given 
by the formula 

v2=:v'-2v^< sino+^*^. 

Ex. 673. — There is a wall b feet high, a body is thrown from a point a 
feet on one side of it so as just to clear the wall and to fall c feet on the 
other side ; show that 

tan (angle of elevation) = \fl-^C) 
ao 

(vel. of projection)^- ^i^±f) / ^' + i!^±2i \ 
^ i' J >' 2 16 (a + c) ac J 

128. The First and SecondLawa of Motion. — The object 
of the first law pf motion is to assert that a body has no 
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power of cbanging its own state of rest or motion, and 
that every such change is due to the action of some ex- 
ternal force. Up to the time of Gtdileo it was supposed that 
certain kinds of motion — such as the rolling of a body 
along a road — have a natural tendency to decay; while 
certain other kinds — such as that of falling bodies — ^have 
a natural tendency to increase. When this opinion came 
to be examined, it was found that every case of * decay ' 
could be referred to the action of retarding forces, e. g. 
friction and resistance of the air, and that the ^ decay ' 
could be made indefinitely slower by diminishing these 
resistances; on the other hand, every case of increased 
velocity could be referred to the action of an accelerating 
force such as gravity. The law is stated as follows: 
^ A body not acted on by any external force, if at rest, 
will continue at rest, and if in motion will continue to 
move uniformly in a straight line.' The object of the 
second law of motion is to assert that the effect produced 
by a force is irrespective of the previous motion of the 
body; it is enimciated thus: *When a force acts on a 
body in motion, the velocity it would produce in the 
body moving from rest is compounded with the previous 
velocity of the body.' If the body is moving along the 
line of action of the force, the term compounded must be 
understood to mean added (or subtracted) ; if the body is 
moving transversely to the line of action of the force, the 
word compounded must be understood as in Art. 127. The 
principle asserted in the second law of motion is illustrated 
by many well-known facts, such as the following : A person 
on board a ship can throw up a ball and catch it with 
equal facihty whether the ship is at rest or in a state of 
steady motion. 
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CHAPTEE III. 

ON MOTION PRODtCED BY PRESSURE. 

129. Acceleration produced by a given Pressure. — The 
following Examples can be solved by means of the principle 
laid down in Art. 118. 

Ex. 674. — If a body slides down a smooth inclined plane, show that the 
accelerating force equals g sin o, where a is the inclination of the plane tx) 
the horizon ; if the plane is rough, show that the accelerating force equals 

g ^ ~^^ where p is the limiting angle of resistance. 

cos (p 

[In the case of a smooth plane the pressure producing motion is the part 
of its weight resolved along the plane, i. e. w sin o, whence f—ff sin o. 
In the case of the rough plane the pressure producing motion is w sin a 

diminished by the friction, i.e. w sin a— /*w cos a or w — — ^""^^^ whence 

cos <l> 

r sin(a-<ft) . 

•^ ^ C08<^ '-' 

Ex. 675. — Find the velocity acquired by a body in descending a smooth 
inclined plane 50 feet long and having an inclination of 23° ; determine also 
the velocity that would be acquired if the limiting angle of resistance were 
16®. Ans. (1) 36-4 ft. per sec. (2) 21-5 ft. per sec. 

Ex. 676. — If a body begins to ascend an incline, show that the retarding 

. sin (a + <b) 

force 18 g ^^ — l-^. 

cos <l> 

Ex. 677. — There is a plane 50 feet long and inclined to the horizon at an 
angle of 30° ; the limiting angle of resistance between it and a given body 
is 15°; determine the velocity the body must have at the foot of the plane 
so as just to reach the top, and the time it will take to get there. 

Ans. (1) 48-4 ft. per sec. (2) 2'07 sec. 

Ex. 678. — A body just rests on a plane which is inclined at an angle of 
30° to the horizon. Find the velocity acquired and the space described 
from rest by the body when the plane is inclined at an angle of 60° to the 
horizon. Ans. (1) 36*9 ft. per sec. (2) 36*9 ft. 

jf r " S*^t^a - jt' ^v^ aA 
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Ex. 679. — If a body Blides down a gentle incline of 1 foot yertical to m 
horizontal, show that the accelerating force veiy nearly equals/ lA g. 

And if m = 100 show that the error equals about aoSoo P^^ ^^ ^^ whde. 

Ex. 680. — A train moying at the rate of 24 miles an hour comes to the 
top of an incline of 1 foot in 350 ; the resistances are 8 lbs. per ton ; the 
steam is cut off at the top of the incline, and the train comes to rest at its 
foot ; determine — (1) the retarding force on the train ; (2) the length of the 
incline ; (3) the time of motion. 

Ans, (1) ^. (2) 27104 ft. (3) 1640 sec. 

fit. 681. — At the slide at Alpnach the first declivity has an inclination of 
22*^ 30^ and is 500 feet long ; being kept continually wet the limiting angle 
of resistance is 14^ ; in how many seconds would a tree descend this first 
declivity were it not for the resistance of the air ? Ans. 14*3 sec 

/ Ex. 682.— A body slides from rest down a plane whose inclination is i 
and length l ; it passes with the velocity acquired during the descent of the 
first plane to a second whose inclination i is less than the limiting angle of 
resistance ^ : if / is the space through which it slides before coming to rest, 
show that 

^ ^ sin (i — ^) 

L sin (^ — t) 

fir. 683. — ^A body weighs w lbs. ; it is pulled up an inclined plane by 
a pressure p that acts parallel to the plane, show that the accelerating force 

equals f - — ?^^"-^-^ | cr, where o is the angle of inclination and <b the 
^ \w cos^ / 

limiting angle of resistance. 

Ex. 684. — Let AC, cb be two planes sloping downward in contrary direc- 
tions from the point c, and inclined to the horizon at angles a and b 
respectively; a weight p slides down ca and draws a weight q up cb by 
means of a fine cord which passes over c and is tied to each weight ; if the 
limiting angle of resistance between the weights and the planes is <t>, show 

that 

n_ p sin (a— ^) -Q sin (s-f ^) 
(p + q) cos ^ 

Ex. 685. — In the last case if the inclines are equal and small, being 1 in 
w, show that 

fir. 686. — If the resistances are 8 lbs. per ton and the incline 1 in 140, 
and a set of fall trucks is required in their descent to pull up the incline an 
equal number of similar empty trucks, show that the contents of each truck 
should on the average be more than double the weight of the truck. 

fir. 687. — If a circle be placed with its plane vertical, and through its 
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highest point any chord be drawn, a body will descend along that chord 
(supposed to be smooth) in the same time as down the Tertical diameter. 

Ex. 688. — ^If through any point there is drawn a vertical line and any 
number of inclined planes on the same side of the line, and having a common 
limiting angle of resistance ^ ; then if bodies begin to slide from the point 
down these planes at the same instant, show that after any interval they will 
be fouxid in the arc of the segment of a vertical circle cut oflf by the vertical 
line which subtends at the centre an angle equal to »— 2 <t>. 

130. The Work accumulated in a Moving Body. — The 
following Examples depend on the principle proved in 
Art. 119. 

Blx. 689. — A train moving at the rate of 16 miles an hour comes to the 
foot of an incline of 1 in 300, resistances 8 lbs. per ton ; if the steam is cut 
off how f&T will it go before stopping ? Atis. 1096 ft. 

[If w is the weight of the train in lbs. the number of units of work ac- 

cumulated in it is — ^^ — L ; now if / is the horizontal length of the plane 

the units of work required to draw w over this length is by Example *609 

_, r 1 11 , 222 X 300 X 280 ., r r . • j 

w/ \ +_^ K ,',l ^ — ^^^ ^ the number of feet required. 

1 300 280 J 680 x 2^ ^ 

The same answer can be obtained by the principle exemplified in the last 
Article.] 

Ex, 690. — ^A body slides down an inclined plane the height of which is 
12 feet and length of base 20 feet ; find how far it will slide along a hori- 
zontal plane at the bottom, silpposing the coefficient of friction on both 
planes to be |, and that it passes from one plane to the other without loss 
of velocity. Ans. 62 ft. 

[From Ex. 609 it appears that the body arrives at the bottom of the 
plane with a number of units of work accumulated in it equal to w 



{--?}] 



Ex. 691. — If the velocity of a moving body changes from v to t?, show 
that the number of units of work accumulated during the change equals 

y^Ex. 692. — A train weighing 90 tons comes to the foot of an incline of 1 
in 160 with a velocity of 30 miles an hour, the resistances are 7 lbs. per 
ton, the length of the incline 2 miles ; the train has at the top of the incline 
a velocity of 20 miles an hour ; how many units of work have been done by 
the steam in getting the train up the incline ? and through how great a 
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distance would an expenditure of the tame number of units have taken the 
train with a uniform Telocity along a horizontal line ? 

Atts. (1) 16,670,400 units. (2) 26302 ft. 
£r. 693. — If a train begins to descend the incline in the last Example 
with a velocity of 20 miles an hour, how far will it descend by its own 
weight before acquiring a velocity of 30 miles an hour ? Ans. 5378 ft 

Ex. 694. — There are two points a and b on a railroad 4 miles apart on 
the same horizontal line ; the railroad is in two equal inclines, one up and 
the other down, of 1 in 160 ; the train, which weighs 60 tons and expe- 
riences resistances equal to 7 lbs. per ton, has a velocity of 30 miles an hour 
at A and b, and a velocity of 20 miles an hour at the top of the incline ; the 
velocity being supposed to change uniformly from 30 to 20 and again from 
20 to 30, and when the latter velocity is attained further acceleration is 
checked by putting on the break ; determine — (1 ) the loss in units of work in 
consequence of the inclines ; (2) the loss of time in consequence of the in- 
clines. Ans. (1) 1,810,000 units. (2) 72^ sec. 

Ex. 695. — ^A chest 6 feet long and 2 feet square stands on its end on the 
deck of a ship, one face being perpendicular to the direction of the motion ; 
the ship is suddenly brought to rest — what must have been its velocity if 
the chest is just overthrown, it being supposed that all sliding is prevented? 

Ans. 2*2 miles per hour. 

[If w is the weight and v the required velocity, the number of units of 

work accumulated in it must be - - v* ; and to overthrow the chest re- 
quires w ( -/lO — 3) units of work.] 

Ex. 696. — Show from the principles of the present Article that the velo- 
city acquired by the bodies in Ex. 684 while moving fixjm rest over a length 
I of the planes is given by the formula 

y»^2gl. ^ "^° (^-<t>)-<i sin (b + <>) 
(p ■»- o) cos ^ 

Ex. 697. — There is an inclined plane of 1 in 90 along which a train 
weighing 80 tons is made to descend for a distance of 300 feet; to the train 
is attached a rope which, after passing round a pulley at the top of the in- 
cline, is fastened by the other end to a lighter train weighing 16 tons ; the 
rope is so long that the light train is at the foot of the incline when the 
heavy one is at the the top ; find — (1) the velocity with which the heavy 
train reaches the foot of the incline ; (2) if the heavy train is disconnected 
from the light one at the foot of the incline, find the distance to which it 
will run before stopping on the horizontal plane, resistances on the incline 
being 7 lbs. per ton, on the level 8 lbs. per ton. 

Ans. (1) 9-07 ft. per sec (2) 369*7 ft. 

131, MasSy Momentum, and Moving Force. — The term 
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mass is of frequent occurrence in dynamics, and it is of 
great importance that the student should obtain a clear 
conception of its meaning, and of the distinction that 
exists between the rruisa of a body and its weight ; for this 
purpose let us consider a particular case. Neglecting 
variations of temperature, it is plain that two cubic inches 
of lead contain twice as much lead as one cubic inch, and 
so on in any proportion ; also at the same place the two 
cubic inches of lead weigh twice as much as one cubic inch 
of lead ; consequently the weight (w) of a piece of lead, 
will vary as the quantity of lead (m) which it contains. 
Moreover, at different places the weight of a piece of lead, 
i.e. the actual pressure it exerts — for instance, its power to 
compress a given spring — ^varies as the accelerating force of 
gravity at that place ; * that is to say, if the force of gravity 
were doubled, the weight of the same piece of lead would 
be doubled, and so on in any proportion. Hence the 
weight must vary as the quantity of lead (m), and the 
accelerating force of gravity (g) jointly, i. e. wa M^r 

or wsskug 

where fc is a constant number depending on the particular 
units employed. Now, it further appears that whatever be 
the physical nature of a body, i. e. whether it be lead, 
or iron, or stone, the quantity denoted by m is the same 
for all dynamical purposes, and as in each particular case 
it would denote the quantity of lead, or iron, or stone, we 
shall correctly generalise its denomination if we call it the 
quantity a/ matter or the mass of the body. The reader's 
particular attention is requested to this point : The weight 
of a body, the actual pressure it exerts, is not a simple 

* The evidence for this fact is, of course, experimental ; see note to Art. 
118. It may be added that the variations of the weight of the same body at 
different parts of the earth's surface could probably be observed directly and 
with great accuracy by means of a delicate spring. — ^Herschel's Outlines of 
Asironomy, Art. 234, 

S 
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quantity, but an effect dependent on two totally distinct 
conditions, viz. the quantity of matter it contains, and the 
attraction exerted on it by the earth. 

Bef. — The quantity of matter in a umX of volume of a 
given body is called ite density. 

Def. — The momentum of a body is the product of its 
mass and its velocity. 

It will be remarked that the momentum of the body is 
refered to its maaa^ and not to its weight ; the reason for 
doing so is this : A cubic inch of lead moving with a given 
velocity would strike the same blow whether the accele- 
rating force of gravity were 32, or had any other value ; 
that is to say, its momentum must not be made to depend 
on the weight, which varies with the force of gravity g^ but 
on the mass, which is irrespective of g. 

Def. — Moving force, or the moving quantity of a force, 
is the additional momentum which it communicates in 
each second to a body. 

The accelerating force (/), or the acceleration produced 
by a force, is the additional velocity it communicates in 
each second ; consequently if m is the mass of the body. 

Moving force =m/ 

132. The Third Law of Motion. — ^We have already seen 
(Art. 118) that when a pressure p acts upon a body which 
weighs w lbs. at a place where the accelerating force of 
gravity is g ; then 

i. e. p a m/ 

This variation when verbally enunciated becomes what is 
commonly called the third law of motion, viz. — when 
pressure produces motion^ the moving force is propor- 
tional to the pressure. 

It follows from this that the expressions already given 



THIRD LAW OF MOTION. 259 

for accumulated work (Art. 119 and Ex. 691) may be 
written ^ MV^ and ^M('y^— v^). It will be observed that 
these expressions do not depend on the force of gravity. 
E. g. A cubic foot of iron, moving with a given velocity, 
would have accumulated in it the same number of units 
of work, whatever were the accelerating force of gravity. 

Ex, 698. — If we assume that w=m^, where g is taken in feet and 
seconds, and w in lbs., how many cubic inches of water at temperature 
62® F. wiU be the unit of mass ? Ans. 892-60. 

[See Art. 2. The value oig at London may be taken to equal 32*192.] 

Ex. 699. — If a substance contains v cubic inches and its specific gravity 
is 8 J show that the numerical value of m is 



892-60 

Ex. 700. — A cubic foot of cast iron is observed to increase its velocity by 
3 feet every second; determine from the last Example the pressure that pro- 
duces this acceleration. Ans. 41-86 lbs. 

[The reader must remember that since w=My we shall have p = m/.] 

Ex. 701. — The accelerating force of the moon's attraction on a point 
situated on its surface is about 6*4.* A man can jump to a height of 6 feet 
on the earth's surface ; how high could he jump on the moon's surface ? 

Ana. 29-6 ft. 

[In both cases the mass of the man's body is the same, and the pressure 
exerted by the muscles is the same, quite irrespectively of the force of 
gravity; consequently, in the act of jumping, the velocity with which he 
leaves the ground is the same in both cases.] 

Ex. 702. — If equal pressures (p) act on two unequal bodies for the same 
time, show that the bodies will acquire equal momenta. 

Ex. 703. — Show that momenta of the bodies in the last Example will be 
equal when p varies from instant to instant, provided the pressures are the 
same at the same instant throughout their time of action. 

[The results in the last two Examples are of considerable importance ; 
they are almost self-evident and therefore liable to be forgotten — ^for this 
reason the student's attention is particularly directed to them.] 

Ex. 704. — When the powder in the bore of a cannon is exploded, the 
pressures on the end of the bore and on the shot are at each instant equal : 
a shot weighing 6 lbs. is fired from a gun quite free to move and weighing 
6 cwt. ; the velocity with which the shot leaves the gun is 1000 ft. per 
second, what is the velocity of the gun's recoil ? Ans. 8*93 ft. per sec. 



* Herschel's Outlines of Astronomy, Art. 608. 
s2 
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Er. 705.— Show that the number of units of work aocomnlated in the 
gon ia alwaji small compared with fhe number accumulated in the shot ; 
and ascertain these numbers in the case suggested in the last Example. 
Am, 98,750 units in the shot and 837 in the gon. 

Ex. 706. — ^What reason can be assigned for the practical rule that, 
cmterU paribtu, the reloeitj of the shot is proportional to the square root 
of the weight of the charge ? 

Ex, 707. — If the trunnions of the gun in Ex. 704 are supported on two 
parallel smooth planes inclined at an angle of 30°, determine how fiur it will 
more along these planes. Jns, 2*5 ft. 
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CHAPTEE IV. 

THE CONSTRAINED MOTION OF A POINT. 

Proposition 27. 

The velocity acquired by a body in sliding from one 
point to another on a smooth curve is the same as that 
acquired by a body which falls freely through a space 
equal to the vertical height of the higher above the lower 
point. 

Let A and b be the two points^ draw bb' horizontal and 
ab' vertical ; let the body leave A with pio, 162. 

a velocity v, and arrive at b with a 
velocity v ; then, if m be the mass of 
the body, the number of units of work 
accumulated in it while it moves from- 
A to B will equal (Art. 132) 

Jm(v«-v«) 

Now, the only pressures that have acted on the body are 
its weight and the reaction of the curve ; the work done 
by the former of these equals w x ab' and the latter does 
no work, since its direction is always perpendicular to that 
in which its point of application is moving (Art. 103) ; 
therefore 

Jm(v«— v*)=wxab' 
... v«— v*=2grxAB' 

But this equation likewise gives the velocity (v) of a body 
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supposed to leave A with a velocity v, and to faJJ freely to 
b'. Therefore, &c. Q. K D. 

Cor. — ^The above proposition is true, whether ab is a 
plane curve, e. g. a circle, or a curve of double curvature, 
e. g. the thread of a screw. It will be an instructive 
exercise for the reader to make out the kind of effect 
which friction would have on the velocity in both these 
cases ; the actual calculation requires the Integral Calculus. 



Propositiaa 28. 

If a heavy point whose mass is u be moving in a 

circle (whose radius is r) with a velocity v, the pressure 

no. 168. (p) tending to the centre 

necessary to keep the body 

moving in the circle is given 

by the formula 

v« 

p=M . — 

r 

Let A be the position of 
the point at the given instant, 
in the circle whose centre is 
o and diameter ab; at the 
end of a short time t, sup- 
pose the body to have come 
to Q ; join oq and produce it to meet in t, the tangent at 
to the circle at a ; draw qm parallel and qn at right angles 
to AB. 

(1) If while the point moves from A to Q, the pressure 
were to act continually parallel to AO, the velocity at a 
must be such as by itself would carry the point through 
the space am in the time f, while the pressure must be 
such as would by itself draw the point through a space 
MQ in the same time (note to Prop. 25). 
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(2) If while the point moves from A to Q, the pressure 
were to act continually parallel to OQ, the velocity at A 
must be such as by itself would carry the point through 
the space at in the time t, while the pressure must be 
such as would by itself draw the point through a space 
TQ in the same time (note to Prop. 25). 

(3) But since the pressure continually tends to o, the 
actual velocity v must be such as to carry the point in 
the time t through a space intermediate to am and at, 
while the actual pressure p must be such as in the same 
time to draw it through a space intermediate to qm and 

QT. 

(4) But ultimately at=am and qt=qm 
therefore also am=v^ and an=^ . - ^^* ultimately. 

Hence i . - am^=v2 an ult. ; 

but AM^ = NQ^ = AN.NB 

p 

therefore i . - n b = v^ ult. ; 

M 

but NB=2rult 

v* 
therefore p=m. -. 

r 

Q. E. D. 
N.B. —If the weight (w) of the body is given we can use 

- for M, and if W is in lbs. p will be in lbs. 
9 

;Ex^ 708. — ^A locomotive engine weighing 9 tons passes round a curve 600 
yards in radius at the rate of 30 miles an hour, what pressure tending 
towards the centre of the curve must be exerted to make it move in this 
curve? -47W. 677*6 lbs. 

Ex. 709. — If this pressure is supplied by making the inner rail on a 



* If /*is the acceleration of a body's velocity, it describes from rest a 
epace equal to J/^ in t seconds, and if the body is acted on by a pressure 
p, then p«m/. 
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lower leFel than the outer, wliat ought to he the difference of the leTel if 
the space between the rails is 4 ft 9 in. ? Jns. 1*92 in. 

[The slope should be such that the resolyed part of the weight along it 
shall equal the pressure determined in the last Example.] 

JEIr. 710. — On the floor of a railway carriage are chalked two lines «y, 
jry, one perpendicular and the other parallel to the direction of the rails; 
the lines intersect in the point o ; at a height of 4 ft yertically over o is 
held a ball ; the train moTing at the rate of 30 miles per hour comes to a 
curre whose radius is 1000 ft and centre in the prolongation of o^; if the 
ball is dropped, where will it strike the floor of the carriage ? 

Ans, In ox at 2*9 in. from o. 

Ex. 711. — ^A heayy point is tied to the end of a string whose length is /, 
it makes n revolutions per second ; show that it will come into a position ci 
steady motion when the string makes an angle $ with the vertics^ given by 
the equation 



cos 6=; 



9 



[If T is the tension of the string, the vertical component of t must equal 
the weight of the body, and the horizontal component must be the pressure 
tending to the centre necessary to ket^p the body moving at the rate of n 
revolutions a second in a circle whose radius is I sin 6.] 

Ex. 712. — A body weighing 12 lbs. is suspended by a cord 7 ft. long, Md 
makes 80 revolutions per minute ; determine the position of steady motion 
and the tension on the cord. 

Ans. (1) 86® 15' 66" with the vertical. (2) 184J lbs. 

Ex. 713. — ^A body weighing 20 lbs. is tied to the end of a string and sus- 
pended in a railway carriage the motion of which is perfectly steady ; it 
comes to a curve 1000 feet in radius, round which it runs at the rate of 15 
miles an hour ; find the inclination of the string to the vertical, and the 
horizontal pressure that would have to be applied to the body to keep the 
string vertical. Ans. (1) 52'. (2) 0-3025 lbs. 

Ex. 714. — ^If the earth were a perfect sphere and at rest, so that the 

accelerating force of gravity at any point of its surface were ^, show that 

the effect of its receiving its diurnal rotation will be to reduce the sen- 

/ cos^^\ 
Bible accelerating force of gravity to ^ ( 1 — -— — i at a place whose latitude 

\ 289 / 

is I. 

[See Ex. 626.] 

Ex. 716. — Given that the actelerating force of Jupiter's attraction on any 
point of its surface is 80 (in feet and seconds), that his radius is 11 times 
that of the earth, and that he makes one revolution in 10 hours, determine 
the ratio of the sensible force of gravity at his equator to that at his pole. 

Ans, 0-913 nearly. 
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Proposition 29. 

To determine the time of a small oscillation of a 
simple pendulum {Art 122). ^^ , 

FlO. 164. 




/ 


^^ 


r^. 


/ 




\ ■ 




s 


A '■ 


I 


D 


Y\, 


"\ 


.^^jr 


X/ 




.^^ 




c 





A 



Let s be the point of suspension of the body, I the length 
of the pendulum. With centre s and radius equal to I 
describe a circle aobh ; let agb be the arc of vibration, 
the middle point of which (o) will be at the lower extremity 
of the vertical diameter oh. Join ab cutting oh in d. 
Take P any point in AC, join ph, pc and draw pn at right 
angles to CH. The arc Ao is supposed to be so small that 
the chord of AC may be used instead of the arc AC, and in 
like manner of any smaller arc and its chord. For con- 
venience draw ACD on a larger scale ; take o the middle 
point of CD; with centre o and radius on describe the 
circle npc cutting pn in p. Take Q a point very near to 
p ; draw qm at right angles to CD cutting Djp c in j. Join 
op, draw jp^ at right angles to mq. 

Now, the velocity of the body at p equals s/2gji'& 
(Prop. 27), therefore if it\» the time in which it passes 
over the arc pq we have 



8e=- 



PQ 

V2ar.DN 



ultimately (see App. Art. 3.) 
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since in the limit the body moves uniformly during ht 
Also we have 

PQsarc CP— arc CQ=chd. CP— chd. CQ 

^Cg--CQ«^CP«-CQ« ^ti^^tei 
CP+CQ 2CP 

But by similar triangles hc : CP :: CP : CN. 
Therefore cp*=2icN 

Similarly cQ* = 2i cm 

Therefore pq= r= 

V2f CN 

and 8^= ^^^ . /T MN 



V4V 



V4flrZ DN. CN V 4gr ^p 

Now, ultimately pq coincides with the tangent to the 

circle at p, therefore p qt ia ultimately a right-angled 

triangle (Append. 2) whose isides pq and pt are severally 

perpendicular to op and jpN ; therefore by similar triangles 

pq : pt::op : up 

. jpg^y^— MN 

' ' op^Np Np 

.-. 8* = a/A . ^ ultimately 

and the same being true of every interval of time while 
the body falls from A to c, the whole time which is the 
limit of the sum of the intervals when their number 
becomes great, will equal the sum of the ultimate values 

of 8t, i.e. it will equal ^ /l 5£^ or - a /X 

And the time of descending AC is plainly equal to the time 
of ascending cb. Therefore the time of one oscillation 

equals ir a /A. Q. E. D. 

Ex. 716. — ^What is the length of a simple pendulum which at Greenwich 
oscillates in 1| seconds ? How much shorter is the simple pendulum which 
at Rawak (Table XV.) oscillates in the same time? 

Jns. (1) 7-3387 ft. (2) 0*2824 in. 
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Ex. 717. — ^A pendulum whose length is l makes m oscillationB in one 
day ; its length changes, and it is now observed to make m-k-n oscillations 
in one day ; show that its length has been diminished by a part equal to 

?^i. (nearly). 

[Since a mean solar day contains 86400 seconds, we have 

86400 _^ /£- ,86400 /Z^^ 



^ g m + n ^ 
= / — ^ whence ol = — l.] 



Ex. 718. — ^A pendulum in a certain place makes in one day m oscillations; 
on transporting it to another place it is found to have the same length but 
to lose n oscillations a day ; show that the force of gravity has been dimi- 

nished by its — th part. 

Ex. 719. — G-iven the lengths of the seconds pendulums at Greenwich and 
Paris respectively (see Table XV.), find how many oscillations a day the 
G-reenwieh pendulum would make at Pans. Jns. 86387. 

Ex. 720. — Given that a pendulum oscillating seconds at the mouth of a 
coal pit gains 2*24 seconds per diem when removed to the bottom of the 
shaft; determine the decrease of the accelerating force of gravity. 

Jns. 00016. 

Ex. 721. — ^A body leaves c (fig. 165) with such a velocity that a is the 
highest point it reaches, the arc ac being small. Let the arc AC be denoted 
by 8-1 and the time of a double oscillation by t. Show that at a time t its 
distance 3 from c is given by the formula 

«=«i sin tZz, 

T 

[Prom Prop. 29 it is plain that the time of describing cp bears to that of 
describing ca the same ratio that the arc cp bears cpn or that the angle 
cop bears to w. 

Therefore cop=^— 

T 

therefore CN=op( 1 — cos — ) -cd sin* — - 

but 2cN.CH«cp* and 2cD.CHaCA* 

therefore «=«i sin ^.] 

T 

Ex. 722. — If V is the velocity at c, and v that at a time t, show that 

2wt 

t?=»VCOB . 

T 



268 PRACTICAL MECHANICS. 

Ex. 7SS.— In Ex. 721 and 722 obUin the values of s and v, vrhen t is 
reckoned from the instant the bodj is at a. 
[For < write <-i>|t.] 

Ex. 724. — ^A bodj vibrates in a small circular are, the velocity at the 
lowest point being v ; when at its lowest point it has communicated to it a 
velocity v at right angles to its plane of vibration ; show that its plane of 
vibration is turned through an angle of 45^ its arc of vibration increased 
from «i to 8y ^, and its time of oscillation sensibly unchanged. 

Ex. 725. — In the last case, if the velocity is communicated to the body 
when at a, show that it will now describe a horizontal circle round c, whose 

radios is s^ and time of description 2x /-. 

V g 

Ex. 726. —If the angle asc (fig. 165) is denoted by 9, the weight of the 
body by w, and the tension <^ the thread when the body is at c by t, show 
that Tsw(3— 2 cos 0). 

Ex. 727. — In Ex. 721 show that the acceleration along the curve is ^, 

Hence when a body, whose mass is m, vibrates under the action of a pressure 
us, "w^ere s is the distance of m from the middle point of the are or line of 

vibration, show that the time of vibration equals v*^/ -• 

133, Longitudinal Vibrations of a Rod. — If there is a 
rod whoee length is l, area of section k^ and modulus of 
elasticity b, and if to the end of it is attached a wei^t 
Q (which we will suppose to be so large that the weight of 
the rod can be neglected), then if the rod is allowed to 
lengthen slowly, q will descend through a small space I 

equal to ~ and will continue at rest (see Art. 6 and 

KB 

Ex. 149) ; if, however, it is allowed to descend at once, 
a certain number of units of work will be accumulated 
in it when Q has descended through the space Z, so that 
it will continue to descend till the resistance to further 
elongation shall have destroyed them, and then a con- 
traction will ensue, and thus q will vibrate in a vertical 
line about the point (a), at which in the former case it 
would have come to rest. 
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Ex. 728. — Show that when the weight q is at a distance s from a it is 
moTiiig under a pressure that yaries as «, and that the time in which it 

proceeds from the highest to the lowest point is ir / ^^ 

Ex. 729. — ^In the last Example suppose a to be at a distance « below a, 
determine the number of units of work accumulated in it at that instant, 
and show that its Telocity (t;) is given by the equation 

[See Ex. 149. Compare the value of ^ with Ex. 620.] 

Ex, 730. — ^If a cylinder whose height is h and specific gravity « floats 
with its axis vertical in a fluid whose speciflc gravity is «i, show that if it 
is depressed through any distance the time in which it will rise from its 
point of greatest depression to its greatest height is constant^ and will be 
given by the formula 

^ 9 ^\ 
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CHAPTEE V. 

THE MOMENT OF INERTIA. 

De/. — If we conceive a body to consist of a 
number of heavy points, and multiply the Tnaas of each 
by the square of its perpendicular distance from a giFen 
line or axis, the simi of all these products is the moment 
of inertia of the body with respect to that axis. 

134. Properties of the Moment of Inertia. — It will 
appear hereafter that the moment of inertia is a quantity 
that enters nearly every question in which the rotatory 
motion of a body is concerned ; the present chapter will 
be devoted to proving some of its properties, and ascertain- 
ing its magnitude in certain particular cases. The first 
property we shall notice is one that follows immediately 
from the definition. Since the mass of a particle and the 
square of its perpendicular distance from a given axis are 
essentially positive, their product must be so too ; conse- 
quently if we conceive any group of heavy points to 
consist of two or more subordinate groups, the sum of the 
moments of inertia of these separate groups with respect 
to a given axis will equal that of the whole group with 
respect to the same axis : hence if a body can be divided 
into a certain number of parts, and their moments of 
inertia are known with respect to a certain axis, that of 
the whole body, with respect to that axis, is found by 
adding them together. 
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Proposition 30. 

If lis the moment of inertia of any body whose mass 
is M, about an aods passing through its centre of gravity , 
and ii the moment of inertia of F10.166. 

the same body about a parallel 
OfXis situated at a perpendicular 
distance hfrom the former ^ then 

Suppose the axes to be perpendicular to the plane of the 
paper, let the axis which passes through the centre of gravity 
meet that plane in o, and let the other meet it in Oj ; 
let P be one of the points of which the body is conceived 
to be made up, and let its mass be m^ ; join po, POj, and 
oOp and draw pn perpendicular to oOj; then (Eucl. 
IL 13) 

0lP* = 0P* + 00,*— 200i . ON. 

Let op=rj, o,p=ri', 0N=aJi, and 00i = A, then 

m^ r^^=m^ ri^'\-m^ h^^2m^ hx^ ^ (1) 

and the same algebraical formula will be true whatever 
be the position of p ; hence if m^, r^% r^ x^y m^, r^, r^, x^, 
&C. . . . are the magnitudes corresponding to other points, 
we shall have 

m^r'^^=m^r^^ + m^h^''2m^hx^ (2) 

m^r^^ = m^r^ + m^h'^^2 m^hx^ (3) 

and so on for every point. 
Now by the definition 

m^ r^i^ + mg r'^^ + m^ ^V + - • -^^i 
mj rj^ -f mj r^^ +m^r^^ -j-. . .=1 
also mi-fmj + mjH-. . . =m 

and by the properties of the centre of gravity (Prop. 16) 

mj ajj + m^ x^ + m^ x^ . . . = 
since the weight of each particle is proportional to its mass. 
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Therefore by adding the equations (1), (2), (3), &c., 
we obtain 

Ii^pi + mA* 

Q.E.D. 

Proposition 31. 

If any number of points lie in a plane^ and if ij and 
I, are respectively their moments of inertia c^out two red- 
angular axes in thai plane^ and if i 
is their moment of inertia about an 
axis perpendicular to the two others, 
and passing through their poivi of 
intersection^ then 

i=ii + i. 

For let oaj, oy be the two axes, the third being perpen- 
dicular to the plane of the pi^er, and passing through o; 
let p be one of the points whose mass is m ; draw pm and 
PN perpendicular to oy and oa;, join op, and let PM=a;, 
PN=y, op=r, then 

.\mr*ssmx^ + my* (1) 

Similarly, if other points are taken, and the corresponding 
magnitudes arem^ r^ x^, y^, wij, r,, a?,, ^j* • • • •? w® shall 
have 

m{r^*=m^Xi^+m^y^* (2) 

m^r^^ = m^2* + ^.^j/,* (3) 

and so on, whatever be the number of points. Now 

mr^ + m^r^^'\-m^r^^+ . . . .=i 
mx^'^m^Xi^+m^x^^-{'. . . .=ii 
m2/«+mi3/i2+m23/2^ + =13 

Therefore, adding together (1), (2), (3), &c., we obtain 
i=ii+i2 Q. E.D. 
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Fig. 168. 




Ex, 731. — If k is the area of the section of a thin rod, p the density of 
the material, and I its length, show that 
its moment of inertia about an axis 
passing through one end and perpendi- 
cular to it equals \pkl^. 

[If AB is the line, and a pyramid is 
constructed whose base bd is a sqxiare, 
the side of which equals ab and its plane 
perpendicular to ab (compare the end of 
Art. 82) ; then if we consider a lamina 
contained by planes drawn parallel to 
the base through the extremities of any 
small portion vp of ab its volume will 
ultimately equal vp x ap' ; now, the 
moment of inertia of vp equals mass of 

vp X AF*, i.e. it equals pk y. vol. of lamina; and hence the moment of 
inertia of the rod equals pk x volimie of the pyramid.] 

Ex. 732. — The moment of inertia of the rod in the last Example about 
an axis perpendicular to its length and passing through its middle point 

equals — . pkl^, 

[See Prop. 30.] 

Ex. 733. — There is a rectangular lamina whose thickness is k and sides 
a and b\ show that with reference to an axis parallel to a and passing 

through the middle point of b the moment of inertia equals -^ . pkah^. 

[The lamina can be divided into a number of lines whose length is h ; 
these can be added together by Art. 134.] 

Ex. 734. — If in the last Example the axis is perpendicular to the plane 
and passes through the centre of gravity, show that the moment of inertia 

of the lamina equals ^-.pkab{a^ + b^). 

[See Prop. 31.] 

Ex. 735. — There is a rectangular parallelopiped whose edges are a,5,c, an 
axis is drawn through the centre of gravity and parallel to the edge c, show 
that the moment of inertia about that axis equals— . pabo (a* + 6'). 

[See Art. 134.] 

Ex. 736. — There is a right prism whose base is a right-angled triangle, 
the sides containing the right angle of which are a and 6, the height of 
the prism is c. Show that if an axis be drawn through the centres of 

gravity of the ends the moment of inertia about that axis equals -.pa 6c 

36 
x(c» + 6»). 
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[By Art. 134 and Ex. 7Z5 the amount of inertia about a parallel axis 

joining the middle points of the hypothenuses of the ends is jri-fO'^^ 

X (a» + 6*) ; the result is then obtained by Prop. 30.] 

Ex. 737. — There it a right prism whose height is c and base an isosceles 
triangle, the base of which is a and height 6 ; if an axis be drawn passing 
through the centres of gravity of the ends its moment of inertia about that 

axis equals ^^ . faftc /^- +-3 )• 

[This prism can be divided into two resembling that in the last £x.] 
Ex. 738. — There is a right prism whose mass is m and base a regular 

polygon, the radius of whose inscribed circle is r, and length of one side 

a : show that its moment of inertia about its geometrical axis is - . h 



it.'-)- 



[This prism can be divided into prisms like that in the last Example.] 
Ex. 739. — If there be a cylinder whose height is h and radius of baser 
show that its moment of inertia about its geometrical axis equals- f»/*r*- 

[If the cylinder reduces to a circular lamina whose thickness is h, the same 
formula is of course true.] 

Ex. 740. — There is a thin circular lamina whose radius isr and thickness 

k : show that the moment of inertia about a diameter equals ~ pkr*. 

4 

[See Prop. 31.] 

Ex. 741. — There is a drum the length of which is a, the mean radius oi 

the end r, and the thickness t : show that its moment of inertia about itsaxb 

very nearly equals 2irpatr*; and that if < equals — , the error in the abote 

n 

determination of the moment of inertia is the — th part of that quantity. 

Ex. 742. — There is a cylinder the length of which is h and the radius of 
whose base is r : show that its moment of inertia about a diameter of one 



end equals irphr^ J _ + _ j . 



[If we consider a lamina contained between two planes parallel to the end 
and at distances x and x + hx, it appears from Ex. 740 and Prop. 30 that 
the moment of inertia of the lamina equals ^.irpr^Bx + irpr-x'Bx; whence 
the required moment of inertia equals the mass of a line the mass of each foot 
of which is i.irpr*, together with the moment of inertia about one end of a 
line the mass of each foot of which is ir pr*.] 

Ex. 743. — Determine the moment of inertia of a cylinder about a generat- 
ing Une. </ ~" - ,* •• 

— . V / /^ 
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*E!x. 744. — There is a cone the height of which is h and radius of base r : 
sho^r — (1) that its moment of inertia about its axis equals ^ ir p A r*; (2) that 
its moment of inertia about an axis drawn through the vertex and perpen- 
dicular to the axis of the cone equals |ir/>Ar' ) A*+ _ v . 

^JEJx. 745. — Show "that the moment of inertia of a sphere about any dia- 
meter equals ^»p^. 

[The results in the last two Examples cannot be easily obtained without 
the aid of the integral calculus.] 

Ex, 746. — ^In the mass of iron described in Ex. 12 let an axis be drawn 
passing through the end of the longer rectangular piece and bisecting those 
sides of the end which are 6 inches long, determine the moment of inertia . 
of the mass with respect to that axis.* Ans. 2309*2. f 

Ex. 747. — There is a cast-iron cone 16 in. high, radius of base 8 in., deter- 
mine its moment of inertia — (1) about an axis through its centre of gravity 
and parallel to its base ; (2) about a parallel axis distant 4 feet from the 
former. Ans. (1) 1-164. (2) 140-9. 

Ex. 748. — Determine the moment of inertia about a vertical edge of the 
oak door described in Ex. 17. Ans. 14-4. 

Ex. 749. — There is a cube of oak whose edge is 8 inches long, through 
the middle of it at right angles to one of its faces passes a cylinder of oak 
4 feet long and 3 inches in diameter ; the centres of gravity of the two 
figures coincide ; determine the moment of inertia of the whole about an 
axis passing through the common centre of gravity and perpendicular to the 
axis of the cylinder and also to a face of the cube. Ans. 0-5166. 

Ex. 750. — Determine the moment of inertia of the hollow leaden cylinder 
described in Ex. 15 about a diameter of its mean section. Ans. 0*020194. 

Ex. 751. — If a cylinder like that in the last Example is fitted to each arm 
of the figure described in Ex. 749, determine the moment of inertia of the 
whole about the specified axis — (1) when the ends of the leaden cylinders 
coincide with those of the arms ; (2) when the other ends of the cylinders 
ar6 in contact with the cube. ^ns. (1) 6*296. (2) 0*9. 

Ex. 762. — Determine the moment of inertia, about the axis, of a grind- -h 
stone 4 feet in diameter and 8 inches thick. Ans. 70*13. 

Ex. 753. — There is a cast-iron flywheel consisting of a rim, four spokes 
at right angles to each other, and an axle ; the external and internal radii 
of the rim are 4 and 3^ ft. respectively, and its thickness 8 in. ; the sections 
of the spokes are each 4 square inches, the axle 12 in. in diameter and 18 in. 



* In this, as in all examples of moments of inert.ia, weight is reckoned in 
lbs. and space in feet. 

T 2 



1. ' 
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long : detormine the moment of inertia of the whole about the geometEkal 
axis of the axle ; and also determine the error if the spokes and axle were 
neglected and the moment of inertia of the rim calculated by Ex. 741. 

Jns, (1) 1586. (2) 32. 

Er. 764. — If the moment of inertia of any body with reference to any 
axis be represented by i, and if the body be uniformly expanded by heat, so 
tliat the linear dimensions before expansion are to those after in the ratio 
of I : 1 + o, show that the moment of inertia with reference to the given 
axis becomes (1 -ha)*!. 

135. The Kadiaa of Oyration. — It is evident from the 
definition of the moment of inertia of a body with respect 
to a given axis, that there will be, with respect to that 
axis, a line of a certain determinate length k, such that 

i=mA;* 

where i is the moment of inertia, and m the mass of the 
body; the line k is called the radius of gyration with 
respect to that axis, and may be defined to be that distance 
from the axis at which the whole mass of the body may be 
supposed to be collected without producing any change in 
the moment of inertia. Thus, it is evident that in Ex. 
731, 734, and 739, the values of the radius of gyration are 

respectively — ^ , a / ^ and — =. Moreover, if A; be 

the radius of gyration of a body with reference to an axis 
passing through the centre of gravity, and k^ its radius of 
gyration with refereace to an axis parallel to the former, 
and at a perpendicular distance from it equal to A, then it 
is evident from Prop. 30 that 

k,^ = k^ + h^ 

It is to be observed that the moment of inertia is essen- 
tially a mechanical magnitude, while the radius of gyra- 
tion is simply a line ; now, suppose k to be the radius of 
gyration of any lamina, the area of the face of which is A, 
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Lt is not unusual to speak of that area as having a moment 
o'f inertia ; when this is done it means that 

In this sense the term moment of inertia is used in 
Airt* 98. Strictly speaking, an area has a moment of 
inertia no more than it has weight. 
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CHAPTER VI. 
d'alehbert's principle. 

136. Accourd of Problem to be solved. — ^The manner in 
which the dimensions of a body influence its motion may 
be illustrated as follows : If we suppose a bar to be sus- 
pended by one end and to oscillate, the velocities with 
which the different points are, at any instant, moving 
stand to one another in a fixed relation ; thus the free end 
moves twice as fast as the middle point ; moreover, with 
one exception, each point has a different velocity from 
what it would have if it were detached from the rest, 
and swang freely at the same distance from the centre of 
suspension; this difference must depend upon the cohe- 
sive forces which bind the parts of the bar together. The 
consideration of this simple case points out the two chief 
additional conceptions required for the investigation of the 
motion of a body whose form has to be taken into account 

(1) A means must be obtained for comparing the velo- 
cities of different points of a rigid body revolving round 
an axis, which is done by introducing the conception of 
Angular Velocity, 

(2) A principle is required by means of which we can 
avoid the consideration of the cohesive forces which hold 
together the parts of the body : this is generally called 
D'Alembert's Principle. 

137. Angular Velocity. — If a rigid body revolves round 
an axis, it is plain that the perpendiculars let fall from each 
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point of the body on the axis will, in a given time, describe 
equal angles ; hence arises the following 

Def* — If a body revolves uniformly round an axis, the 
angle (estimated in circular measure) described in one 
second by the perpendicular let fall from any point on the 
axis of rotation is called the angular velocity of the body. 

If the velocity is variable, it is measured at any instant 
"by the angle that would be so described if, from that in- 
stant, the velocity continued uniform for one second. 

In the following pages cd and O are used to denote 
angular velocity. 

Ex. 755. — ^A body makes 30 uniform revolutions in one minute ; what is 
its angular velocity ? Ans. ir. 

Ex. 756. — ^A point moves at the rate of 12 ft. per second in a circle whose 
radius is 15 ft. ; what is its angular velocity ? Ans. J. 

Ex. 757. — ^Determine the angular velocity of the earth round its axis. 

Ans. ■ • 

43082 
[See Example 556.] 

Ex. 758. — If a body has an angular velocity 2*5, how many revolutions 
will it make per hour ? Ans. 1432*4. 

Ex. 759. — If a body has a uniform angular velocity », show that the 
centrifugal force of a point in it, situated at a distance r from the axis, 
is rm^, 

138. Impressed Forces. — All forces acting on a body 
which do not arise out of the mutual cohesion of its parts, 
are called the impressed forces that act on the body. 

Thus, when a cricket ball is thrown in vacuo, the im- 
pressed force is gravity ; if it were pierced by a spindle 
and caused to revolve round it, the impressed forces would 
be gravity and the reaction of the points of support of 
the spindle ; and so on in other cases. 

139. Effective Forces. — It must be remembered that 
when a solid body is in motion each point in it moves 
along a determinate line, straight or curved according 
to circumstances. As this fact should be distinctly con- 
ceived by the student, it may be mentioned by way of 
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illustration that, when a cart moves along a perfectly even 
road, each point on the circumference of one of its wheels 
describes a cycloid, the centre of the wheel describes a 
straight line, while any point in one of the spokes de- 
scribes a curve called a trochoid. A similar, thoi^h much 
more complicated, kind of motion belongs to the different 
points of a cricket ball, when in the act of being thrown 
it receives a rotatory motion. The only fact, however, 
that we are concerned with here is that, whatever be the 
motion of the body, each point in it will describe a 
determinate path. 

Let m be the mass of a point of a moving body, and 
suppose that point to describe the path hk ; at h let it 
no. ie9. h« moving with a velocity v, and at m' 

K with a velocity v', having described the 
small space between MM'in the short time/. 
Let it now be enquired what pressures 
acting on an isolated point would make 
it move as the point actually does when 
forming part of the moving body. The points mm' may 
be considered to be on the circumference of the circle of 
curvature at the point m, whose radius r can be determined 
from the nature of the curve hk ; hence at m the isolated 
point must be acted on by a normal pressure equal to 

— — , and the change of velocity must be produced by a 

tangential pressure m . — - — , the time t being supposed 

indefinitely small. If, then, at M we suppose the point to 
become isolated, its motion retaining the same velocity and 
direction, it will continue to move as it actually does during 
the next short time, if acted on by the resultant of the 

pressures m . — , and m . — - — ; this resultant is called the 

T t 

effective force, or the effective pressure on the particle at M. 
Hence we may define it in general terms as follows :— 
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Def, — ^If the velocity and direction of the motion of a 
point, forming part of a rigid body, undergoes a certain 
change in an indefinitely short time beginning at a given 
instant ; then if we suppose the point to be at that instant 
disconnected from the body, and to be acted on by a 
pressure which produces in that indefinitely short time the 
same change in the velocity and direction, the pressure 
is called the eflFective pressure, or the eflfective force on 
the point at that instant. 

140. Effective Preaav^res in thecaae of Rotatory Motion. — 
Suppose a point whose mass is m to be situated at a dis- 
tance T from the axis of rotation of a body, of which the 
point forms a part ; let m be the angular velocity of the 
body at a given instant, and at the end of a short time t 
let the angular velocity become a)', then at the given in- 
stant the effective pressure will consist of two components 

9nro)' along r, and m . — ^^ ""^^ in the direction of the 

V 

tangent ; if the angular velocity is uniform, the second 
component is zero, and the effective pressure is mr ©^ acting 
along r. 

141. D^Alemberfs Principle. — ^Let it now be enquired 
what are the pressures that act on any point M of the 
moving body ab ; it will be remarked that they can only 
be of two kinds, (1) the impressed pressure p transmitted 
to it, (2) the resultant Q of the cohesive pressures which 
bind it to the rest of the body. These two pressures must 
have at any given instant a determinate resultant R, and 
this must be the effective pressure on M at that instant, since 
if M were isolated for a short time, and were acted on by 
B, its motion would experience the same change in velocity 
and direction that it actually experiences. Now, if a pressure 
equal and opposite to r were to act on m at the instant 
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under coDsideratioDy it would be in equilibrium with p and 
Pw.170. q; and the same is trae of every 

other point of the body; conse- 
quently if we suppose that to each 
point of the body a pressure is ap- 
plied equal and opposite to the eflFec- 
tive pressure on that point, these 
pressures will be in equilibrium with 
the impressed and cohesive pressures, 
and we shall have three systems of 
pressures constituting a system in 
equilibrium, viz, (1) a system of impressed pressures, (2) a 
system of cohesive pressures, (3) a system of effective 
pressures applied to the points in the opposite direction to 
that in which they must act to produce the actual motion 
of the points. Now, D'Alembert's principle asserts that the 
cohesive pressures are separately in equilibrium, and infers 
the conclusion that if pressures equal and opposite to the 
effective pressures at any instant were at that i/nstant 
applied to each point of the body, they would be in equi- 
librium with the impressed pressures. 



Proposition 32. 

If a body J whose mass equals m, is symmetrical with 
reference to a plane passing through a certain aods and 
its centre of gravity^ the distance of which from the axis is 
denoted by x ; then if the body revolves round the cuds 
with a uniform angular velocity cd, the resultant of the 
effective pressures equals ^ xa}\ Itto- ^ fr'^^-r^ , 

Let Ao be the axis, and bc the revolving body, the 
plane of the paper being the plane of symmetry, we may 
suppose it divided into a number of laminse, such as db, 
by planes perpendicular to AO ; then if we find the effective 
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pressure of each lamina, their resultant will be the required 
pressure. 

(1) Let G, be the centre of gravity of db, and GjNj its 
perpendicular distance {x{) from the 
axis AG ; in its plane draw the axes 
Nj^, TH^z, and take p, any small por- 
tion of it, and suppose the mass of p 
to be m, and its co-ordinates to be 
y and z ; also let the angle pn,^ be vi - 
denoted by 0. Now (Art. 140) since p 
describes a circle round n, with a uni- 
form velocity, its effective pressure 
is mw'.PNi which can be resolved 
into two components, viz. mcol^y 
parallel to N,y, and mto^z parallel 
to Nj^r. In the same manner, if m^ 
y^y z^j mj, ^2, 2^25 •• • ^^^ *h® corre- 
sponding values for other elements 
of the lamina, we shall have pres- 
sures m^oy^y^, ^2®^ya • • • • parallel 
to Kjy, and mjeo^^,, m^col^z^ .... 
parallel to n^z. Hence (Prop. 16; 
the efiFective pressures on the lamina 
are equivalent to the two 

<o^{my+m^y^+m^y^ + . . . } = cd^Mi^ parallel to v^y 
and a)^{mz + m^z^-h'ni^z^-^. . . }=(»2mJ0 parallel to v^z, 
where y, z are the co-ordinates of Gj, and m, is the mass 
of the lamina de; if we compound these two pressures, 
we shall obtain cd^. MjOJj as their resultant acting along 

GiNj. 

(2) Let the masses of the several laminae into which 

BC is divided be respectively Mj, M2,M3, and let the 

respective distances of tfieir centres of gravity from Ao 
be Xyi ajj, ajg . . . . then their efiFective pressures are severally 
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o»'M,a;p a>'M^,, a>*M,a;,, Now, it follows from the 

symmetry of the figure, that all these centres of gravity 
are in the same plane, viz. the plane of the paper ; the 
effective pressures are therefore parallel, and their resultant 
will equal their sum, viz. 

which equals 69^ ux. Q. E. D. 

Cor. — The point at which the direction of the resultant 
of the effective pressures cuts the axis is determined thus: 
Take any point o on the axis, and let ONj be denoted by 
0p and let 0,, ^r, . . . correspond to the other laminae, then 
if s is the distance of the required point from 0, we have 
(Prop. 16.) 

Now in general the right-hand side of this equation 
cannot* be obtained except by means of the integral 
calculus : one important exception, however, may be men- 
tioned, viz. when the body is symmetrical with reference 
to a plane perpendicular to the axis of rotation as well as 
with reference to a plane passing through the axis of rota- 
tion and the centre of gravity ; in this case it is evident 
that if we take at the point where this plane cuts the 
axis, the right-hand side of the above equation will equal 
zero, i.e. the pressure p must act along the intersection 
of two planes of symmetry, so that the direction of the 
resultant of the effective pressures must pass through the 
centre of gravity of the body. Examples of this case are 
supplied by a sphere revolving round any axis, a cylinder 
revolving round an axis either parallel or perpendicular 

' * The right-hand side of the equation is commonly written «i''Smrx ; 
and it may be added that "Smzx is one of the three quantities tmxy^'Xmys, 
^mzx, that occnr in systematic treatises on the dynamics of a solid body. — 
See Foisson, Micaniqtie^ vol. ii. c. 2. 
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to its geometrical axis, and a cone about an axis perpendi- 
cular to its geometrical axis. 

£r. 760. — A thin rod who&e leogth is I is fastened by one end to a 
spindle, to which it is inclined at an angle a and round which it revolves : 
show that the direction of the resultant of the effective pressures cuts the 
spindle at a distance from that end equal to §Z cos a. 

Ex. 761. — A cone of cast iron 1ft. high, the radius of whose base is 6 in., 
revolves 30 times a minute round an axis parallel to its geometrical axis, 
and passing through a point in the circumference of the base ; find the cen- 
trifugal' force, Le. the resultant of the effective pressures. Ans. 18*2 lbs. 

Ex. 762. — A cylinder of cast iron 3 ft. high, whose base is 6 in. in dia- 
meter, revolves 100 times a minute with its axis vertical round a parallel 
axis at a distance of Ijft.; find the centrifugal force. Ans. 1364 lbs. 

Ex. 763. — A wrought-iron rod 10 ft. long and section 1 in. in radius is 
made to revolve 60 times in a minute round an axis perpendicular to its 
length and passing through one extremity ; find the centrifugal force. 

Ans. 655 Ibi 

Ex. 764. — Two balls of cast iron, one 10 in. and the other 6 in. in 
meter have their centres joined by a horizontal rod 3 ft. long ; they 
made to revolve 100 times a minute about a vertical spindle, whose distance 
from the centre of the heavier ball is 1ft.; find the pressure due to centri- 
fugal force on the spindle. Ans. 266 lbs. 

Ex. 765. — Two rods in all respects equal are made to revolve about a 
vertical spmdle ; they are always in the same vertical plane but on different 
sides of the spindle, and are quite free to move round the top of the spindle 
in that plane ; if the spindle makes n revolutions per second determine the 
position of steady motion. j^ q Zg 

Ex. 766. — A shaft of dwt iron whose section is 8 in. by 4 in» and whose 
length is 4 ft., revolves in a horizontal plane round a vertical axis of wrought 
iron 6 in. in diameter whose centre is 4 in. from the end of the shaft ; if it 
makes 200 revolutions per minute, determine the number of units of work 
expended en the friction of the axle caused by the centrifugal force, the 
axle being ^ell greased (/*= 0-075). Ans. 215530 imits per min. 

142. Pressure on a Fixed Axis of Rotation. — The 
student must be on his guard against supposing that uxco!^ 
is the whole of the pressure on the fixed axis ; though it is 
frequently the most important part of it. The complete 
investigation of that pressure lies beyond the scope of the 
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present work ; to prevent a misapprehension, however, it 
may be well to add one or two of the results of the inves- 
tigation. 

(1) The body being supposed symmetrical, as in Prop. 
32, and it being further supposed that no external force, 
such as gravity, acts upon the body, the only impressed 
force will be the reaction of the axis, which (Art. 141) will 
therefore equal uxto^. 

(2) If in the last case the axis were vertical, and the 
body" acted on by gravity, the horizontal pressure is still 
MOJo)^ ; but there is also a vertical pressure acting along 
the axis equal to the weight of the body. 

(3) If in the last case (2) the body were not symme- 
trical with reference to a plane passing through the axis 
and the centre of gravity, there will in general be the 
following pressures : (a) a pressure equal to the weight of 
the body acting along the axis ; (6) in the plane passing 
through the axis and the centre of gravity a pressure equal 
to Mico)* acting perpendicularly to the axis through a certain 
point, whose position depends on the form of the bo4y ; 
(c) in a plane passing through the axis and perpendicular 
to the former plane, a pair of equal parallel pressures acting 
towards contrary parts constituting a couple (Art. 54), 
whose moment depends on the angular velocity and the 
form of the body. 

In most other cases the pressures on the axis vary from 
instant to instant, and are of a muct more complicated 
character than those mentioned above. 
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CHAPTER VIL 

ON THE WORK ACCUMULATED IN A BODY THAT ROTATES ON 
A FIXED AXIS. 

143. The Work accumulated in a Moving Body. — If 
all the pressures that act on a hody are considered, viz. 
both those which tend to accelerate and those which tend 
to retard its motion, it will be evident that the number of 
units of work accumulated in a given interval is the excess 
of the number of units done by the former over those 
done by the latter; in other words, it is the (algebraical) 
sum of the units of work done by the impressed pressures ; 
let this be denoted by the letter u. Now, it will be re- 
membered that the effective pressures at any instant 
applied in opposite directions would be in equilibrium 
with the impressed pressures (Art. 141), and consequently 
(Art. 104) the sum of the units of work done by the 
impressed pressures will equal the sum of the units of 
work done by the effective pressures. Let now the dif- 
ferent points of which the body is made up be considered, 
let their masses be severally m,, m^, m^, . . . and at the 
beginning of the given interval let their velocities be 
severally Vj, Vg, Vg . . . . and at the end of it Vj, v^^v^.... 
then (Art. 132) if they had moved separately the number 
of units of work done upon them respectively would have 
been ^m^ (t'l^-Vj^), im^ (V" V)^ i^3 (V-V)> • • • • 
Now these must be the works done by the effective pres- 
sures, and therefore 
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Proposition 33. 

If a body moves round a fixed aods^ and in a given 
interval its angular velocity is changed from ilto (o, then 
the algebraical sum of the number of units of work done 

i( upon it during that interval^ equals -^ i^ (cd^— fl^), where 

ij is the moTnent of inertia of the body with reference to 
the axis. 

For conceive the body to be made of heavy points 
whose respective masses are m,, m,, mg . . . . and whose per- 
pendicular distances from the axis are r„ rg, ^'3, .... 
then using the notation, of the last article, we have 

v,=ri n, Vgsrj n, V3=r3 fl 

and ^^1=^1 ®j '^2=^2 ®> ^3=^^3 <»•••• 

therefore the number of units of work done upon it during 
the interval equals 

^mi7'i«(a)^-Xl^) + im,r,X6)«-n«)-«-im3r3V*-fi*)+ . . • 
which equals ^(Q)^—n*)(7njri^+7njr2^+m3r3*+ ....); 
now m{r^-\-jfn^r^'{'m^r^-{' ... is the moment of inertia 
(ij) with respect to the axis of rotation; consequently 
the number of units of work done upon the ^ body equals 

2 '' Q. E. D. 

(7or.— If the body begins to move from rest, the number 
of units of work done on the body equals — — i* Now, if 

we consider the axis to be a line, and the body to moTc 
under its own weight, the only pressures acting on it are 
its weight w, and the reaction of the axis ; but since the 
point of application of the latter force does not move, it 
does not work ; and if the centre of gravity falls through 
a height A, the former does wA units of work ; therefore 
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the angular velocity acquired by the body under these 
circumstances is given by the equation 

2 

or 0.2^?^=^ 

where fc, is the radius of gyration, with reference to the 
axis of rotation. 

fer. 767. — A rod of cast iron 3 ft. long, | of an inch wide, and 1 J inches 
deep, turns round one of its shortest edges from an angle of 45° with the 
horizon : find the angular velocity it has when in a horizontal Jxpsition — its 
moment of inertia being reckoned that of a rod. Ana. 4"757. 

[See Example 731]. 

Ex. 768. — In the last Example determine — (I) thd velocity in feet per 
second with which the end of the rod moves, and (2) the nimiber of degrees 
through which the rod would move in one second if it continued to move 
uniformly with the angular velocity acquired. 

Am. (1) 14-271. (2) 272<> 33'. 

Ex. 769. — ^A cone turns round a horizontal spindle, passing through its 
vertex at right angles to its axis : what angular velocity will it acquire in 
falling from its highest to its lowest position? Ana, «««_ i_£_. 

[See Example 744]. 

Ex. 770. — In the last Example if the cone is of brass, and is 4 ft. high 
and its base 1 ft. in radius, what pressure will be produced on the axis by its 
centrifugal force when in its lowest position ? and how many times greater 
than the weight is this pressure ? Ana. (1) 8116 lbs. (2) 3^ times. 

Me. 771. — ^If the mass of cast iron deiScribed in Example 12 move round 
the axis assigned in Example 746, determine — (1) the angular velocity it 
acquires in falling from an inclination of 30° to a horizontal position, and 
(2) the number of units of work accumulated in it. 

Ana. (I) 2-21. (2) 5638 units* 

Ex. 772. — ^A cone of cast iron 16 in. high the radius of whose base is 8 in. 
is fastened to the end of a shaft 4 ft. long at right angles to its axis, and 
whose end coincides with its centre of gravity, the whole moves about a hori- 
zontal axis at right angles to the shaft and passing through its extremity, 
the centre of gravity of the cone descends through a vertical height of 2 ft. : 
find the angular velocity acquired. [See Ex. 747.] Ana. I'^n, 

Ex. 773. — If the oak door described in Example 17 is pushed open by a 
pressure of 5 lbs. acting at every instant perpendicularly to its fece and at 

U 
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a distance of two feet from the inner edge of the door, determine the angu- 
lar velocity acquired in moving through an angle of 90°. Ans. 1*477. 

[The number of units of work done on the door is, of course, 6«-, so that 
««i = 10». See Ex. 748.] 

Ex. 774. — ^A pulley whose moment of inertia is m^ and radius r turns 
freely round a horizontal axis, a fine thread is wrapped round it to the end 
of which a we'ght w^ is tied ; the weight of the string and the passive re- 
sistances being neglected, show that if w is the angular velocity of the 
pulley when w^ has descended through A feet, then 

[It must be remembered that when the angular velocity of the pulley is 
w the velocity of w^ is r«.] 

Ex, 775. — ^A cylinder with its axis vertical turns round a fine spindle 
coinciding with its axis ; a thread is wrapped round the cylinder and then 
passes horizontally over a pulley capable of revolving round a horizontal 
axis ; to the end of the thread is tied a weight Wi ; if mJc^y mk'* are the 
moments of inertia of the pulley and cylinder, and r and b their radii, and 
« the angular velocity of the cylinder after Wi has fallen through a height 
A, show that if the passive resistances are neglected 

y^i + ^ff^ + ^^ff-^' 

144. SmeatorCa Machine, — ^For the purpose of testing 
the truth of the formula for the angular velocity, and con- 
sequently of the prin- 
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ciples from which that 
formula is deduced, a 
machine was invented 
by Smeaton, which may 
be described as follows : 
AB is a cylinder capable 
of revolving rounda very 
fine and smooth vertical 
spindle coinciding with 
its axis ; it is crossed at 
right angles by an arm en, whose axis is bisected by that 
of AB, on which are two masses of lead of a hollow cylindri- 
cal form, and capable of being shifted backward and forward 
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on their respective arms. The whole is set in motion by 
a weight w attached to the end of a string, which, after 
passing horizontally over a small pulley p, is wrapped 
round the cylinder ab. 

Ex. 776. — In Smeaton's machine given the following dimensions, ab is 
3 ft. 8 in. long, and 6 in. in diameter, cd is 4 ft. long and 3 in. in diameter, 
they are joined by a centre, in shape a cube 8 in. along the edge, all of oak, 
the masses of lead are 6 in. in external diameter and 3 in. long ; the string 
is long enough to cause the machine to make 15 turns before it is unwound ; 
determine the angular velocity communicated to the machine by a weight of 
20 lbs. — (1) when the leaden cylinders are placed at the ends of the arms ; 
(2) when they touch the faces of the cube— the inertia of the pulley, the 
weight of the string, and the passive resistances being neglected. 

Ans. (1) 12-17. (2) 31-12. 

[Employing the results obtained in Example 761, it is easily shown that 
the moment of inertia of the revolving piece is 6-33 in the first case, and 
0*933 in the second case.] 

Ex. 777. — In the first case of the last Example determine approximately 
the error iij the angular velocity that results from omitting the inertia of 
the pulley, supposing it to be of brass, and to be 2 in. in radius and J an 
inch thick. . Ans. 00023. 

Ex. 778. — There is a puUey whose radius is r, and radius of axle p, the 
limiting angle of resistance between the axle and its bearings is </> ; a rope 
(whose weight is to be neglected) is wrapped round this pulley and carries 
at its end a weight p ; given w the weight of the pulley and mA:'^ its moment 
of inertia ; determine the angular velocity acquired by the pulley when p 
has fallen through h feet. 

[It must be remembered that if the wheel were to move with a uniform 

motion the number of units of work done upon it would equal -^JL^.^^T 

r-p sin (p 

therefore the number of units of work accumulated equals A ■[ p — '^,PJ}^ ^ 1 

I r - p sin ^ J 
whence we obtain 



(pr- + wA:'*)(r— p sin <p) 



Ex. 779. — A cylinder turns round an axle whose radius is p, it starts with 
an angular velocity «: show that it will be brought to rest by friction after 
» turns, where 



8irp^/* 
Ex. 780. — The grindstone described in Example 16 turns on a bearing of 
cast iron ; it makes 15 turns per minute; determine the number of turns 

U 2 
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it will make when left to itaelf^ the axle being well greased (/i« 0*075, see 
p. 155). Ans. 1-97. 

[The moment of inertia may be taken as equal to that found in Ex. 752 
and the wei^t to that found in Ex. 16.] 

Ex. 781. — ^Round the wheel described in Ex. 753 is wound a rope 30 ft. 
long, to the end of which is attached a weight of 250 lbs.; the coefficient 
of friction between the axle and its bearing is 0*075 : the weight is aUowed 
to run down ; determine the number of revolutions made by the wheel after 
the rope has run out, supposing that the rope does not slide on the surface 
of the wheel during any part of the motion. Ans. 6*35 times. 



Pio. 174. 



m 



Q 



145. AtwoocCs Machine was invented for the purpose 
of determining the accelerating force of gravity ; for prac- 
tical purposes this can be far 
more accurately done by 
means of observations on the 
pendulum ; it, however, pre- 
sents a case of terrestrial 
motion which admits of very 
accurate obs^vation,and thus 
supplies a means of testing 
the truth of the fundamental 
principles of dynamics. The 
annexed figure represents an 
elevation of this machine, 
which can be sufficiently de- 
scribed as follows: A and B 
are boxes containing equal 
weights, and connected by a 
. ^ IJ ^ thread acb passing over a 

pulley c, which is supported 
either on friction wheels or by the points of screws, one of 
which is seen at d. The box A is made to descend either 
by a flat weight placed on it or by a bar e, which is in- 
tercepted by the ring f, through which the box passes and 
continues to descend till it strikes the stage G ; the space 
passed over is measured by a scale on hi, and the time by 
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a pendulum K, which may be kept in motion by a clock 
escapement with a weight : the machine is levelled by the 
screws l, m.* The weight e produces a certain velocity 
while moving over a given space, viz. till E comes to f ; 
the velocity acquired is then determined by observing the 
tune in which A moves from F to G ; for when e is re- 
moved, the boxes A and b will of course move uniformly 
with the velocity acquired. 

Ex, 782. — ^In Atwood's machine if w is the weight of a. or b, and p the 
weight of the bar, and if wAr* is the moment of inertia of the puUey and r 
ita radius, then v, the velocity acquired by each of the boxes while p moves 
through a space A, is given by the formula 

(2w + p) r* + mgk^ J 

[In this result the weight of the thread and the passive resistances are 
neglected ; consequently in comparing it with experiment great care must 
be taken to suspend the axis of the puUey so that it turn without friction ; 
and a very fine strong thread should be employed.] 

Ex. 783. — If in Atwood's machine the pulley were a solid cylinder of 
cast iron 2 ft. in diameter, and 3 in. thick, the equal weights 28 lbs. each, 
the bar 2 lbs., what velocity wiU the weights have acquired when the prepon- 
derating weight has fallen through 15 ft.? Ana. 2'858 ft. per sec. 

[It may be observed that in the ordinary form of Atwood's machine the 
wheels are light brass wheels — not at all resembling that described in the 
Example.] 

146. The Flywheel. — ^When a steam engine is employed 
as a prime mover, it is desirable that the angular velocity 
communicated to the principal shaft should be as nearly 
as possible uniform ; now it commonly happens that the 
driving pressure is variable, or else acts at a variable dis- 
tance (as in the case of a crank); it may also happen that 
the work to be done by the shaft is intermittent; for instance, 
it may be required to lift a tilt hammer. Now, if a suffi- 
ciently large flywheel is made to turn with the shaft there 
will be accumulated in it a number of units of work very 
much greater than that done by a single turn of the crank, 

* Young's Lectures^ p. 758. 
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or than the number expended on a single lift of the ham- 
mer, and consequently the variations produced in the 
angular velocity will be very small — the diminution of 
these variations being the end to be attained by the fly- 
wheel. In the Examples that follow, it is supposed that 
the mass of the wheel (m) is distributed uniformly along 
the circumference of the circle described by the meaa 
radius (/). The moment of inertia of the wheel is there- 
fore M?'^. A more accurate determination of the moment 
of inertia could be obtained as in Ex. 753. 

Ex. 784. — An engine of 35 horse-power makes 20 revolutions (i. e. np and 
down strokes) per minute, the diameter of the flywheel is 20 ft., and its 
weight 20 tons, determine the number of units of work accumulated in it ; 
and if the work done during half a revolution were lost, determine what 
part of the angular velocity would be lost by the flywheel. 

Am. (1) 307,000 units. (2) i-. 
'III. 

Ex. 785. — If the engine in the last Example were employed to lift a tilt 

hammer weighing 4000 lbs. the centre of gravity of which is raised 3 ft. at 

each stroke, and if this were done once merely by the work accumulated in 

the flywheel, what part of its angular velocity would it lose ? 

Ex. 786. — If the axis of the flywheel in'Ex. 784 were 6 in. in diameter, and 
were of wrought iron turning on c€ist iron well greased (ji « 0*075), determine 
approximately the fractional part of the 35 horse-power expended on turn- 
ing the flywheel for one minute. Ana. ^r* 

Ex. 787. — If the flywheel in Ex. 784 were divided into two pieces along 
a diameter, and if each piece were connected with the axle by a spoke at 
right angles to that diameter, determine the strain on each spoke arising 
from centrifugal force ; if the velocity of the wheel were liable to be raised 
to 40 turns per minute, what ought to be the section of a wrought-iron 
spoke which would bear this strain with safety ? 

Ana. (1) 19548 lbs. (2) ll-5sq.in. 

[See Ex. 315 and Art. 9.] 

147. M, MoHrCs Experiments on Friction. — A full ac- 
count of M. Morin's experiments will be found in his 
' Notions Fondamentales,' already frequently referred to; 
it would be inconsistent with the plan of the present work 
to enter into the details of the methods he employed ; it 
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may, however, be stated that the arrangement adopted 
was in principle the same as that described in Ex. 596 ; 
to which it must be added that the rope supporting p was 
of considerable thickness, and passed over a pulley on the 
edge of the table. Now, it will be remarked that in 
Ex. 596 and 604, it is implicitly assumed that the tension 
of the horizontal portion of the rope is equal to the tension 
of the vertical portion ; but as in the present case the rope 
is thick, the axle of the pulley rough, and work is ex- 
pended in overcoming the inertia of the pulley, this 
assumption is untrue, and the formulae given in those 
examples are inapplicable ; the formulae actually employed 
will he seen in the following questions ; the student will 
prohably find little difficulty in investigating them. The 
notation adopted is as follows : p denotes the weight pro- 
ducing motion, t the tension of the horizontal portion of 
the rope ; w the weight of the pulley, i its moment of 
inertia, r its radius, r^ the radius of its axle, fi the co- 
efficient of friction between the axle and its bearing, a the 
coefficient of the rigidity of the rope, so that (1 -fa) t is 
the pressure to be overcome by P in its descent, /the 
acceleration of p's motion, g the accelerating force of 
gravity. The acceleration produced by the weight of the 
rope is neglected. The mode of determining / will be 
understood from the next question. 

Ex, 788. — ^If a drum revolves in such a manner that a point on its cir- 
cumference receives a uniform acceleration /, and if a sheet of paper is 
wrapped on it, and a pencil with its point resting on the paper is made 
to move in a direction parallel to the axis with a uniform velocity of v feet 
per second, show that the curve described on the paper will be a portion of 
a parabola, and that if c is the semi-latus rectum measured in feet, we shall 

have / = - . 
c 

[In the experiments the parabolic curve was immistakably obtained, 
whence immediately follows the important law that friction is independent 
of velocity.] 

Ex, 789.— In M. Morin's experiments show that the pressure between 
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the axis of the ptillej and its bearings is giyen by the formula 
//p+«D-pZW^or 0-96pA-^Wo-96to + 0-4T* 

Ex. 790. — The second fonnula in the last Example being employed, show 
that T is giyen by the formula 

t(i+«+0-4'';-')-i.(i-Z) (l - 0-96^>)-0-96^ -^. 

Er. 791. — ^A body whose weight is w is caused to slide on a rough hori- 
Bontal plane by a pressure t ; after moving through 8 ft. it acquires a velo- 
city v: show Uiat the coefficient of friction (/i) is given by the equation 

^ w 2ffs 

148. Compound Pendulums. — The terms centre of 
suspension and centre of oscillation have already been 
explained (Art^ 123); their properties are proved in the 
following propositions. 

Proposition 34* 

If k^ is the radium of gyration of a body with reference 
to its axis of suspension^ and h the distance of the centre 

of gravity below the centre of suspension^ then -1. is the 

distance of the centre of oscillation from the latter 
point 

Let AB be the body (whose mass is m) oscillating about an 
axis passing through s perpendicularly to the plane of the 
paper, which also contains the centre of gravity G ; join 

* The theorem that ^a^ + 5* = 0*96 a + O'ib where a>b, with an error 
not exceeding ^ part of the true value, is due to M. Poncelet ; it may be 
proved as follows : Lfit a=r sin 6, b=r coa 6 /. r= *^d?- + i', and d must 
have some value between 46° and 90°. Now, if r' = 0'96a + 0*4 A we have 
r' = r(0-96 sin e + 0-4 cos &)\ but 0*4 = 0*96 tan 22° 30', therefore 1^= 

T X 0-96 ?M^^+22^80^), Then ^s Q increases from 45° up to 67° 30', r 
cos 22° 30' * V t 

will increase from 0*96 r to l-04r, and as Q increases from 67° SC up to 

90°, / decreases from l-04r to 0-96 r, and consequently r' never differs 

from T by more than ^ . 
25 



CENTRE OF OSCILLATION. 



297 



SG, draw the vertical line sc, let a^ be the position of a 
at the commencement of the motion, draw GiMj and GM 
at right angles to so, fig. ns. pig. ne. 

and denote GiSC and 
QSC by 0^ and re- 
spectively. Now, the 
work done by the 
weight of the body 
in falling from Gj to G 



equals MgrxMjM, i.e. 
^gh (cos ^— cos ^i), 
and therefore, if © is 
the angular velocity 
acquired, we have (Prop. 33) 

-Mo}^k^^=ugh (cos ^— cos ^i) 




2ffh 



(cos ^ — COS ^i) 



Let DP be a simple pendulum oscillating about d, draw 
the vertical line de, and let Pj be the position from which 
p begins to move ; draw pn and p^Nj at right angles to de, 
and let dp be denoted by i, and let PiDB equal 0^, and pde 
equal ; then if v is the velocity acquired by the point in 
falling from Pj to p, we have 

2;2 = 2grxNNi = 2^i(cos ^— cos ^i) 

and therefore, if a/ is the angular velocity of p, we 
have 

ft)'2= -^(cos ^— cos 5,). 
t 

k ^ 
Now, if i equals ^, o)' will equal © for all values of ^, and 

since ab and dp are moving at each instant with the same 

angular velocity, their oscillations will be performed in 

k^ 
the same time, and therefore -i- is the length of the simple 

/2» 
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pendulum oscillating in the same time as ab ; hence, if in 
SG produced a point o be taken, such that so equals 

-^-, that point will be the centre of oscillation. 

Cot The time of a small oscillation of ab will equal 

Proposition 35. 

The centres of oscillation and suspensi^on are recir 
procal. 

Let AB be the body, g its centre of gravity, s a centre of 
no. 177. suspension, and o the corresponding centre of 
^A^ oscillation, it is to be proved that these points are 
reciprocal, i.e. if o is made the centre of suspen- 
sion s will be the corresponding centre of oscilla- 
tion. Let k be the radius of gyration round a 
parallel axis through the centre of gravity, let SG, 
GO be respectively denoted by h and Xj 

or hx=k\ 

Next, let o be the centre of suspension, and y the 
distance from G to the corresponding centre of oscilla- 
tion, then 

k'^-^-x^ 

or yx—k^ 

and therefore y=liy or s is the centre of oscillation. 

Q. E. D. 

Ex. 792. — ^A thin rod of steel 10 ft. long vibrates about an axis passing 
through one end of it j determine the time of a small oscillation ; the num- 
ber of vibrations it makes in a day ; and the number it wiU lose in a day 
if the temperature is increased by 15° F. 

Ans. (1) 1-434 sec. (2) 60254. (3)3. 
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Ex. 793. — A pendulum vibrates about an axis passing through its end ; 
it consists of a steel rod 60 in. long, with a rectangular section J by ^ of 
an inch ; on this rod is a st«el cylinder 2 in. in diameter and 4 in. long ; 
when the ends of the rod and cylinder are set square, determine the time of 
a small oscillation. Ana. 1-174. 

Ex. 794. — Determine the radius of gyration with reference to the axis of 
suspension of a body that makes 73 oscillations in 2 minutes, the distance 
of the centre of gravity from the axis being 3 ft. 2 in. Ans. 5'267 ft. 

Ex. 796. — Determine the distance between the centres of suspension and 
oscillation of a body that vibrates in 2 J sec. Ans. 20-264Jt. 

Ex, 796. — If — £- is the length of a simple pendulum corresponding to a 
h 

vibrating rod; show that if it expands \miformly in the proportion of 

1 + a : 1 that the length of the simple pendulum becomes (1 -i- a) -A . 

h 
Ex. 797. — ^Miaran determined the length of the seconds pendulum at 
Paris to be 39-128 inches ; he employed a ball of lead 0-533 inches in dia- 
meter suspended by an exceedingly fine fibre whose weight could be ne- 
glected.;* supposing the measurements made with perfect accuracy, upon 
the supposition that the distance from the point of suspension to the centre 
of the ball is the length of the pendulum ; show that the error is less than 
the 0-001 of an inch. 

Ex. 798. — A pendulum consists of a brass sphere 4 in. in diameter sus- 
pended by a steel wire -^^ of an inch in diameter ; the centre of the sphere 
is 40 inches below the point of support ; f determine the number of oscil- 
lations it will make in a day ; and what number would be obtained on the 
supposition that the centre of oscillation- coincides with the centre of the 
sphere (^ = 32). Ans. {I) 85766. (2)85212. 

Ex, 799. — If a sphere whose radius is r is suspended successively from 
two points by a very fine thread, and if the distances of the centre of the 
sphere from the points of suspension are respectively h and A', and if I 
and I' are the distances of the corresponding centres of oscillation from the 
points of suspension, show that 

Ex. 800. — If t and f are the times of a small oscillation of the pendulum 
in the last Example corresponding respectively to I and I' ; show that the 
accelerating force of gravity is given by the equation 

^ t^-f^ \ bhh') 

149. M.BeaaeVd Determination of the Accelerating Force 
of Gravity. — The last two Examples contain the principle 

* Airy, Figure of the Earth, p. 224. . f ^^$ P- 225. 
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of the method by which M. Bessel determined the accele- 
rating force of gravity at Konigsberg.* The pendulum 
was first allowed to swing from a point of support at a 
distance k above the centre of the sphere^ and the num- 
ber of oscillations made in a given time was noted, by 
which t was determined with great accuracy; the wire 
was then grasped firmly at a point lower down, so that 
the oscillations were now performed about a point dis- 
tant h' from the centre of the sphere, and f noted as 
• before ; now A*— A' being the distance between two fixed 
points admits of very accurate determination ; the lengths 
h and h' cannot be determined without some liability to 

error, but as they only appear in the small term ^, ,^ ? that 

error will hardly aflfect the determination of g, which can 
by this method be ascertained with extreme accuracy. 

£r. 801. — ^In the last Example let r, h, and hf be respectively reckoned 
1, 50, and 40 inches, so that h—h' is exactly 10 inches, but it is donbtftil 
whether the separate values of h and h' are not as much as -^ of an inch 
longer than the values assigned, determine the possible error in the value 

^^^- ^. — 5— . 

ijispoo 
160. Captain Kater^s Method of determining the Ac- 
cderating Force of Gravity . — This method depends on the 
reciprocity of the centres of oscillation and suspension; 
the pendulum has two axes (or * knife edges,' as they are 
called, though they are really wedges of very hard steel), 
by either of which it can be suspended ; now, if the time 
of oscillation about either axis be the same, the distance 
between the edges {I) will be the length of the simple pen- 
dulum, and the distance being that between two ^ed 
points, admits of very accurate measurement, and then g 
is obtained by the formula 

.-^■.!. 

» Airy, Figure qf the Earth, p. 223. 
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The difficulty of giving the edges their exact position is 
overcome as follows: On the pendulum rod is placed a 
weight that can be moved up or down by screws ; the 
edges are fixed as nearly as possible in the right position ; 
and then by moving the weight up or down, the values 

k ^ 

of fcj and h can be changed until — L. equals the distance 

'between the edges, i. e. until the number of oscillations 
made in a given time about either edge is the same. 
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CHAPTER VIII. 

ON THE ACTION OF IMPULSIVE FORCE. 

151. Impulsive Action. — Suppose a sphere A to overtake 
a sphere B, their centres moving in the same line ; it is a 
matter of common observation that they will strike, and 
then separate, A moving after impact with a less, and b 
with a greater velocity than before ; the problem we are 
to solve is this: Given the weights of the bodies and 
their velocities at the instant before impact, to determine 
the velocities they will have at the instant after impact. 

Now, it will be observed that though the bodies are in 
contact during a very short time, yet that time is really 
finite, and the pressure which the one exerts on the other 
must increase from zero at the instant of contact, till it 
attains a very considerable magnitude, and must then 
decrease down to zero at the instant of separation. More- 
over, it appears from Ex. 703, that if a exerts at each 
instant against B a pressure equal to that which b exerts 
against A — in other words, if the action and reaction are 
equal and opposite pressures, then the momentum lost by 
A must equal that gained by b, and the total amount of 
momentum in a and b before impact must equal the total 
amount after impact. Now, that this is a fact was ascer- 
tained by numerous experiments made by Newton,* and 
this we shall take as our fundamental principle, viz. that 
the momentum lost during the impact by one body equals 

* Introduction to the Principia. 
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tJiat gained by the other. To prevent misunderstanding, 
it may be added that the sum of the momenta of the two 
bodies means their algebraical sum. 

152. The Mean Pressure exerted during Impact — The 
following Example is intended to illustrate the fact that 
there is really called into play a very large pressure which 
is exerted during a very short time. 

JEx, 802. — A hard mass weighing 50 lbs. falls from a height of 6 ft. on a 
plane surface which at the instant of greatest compression has yielded to 
the extent of 55 of an inch — the mass itself being supposed to be entirely 
uncompressed ; determine the mean mutual pressure, and the duration of 
compression supposing it produced by the mean pressure.* » 

Ans. (1) 72000 lbs. (2) 0-000425 sec. 

[The pressure must be such that by acting through ^ of an inch it brings 
the mass to rest.] 

153. Impact of Inelastic Bodies. — ^When a overtakes b, 
it is plain that so long as A moves faster than b, the two 
surfaces of contact will be compressed, and the state of 
compression will continue until a and b are moving with 
the same velocity ; if the mutual action then ceases, the 
bodies are said to be inelastic. 

Now, let the masses of a and b be denoted by a and b 
respectively, let r be the momentum lost by the one and 
gained by the other during impact, and let their velocities 
before impact be v and u, and their common velocity after 
impact be v; then we obtain from the fundamental 
principle (Art. 151) 

AVssAV — R (1) 

Bt; = BU-hR (2) 

whence ^^ab(v^u) ^3^ 

(A + B) 
, AV4-BU /.x 

and ?;= (4) 

AH-B ^ 

In working examples the student is recommended to pro- 

* Poncelet, Introd. a la Mec. Ind, p. 166. 



304 PRACTICAL MECHANICS. 

ceed from the general principle, or, in other words, to form 
and then solve the equations (1) and (2), and not to sub- 
stitute particular values in (3) and (4). If A meet b, 
one of the velocities must be reckoned negative, and the 
bodies will move after impact in that direction if v be 
negative. 

Ex. 803. — If A weighing 2 Ibe. and moving with a velocity of 20 ft. per 
second overtakes b weighing 6 lbs. and moving with a velocity of 5 ft. per 
second, determine the common velocity after impact. Jns. 9f ft. per sec 

Ex, 804. — In the last Example if the bodies had met, determine the com- 
mon velocity after impact. Ans. 2} ft. per sec. in a*s direction. 

Ex, 805. — In Art. 153 show that the number of units of work lost during 

^ ^ AB (V— XJ)* 

impact equals -—^ r^. 

*^ ^ 2(a + b) 

Ex, 806. — If a shot weighing p lbs. is fired with a velocity v intx) a mass 
of wood weighing q lbs. which is quite free to move, show that the velocity 

with which the wood begins to move is ■ ^^ ; and state why this case 

p + Q 
must be one of inelastic impact. 

Ex. 807. — If in the last Example q=«p, show that, in consequence of 
the impact, n units of work are lost in every » + 1. 

154. Impact of Elastic Bodies. — It commonly happens 
that the mutual action does not entirely cease with the 
compression, but when that ends the bodies begin to re- 
cover their shapes, and thereby continue to press on each 
other till the impact terminates. Now, let R be the mo- 
mentum lost by the one body and gained by the other 
during compression, and r' that lost and gained during 
expansion ; then the whole momentum lost by the one body 
and gained by the other will equal r H- r'. But it is found 
by experiment that for the same substances R bears to 
r' a fixed ratio 1 : \;* therefore r'=\r, and r-|-r'= 
(1-|-\)r; where X is a constant quantity depending on 
the materials of the impinging bodies. In the two ex- 
treme cases of inelasticity and perfect elasticity, \ equals 

* This follows from Newton's experiments abeady referred to. 
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and 1 respectively; in other cases \ is a proper fraction, 
and commonly a small one. We have already seen that 
if a body whose mass is A, moving with a velocity v, 
overtakes another whose mass is b, moving with a ve- 
locity u, then the momentum lost by the one and gained 

by the other at the end of compression equals ^ "" ^ . 

Hence the total momentum gained and lost ^ill equal 

(1 H- \) X —A r-» And therefore if v and u are their 

respective velocities after impact, we shall have 
Ai;=Av— (1+X)r 
bu=bu + (1+X)r 



or 



t.-y_ (-^^B(T-P) 

A + B 
-nJ.(l+MA(^-^) 



and u=u + 

A + B 

It may be added that the remarks made in Art. 153, rela- 
tive to the working of Examples, are applicable to the case 
of elastic bodies. 

Ex, 808. — Show that v and u are given by the following fonnulse— - 
AV + BU Ab (v — TJ) 

t;ass — i f 

A+B A+B 

^^AV + BU AA (v— V) 
A + B A + B 

Ex. 809. — ^Determine the velocities after impact of a ball (a) weighing 
20 lbs. which, moving with a velocity of 100 ft. per second, overtakes a ball 
(b) weighing 50 lbs. and moving with a velocity of 40 ft. per second, their 
coefficient of elasticity being J. Ans. a's velocity 35f ; b's velocity 66|. 

Ex, 810. — ^In the last case suppose the heavier body (b) to be at rest : 
determine the velocities after impact. 

Ans, A rebounds with a velocity 7^; b moves forward with a velocity 42f. 

Ex. 811. — Obtain the velocities after impact in Ex. 809, upon the suppo- 
sition that the bodies meet. 

Ans. A rebounds with a velocity 60, and b with a velocity 20. 
X 
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Ex. 812. — If there are two perfectly elastic balls a and b of equal masses, 
and A moving with a Telocity y impinges on b at rest, show that a is 
brought to rest and b takes the velocity y. If there is a number of equal 
and perfectly elastic balls b, c, d, b, placed in a line, what would be 
the result of a striking b, the direction of the impact coinciding with the 
line? 

Ex, 813. — If a ball whose weight is A moving with a velocity v meets a 
ball whose weight is b moving with a velocity u, show that in the case of 
perfect elasticity the velocities of rebound are given by the following con- 
struction : Draw any line ab, divide it in o in the inverse ratio of the 
weights of A and b, and in c in the ratio of their velocities ; on the oth^ 
side of o measure off od equal to oc, then a's velocity of rebound ; b's 
velocity of rebound :: ad : bd.* 

Ex. 814. — Two balls weighing respectively 12 and 8 lbs. are suspended 
by threads in such a manner that their centres are 4 ft. below the points of 
support ; when at rest the line joining their centres is horizontal ; if the 
smaller one is raised so as to fall through a quadrant, determine the angle 
described by the other after impact, if the coefficient of elasticity equals |. 

Ans. 56^ 14'. 

Ex. 816. — If A and b are the weights of two perfectly elastic balls, if v 
and u are their velocities before impact and v and u their velocities after 
impact, show that 

A v* + B u* ■« A t;* + b tt*. 

Ex. 816. — If a ball impinges perpendicularly on a fixed plane with » 
velocity v, show that the velocity of rebound equals A v. 

[It must be remembered that at the end of compression the velocity is 
entirely destroyed, consequently 0=av— b, hence if v is the velocity at 
the end of the impact At;=Av— (1 + A) b, whence v= — A.V.] 

Ex. 817. — If bodies are dropped from equal heights on a fixed horizontal 
plane, show that their coefficients of elasticity are in the same ratio as the 
square roots of tha heights to which they rebound. 

JEr. 818. — A ball is dropped from a height h : show that the whole space 
it describes before coming to rest equals 

Ex. 819.— A ball (a) is thrown upward with a velocity of 160 ft. per 
second ; when it has reached a height of 300 ft. it is met by an equal ball 
(b) which has fallen from a height of 100 ft. ; determine the time after the 
instant of impact in which each will reach the ground, assuming that A 
equals unity. Ans. a after 2| sec. b after 7J sec 



* It was in this form that the problem of impact was originally solved by 
Sir C. Wren (vide Montttcla, vol. ii. p. 411). 
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155. Oblique Impact of Smooth Bodies. — Suppose a 
smootli ball A, moving with a velocity v, to impinge 
obliquely on a smootli ball b, moving with a velocity 
u ; draw the line of centres, and resolve v into com- 
ponent velocities Vj and v^, the former along the latter 
at right angles to the line of centres; in like manner 
resolve u into Uj and Ug ; now v, and v^ will remain un- 
changed by the impact, but Vj and Uj will be changed 
into v^ and u^ exactly as if the bodies had impinged 
directly with the velocities Vj and v^ : hence, by com- 
pounding v^ and Vj and also u^ and Ug, we obtain the 
required velocities after impact. The general formulae 
commonly given for these velocities are of very little value, 
as any particular Example is much more easily worked by 
proceeding from first principles : the following Example 
will sufficiently exhibit the method of treating these 
cases. 

Ex. 820.— Let a and b be two perfectly elastic balls which at the instant 

of impact are moving along the lines pa and qb, the line of centres 

CD being in the same plane as pa 

FlQ 178 
and QB ; a weighs 10 lbs., moves 

with a velocity of 16 ft. per second, 
and the angle fac contains 30°; 
B weighs 15 lbs., moves with a velo- 
city of 8 ft. per second, and the angle 
QBD contains 60°: determine the 
velocities after impact and their di- 
rections. 

(a) Before impact a's velocity at 
right angles to CD is 8, and b's 4 V3 ; 
they are unchanged by the impact. 

(b) Before impact a's velocity along cd is 8 a/S and b's velocity is -4 ; 

8 4 

they are changed by impact into — (3 + VZ) and - (—1 +8 a/3) 

5 

respectively, 

8 4 

(c) Hence a's velocity after impact equals - (37 + 6 V2)^, and b's 

velocity ^(268— 16^/3)2 ; i.e. a's velocity equals 11*02 ft. per second, and 



b's equals 12'4 ft. per second. 

Z 2 
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(d) The directions of the motion of p and q after impact are respectiyelj 
▲p' and bq' where tan f'ao eqtials -, and tan q'bd equals - 



3+-/3 ^ 8 a/3-1 

1.6. F^Ac equals 46^ 35' and q'bd equals 33^ 68^. 

By this means the motion of ▲ and b at the instant after impact is com- 
pletely determined. 

Ex, 821. — ^If a ball a moring in a direction making an angle of 30** with 
the line of centres overtakes b moving along the line of centres, determine 
the velocities, if a weighs 12 lbs. and its velocity is 12 ft. per second, and b 
weighs 30 lbs. and its velocity 4 ft. per second, and the coefficient of elas- 
ticity equals ^. 

Jm9. (1) a's veL 7, cap' (fig. 178)=120o 34'. (2) tfs vel. 7. 

Ex. 822. — A body whose coefficient of elasticity is } impinges with a ve- 
locity of 30 ft per second on a fixed plane in a direction making an angle 
of 27^^ with the perpendicular ; determine the magnitude and direction of 
the velocity after impact. Ans, (1) 19*1 ft (2) 460 32'. 

Ex. 823. — If in the Example the body had been inelastic, how would it 
begin to move after impact ? 

Ex. 824. — If in Example 822 the angle of impact is a <ind the angle of 

rebound ^, and the coefficient of elasticity X, show that 

. o tan a 
tan 3-—. 

Ex. 825. — Give a geometrical construction by which to determine the di- 
rection in which a billiard ball must begin to move so that after one re- 
bound it may strike another ball whose position is given, (1) if the coefficient 
of elasticity equals unity, (2) if the coefficient of elasticity equals A. 

Ex. 826. — ^Extend the construction in the last Example to the case in 
which the ball makes two rebounds from cushions at right angles to each 
other. 

Remark. — If the surfaces of the impinging bodies are 
rough, the effect of the tangential impact wll generally be 
to produce a rotatory motion, as well as to modify the pre- 
vious motion of the bodies : the complete solution of this 
case lies beyond the scope of the present work. The same 
remark applies to the case in which the motion of one or 
both bodies sustains a resistance appreciable in comparison 
with the mean impulsive pressure. 

156. Application of D^Alemberfa Principle to the case 
of Impulsive Action. — It will be remarked that a case of 
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impulsive action does not diflfer essentially from any other 
case of motion produced by pressure ; the difference in the 
mode of treating these cases arises solely from our inability 
to determine the pressure exerted at each instant of the 
duration of the impact ; it follows, therefore, that at each 
instant during the collision the effective forces applied in 
the opposite directions would be in equilibrium mth the 
impressed forces ; and consequently the momenta produced 
"by the effective forces so applied, and those actually pro- 
duced by the impressed forces, will satisfy the conditions 
of the equilibrium of pressures. We shall apply this prin- 
ciple to determine the angular velocity communicated by 
a blow to a body capable of revolving round a fixed axis, 
and the impulse produced on the axis by that blow. 

Proposition 36. 

A body capable of turning round a given aodsy and 
symmetrical with reference to the plane passing through 
the centre of gravity at right angles to the axis, is struck 
by a blow of given nuzgnitude along a line lying in that 
plane^ to determine the angular velocity communicated to 
the body, and the impulse on the axis. 

Let the plane of the paper be the plane of symmetry, 
and let the axis of rotation pass through o : let r be the 
magnitude of the blow which is delivered along the line 
RN ; draw oy at right angles, and ox parallel to rn ; letM 
be the mass of the body, mAjj* its moment of inertia 
with reference to the given axis, oj, y the co-ordinates of 
its centre of gravity, and let on equal a; let x and t 
be the impulsive reactions of the axis in the directions 
of ooj, and oy respectively ; and let €o be the angular 
velocity of the body communicated by the blow. Con- 
sider any particle p whose co-ordinates are x^, y^, whose 
distance from o is r^ and mass m^ and let the angle X02 
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FlO. 179. 




equal 0,, also suppose a similar notation to be employed 
for the other particles composing the body. Now, the 

velocity of p is r,(» in a direc- 
tion perpendicular to op, or is 
equivalent to velocities mr^ sin 0y 
or «yj parallel to ox and^ 
— arj cos 0, or — wtCj parallel 
to oy, and therefore the mo- 
mentum communicated to p is 
equivalent to the two m^^m 
parallel to oa;, and — ryijO;,® 
parallel to oy ; the expressions 
for all the other particles being 
precisely similar. Now, these 
are the momenta that would be commuuicated by the 
efifective forces, the impressed forces being r, t, and x ; 
also it will be observed that the moment of p's momen- 
tum round o is m{r^9i ; consequently (Prop. 15) — 

R + x=mi2/i«+m^2i»-hm32/30>+ . . - 
=:«(mi2/i + m^,+m32/3+. . .) 
— T=7n^a?ico+mja?2a)+wi3aj80>+. . . 

= (»(miri« + m^r/ + m3r3« + . . .) 
Or by Prop. 16 and Art. 134— 

R + X = M2/G> 
— T = MiCft) 

R a 



or 



— T=- 






(1) 

(2) 
(3) 
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The first of these equations gives the angular velocity 
communicated to the body ; the second and third equations 
give the components of the reaction of the axis, which is 
of course equal and opposite to the blow sustained by the 
axis. 

N.B. — It will be an instructive exercise for the student 
to ascertain for what positions of the centre of gravity the 
reactioiis of the axis will be as indicated in the figure : it 
Tvill cmnmonly happen, as he will find, that the reactions 
-will really act in the contrary directions to those in- 
dicated. 

Ex. 827. — ^A Tiniform rod 12 ft. long and weighing 10 lbs. is suspended at 
one end, it receives at the other, in a direction perpendicular to its length, a 
blow whose momentum is 1 : determine — (1) the angular velocity with which 
it begins to move; (2) the impulsive pressure on the axis; and (3) find how 
many times this impulse exceeds the blow given by a weight of J of a 
pound which has fallen through a height of 4 ft. 

^»«. (1)0-8. (2)f (3) 4 times. 

Ex. 828. — ^A beam of oak 10 ft. long and 1 ft. square is suspended by an 
axis perpendicular to one face and passing through the axis of the beam, at 
a distance of 1 ft. from the end ; it is struck at a point 8 ft. below the axis 
by a bullet weighing 1 lb. and moving with a velocity of 1000 ft. per second ; 
determine — (1) the impulse on the axis ; (2) the angular velocity communi- 
cated to the beam ; (3) the angle through which the beam will revolve. 

Ans. (1) 10. (2) 0-66. (3) 14° 6'. 

Ex. 829. — ^A hammer's head (considered as a point) weighs 10 lbs. and 
makes 60 strokes per minute on an anvil : if the time of ascending equals 
that of descending, and the blow is entirely due to the velocity it ac- 
quires in faUing, compare that blow with the impulse on the axis in the 
last Example. Ans, One half. 

Ex. 830. — ^Determine the impulse on the axis if the mass of cast iron in 
Ex. 771 strikes an anvil after falling through the 30°, the blow on the 
anvil being supposed to be given by the extreme edge of the cube. 

Ans, 97. 

[It will be observed that in this case the impulse on the axis is greater 
than that which would be produced by a shot weighing 3 lbs. and moving 
at the rate of 1000 ft. per second ; it is obvious that a succession of such 
impulses would tear to pieces the masonry on which the axis of such a 
hammer is supported; and accordingly it becomes a point of great practical 
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importmnce to suspend a tilt hammer in such a manner that there shall be 
no impulse on the axis. The following explams the principle on which this 
is done.] 

157. The Centre of Percussion. — Eeferring to the 
equations (2) and (3) of Prop. 36, we see that if the blow 

Fio. 180. is delivered in such a manner that x equals 
zero, and k^ equals ay, then x and t equal zero 
separately, and there is no impulsive pressure 
on the axis of suspension ; hence if o be the 
centre of suspension, g the centre of gravity of 
the body, and a point Oj be taken in og pro- 
duced so that 

00. = '^^- 
* OG 

then if the body be struck by a blow whose directioB 
passes through Oj at right angles to oo„ there will be no 
impulsive pressure on the axis, and the point 0| is there- 
fore called the centre of percussion ; it evidently coincides 
with the centre of oscillation with respect to the centre of 
suspension o. It must be remembered that the body is 
supposed to be symmetrical with regard to the plane of 
the paper, as specified in the enunciation of Prop. 36. 

158. Axis of Spontaneous Rotation, — Since the body in 
the last article when struck begins to rotate round the axis 
through without any constraint, it follows that if the 
body were entirely free, it would begin to move round 
that axis, which is therefore called the axis of spontaneous 
rotation. If it is given that a body is struck by a blow B 
along a given line, the axis of spontaneous rotation is 
determined as follows : Consider the plane passing through 
G the centre of gravity and the direction of the blow; 
through G draw a line at right angles to this plane, and 
let k be the radius of gyration of the body with respect to 
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it : through the centre of gravity draw a line at right 
angles to the direction of the blow and cutting it in 0|, 
and on the other side of the centre of gravity take in the 
line a point o such that 

OG . GOj=A;^ 

then an axis through o perpendicular to the given plane 
is the axis of spontaneous rotation, provided the body is 
symmetrical with reference to that plane. 

It will be observed that if the axis of spontaneous 
rotation is to pass through the centre of gravity, we must 
have in equations (2) and (3) of Prop. 36, both x=0 and 
2/=0, and therefore r=0 ; but from equation (I)© having 
a finite value an must also have a finite value; or in other 
words the body must be struck by an impulsive couple 
whose moment is an, and whose plane passes through the 
centre of^gravityof thebody ; it will then begin to revolve 

with an angular velocity— =^ round an axis at right angles 

to the plane of the couple, and passing through the centre 
of gravity. 

Ex, 831. — ^A hammer turns round a given axis, the weight of the head is 
w, and its radius of gyration is k with respect to an axis parallel to the 
given axis and passing through its centre of gravity, the weight of the 
h^mdle is Wi ; its radius of gyration with respect to the axis is Ar^, and the 
distance of its centre of gravity from the axis a. If the head of the hammer 
is so placed that its centre of gravity is at the same distance (x) from the 
axis as the centre of percussion of whole hammer, then 

X=s—± — * , 

Wifl 

Ex. 832. — ^If the head of the hammer in Ex. 830 is shifted so as to fulfil 
the conditions of the last Example, determine the distance of its centre of 
gravity from the axis of rotation. Ans. 6-36 ft. 

Ex. 833. — ^A sledge hammer ab is movable round an axis through ▲; 
it is six ft. long and weighs 4 cwt, it is held in a horizontal position by a 
weight of 3 cwt. attached to the end of a string which after passing over a 
small pulley is fastened to b (the parts of the string being vertical); the 
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hammer when allowed to &U into a vertical position makes 50 oscillatioDs 
per minnte round ▲: determine — (1) the centre of percussion, and (2) the 
radius of gyration about an axis parallel to the axis of suspension and 
passing through its centre of graTity. Ans, (1) 4*67 ft (2) 0*87 ft. 

£r. 834. — ^A cylindrical bolt of cast iron 4 in. in diameter and 8 in. long 
is struck simultaneously by two equal blows in contrary directions, each 
at right angles to an extremity of a diameter of its mean section ; in conse- 
quence the bolt rotates 250 times in a second : determine the magnitude of 
each blow, and compare it with that which the bolt itself would giye if 

moving with a velocity of 1000 ft per second. Ans. (1) 53'6. (2) — . 

48 

159. RobirCa Ballistic Pendulum. — This machine is 
employed to ascertain the velocity with which a shot leaves 
the mouth of a cannon. The principle on which it is con- 
structed will be most easily understood by describing it in 
its original form ; at present the gun itself is suspended 
and the recoil observed ; but at first it was constructed as 
follows : A large mass of wood is carefully saspended so 
as to turn freely round a knife edge (Art. 150) ; the shot is 
fired into this mass, which is backed with iron plates to 
prevent the ball passing through or shivering it, so that 
the shot stays in it, and by the blow causes it to revolve 
through a certain angle {0\ the magnitude of which can 
be ascertained by a riband attached to a point of the 
pendulum which is pulled through a spring suflSciently 
strong to keep the riband straight while the mass moves 
up, and also to prevent any of it returning when the mass 
moves back ; it is evident that the length of the riband 
gives the chord of the arc described by the point to which 
it is fastened, and thus is observed ; the weight w of the 
pendulum includes that of the shot w ; the distance h of 
the centre of gravity of w from the knife edge is deter- 
mined in the manner suggested by Ex. 833. The radius of 
gyration is inferred from w, the number of small oscilla- 
tions made in a minute ; the distance, a, below the point 
of support of the point in which the shot strikes the pen- 
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dulum is measured ; and it is (of course) endeavoured that 
this point should as nearly as possible coincide with the 
centre of percussion. From these data the velocity v of 
the shot can be found. 

Ex. 835. — In the ballistic pendulum show that 

vnato 2 
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ON LIMITS. 

Throughout the present work particular geometrical limits have 
heen used instead of the formulae of the differential and integral 
calculus — at least, this has been done as &r as possible ; if the 
reader has not been accustomed to reason on limits, he may 
perhaps find a difficulty in imderstanding the propositions in 
which they occur ; should this be so, the following remarks may 
prove uselid. 

1. Definition of a Limit — Let there be any variable magnitude 
X, and let th^re be a fixed magnitude A ; also suppose that x in 
the course of its successive changes continually approaches A, 
but never becomes equal to it, though the difierence between the 
two magnitudes can be made less than any assigned magnitude, 
however small ; a is then said to be the limit of x. Thus, sup- 
pose that X denotes the atea of a polygon of n sides inscribed in 
a circle whose area is a ; if we continually increase the number 
of sides, X will continually approach a ; also if we assign any 
magnitude, say one square inch, a polygon with a certain number 
of sides can be found, whose area will differ firom A by less than 
one square inch ; in like manner if -^, -j-Jid &c., of a square 
inch had been assigned ; therefore the area of a circle is the limit 
of the area of the inscribed polygon. 

The simplest form which the reasoning on limits can assume 
is the following: Suppose it can be proved that two variable 
quantities x and Y remain equal throughout their variations, and 
suppose that x continually approaches a limit A, while Y ap-r 
preaches b, then it follows that a must equal B. Thus it can be 
proved that the area of the inscribed regular polygon equals the 
rectangle between the semi-perimeter and the perpendicular let 
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&11 from the centre on one side ; now the limit of the former 
tlie area of the circle, and of the latter the rectangle betw( 
the semi-circumference and semi-diameter, and therefore t 
area of the circle equals that rectangle ; not, the reader wi 
obeerre, nearly equab it, but actually equals it. Prop. 1 supplii 
a good example of the same form of reasoning. 

2. On Ultimate Ratios, — Suppose there are two variable i 
nitudes x and y whose separate limits are zero ; what, it may I 

asked, is the limit of their ratio - ? The value of this limit de- 

pends upon circumstances, and in different cases may have values 
differing to any extent whatever. Suppose x denotes the sine of 
an arc, and y the length of that arc, when x continually diminishes 
y continually diminishes, and their separate limits are zero ; it ]s> 

capable of proof that in this case the limit of - is tmity ; but if 

X denotes the base and y the hypothenuse of a right-angled 
triangle, whose dimensions continually diminish in such a manner 
that the angle (a) between x and y continues unchanged, then 

X 

although the separate limits of x and y are zero, the limit of - 

is cos A ; in the former case x is frequently said to be ultimately 
equal to y ; in the latter, x idtimately equals y cos a. 

As this point is of great importance, we wlQ illustrate it by the 
following case : Let APa be a semicircle, take p any point in its 

Fig. 181. 




circumference, join P with the centre o, and draw pn at right 
angles to AG ; take Q a point between a and p, draw q,nq and Pp 
parallel to Aa ; let pt be a tangent to the circle at p, and produce 
MQ to meet pt in T, Now, suppose Q to move along the circum- 
ference up to p, then it is plain that the limiting values of pm, pq, 
]^T, MQ, MT, and QT are separately zero, while vp is the limiting 
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^alue of ^M, 5'Q, and ^'T. Under these circumstances it is com- 
monly stated that pmq es ultimately a triangle similar fo opn ; this 

Means that the limit of — equals — , from whence it will of 

PM ^ ON 

course follow that the limit of — equals — , and that of — 

PQ ^ OP PQ 

equdls ?^. Now it will be remarked that ^ equals — under 

^ OP PM ON 

all circumstances, and therefore in the limit ; so that what we 

MO 

have to prove will be done if we can show that the limit of — ^ 
^ PM 

HfT MO OT 

equals that of — , i. e., equals that of — -^H- — , or, in other words, 

PM PM PM 

we have to show that the limit of — is zero. Now qt . T2'=pt^ 
(EuqI. 36-111.) ^^ 

^ QT^PT Pjr^PT s^^^p^ 
PM Tq PM iq 
Now the limit of pt is zero, while that of Tg' is P J9, consequently 
in the limit the right-hand side of this equation equals zero, and 

therefore the limit of — =0. The reader is requested to remark 

PM 

particularly, that not only does Q T vanish in the limit, for so also 
does QM and pq, but that in the limit it vanishes in comparison 
with them. Hence, if we are reasoning upon the relations that 
exist between the Hmits of the ratios of the sides of pqm, we may 
substitute for them those of ptm, or vice versa, the two being 
ultimately equal. This is done in Prop. 29. 

3. Quantities of the Second and higher Orders, — Suppose there 
are quantities x, y, Zy &c. ; such that i/ = ma^, z ^s nx^, &c., 
then y, z, &c. are said to be of the second, third, (fee. orders, x 
being of the first order. If we have quantities o?!, iPg, (fee, which 
are severally equal to px,qx, &c., p, q, &c., being finite quantities, 
Xiy X2, &c., are said to be of the first order. Thus in £g, 181, 
PM, PT, MT, are of the first order, while qt being equal to pt^ 
-^-T (7 is of the second order. 

Now, suppose we have an equation of the following kind : — 
px+FiXi-{-qi/=zO (1) 

and suppose we wish to obtain the relation existing between p, 
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Pi and Q when x becomes indefinitely smalL The equation i^ 
jJainl J equivalent to 

P4-pPi4-Q»»a: = 
which when x is indefinitely small becomes 

P+pPi=0. (2) 

It is in many cases convenient to keep the ultimate values of 
the quantities x and Xi in the equation instead of the limit of 
their ratio (/>). In this case (1) must be written 

px+Piari=0. (3) 

It is plain that (3) is equivalent to (2), and thus we obtain the 
rule that when an equation consists of the sum of quantities of the 
first and of higher orders, it is reduced to its ultimate form by 
striking out all terms but those of the first order. The following 
are some of the cases in which this mode of reasoning has been 
employed. 

(a) In the * equation of virtual velocities ' (p. 193), if any one of 
the quantities (e.g. p^) is of the second order the term in which 
it appears is struck out of the equation. 

(b) In the Lemma on p. 196, let ax be denoted by a, and 
AOT by dy so that cos aot equals 1—^ 6*+. . ., then we have 

An — xm = AX — AX cos A0X = ^ae* 
consequently 

An — xm=0 

unless they are of the second order. 

(c) In Prop. 29, it is assumed that the point describes the arc 
PQ with a velocity that is ultimately uniform. This can be 
proved as follows : — 

Let V denote the velocity of the point at p, s the arc pq, / the 
accelerating force at p. Then 

s = v.a* + i/*.S<« 
the ultimate form of this equation is 

s = v . dt 

. ^ ^ PQ 

or , 8«= V2^iN ^<^i^<^^y- 
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